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PBEFACE. 



The present treatise is founded upon Legendre*s Traits des 
Fonctions EUiptiqueSy and upon Jacobi's FundaToenia Nova, and 
Memoirs by him in Creiys Joumcd : comparatively very little 
use is made of the investigations of Abel or of those of later 
authors. I show how the transition is made from Legendre's 
Elliptic Integrals of the three kinds to Jacobi's Amplitude, 
which is the argument of the Elliptic Functions (the sine, co- 
sine, and delta of the amplitude, or as with Gudermann I write 
them, sn, en, dn), and also of Jacobi's functions Z, 11, which 
replace the integrals of the second and third kinds, and of the 
functions 6, H, which he was thence led to. It may be re- 
marked as regards the Fundamenta Nova, that in the first part 
Jacobi (so to speak) hurries on to the problem of transformation 
without any suflBcient development of the theory of the elliptic 
functions themselves; and that in the concluding part, start- 
ing with the developments furnished by the transformation- 
formulae, he connects with these, introducing them as the 
occasion arises, his new functions Z, 11, B, H : there are thus 
various points which require to be more fully discussed. Not 
included in the Fundamenta Nova we have the important 
theory of the partial differential equation satisfied by the 
functiotis B, H, and, deduced therefrom, the partial differential 
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equations satisfied by the numerators and denominator in the 
theories of the multiplication and transformation of the 
elliptic functions : these I regard as essential parts of Jacobi's 
theory, and they are here considered accordingly. For further 
explanation of the range and plan of the present treatise the 
table of contents, and the first chapter entitled "Qeneral Out- 
line/* may be consulted. I am greatly indebted to Mr J. W. 
L. Qlaisber of Trinity College for his kind assistance in the 
revision of the proof-sheets, and for many valuable suggestions. 



Gambbidob, 1S76. 
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L^endre's earliest systematic work on Elliptic Integrals is 
Exerdeea de CalciU Integral sur divers ordres de TranacendarUea, et 
9ur Its QuadrcUures, Paris, t. i., 1811 ; t. in., 1816, and t il, 1817 : 
the later work is the TraUe des FancHons EUiptiques et des IrUegrales 
Euleriennes, Paris, t. i., 1825; t ii., 1826, and t. iil, 1828—32; 
the greater part of Legendre's own results on the theory of Elliptic 
Integrals, contained in the first volume of the Fonctions EIMpttques^ 
had been already given in the first volume of the Exercices, Jacobi's 
work is the Fundamenia Nova TheorUB Funclionum EUiptica/rumf 
Konigsberg, 1829 : the Memoirs in CreUe^s Journal extend from 
1828 to 1858, some of them, in connexion with the Fwndamenta 
Nova, being published shortly after the date of that work. The 
Memoirs by Abel, published for the most part in the earlier 
volumes of CreHis Jov/mal^ 1826 to 1829, are collected in the 
(Euvres Completes de N. H. Abel, par B. Holmboe^ Christiania, t. i. 
and II., 1839, except the great memoir on Transcendent Functions, 
presented to the French Academy, and published, Memoires des 
SavamM Etrangers, t. vii., 1841. A new edition of the works is in 
preparation. 



CHAPTER I. 



GENERAL OUTLINE. 



Origin of the Elliptic Integrals. Art. Nos. 1 to 11. 

1. We consider the integration of a differential expression 

Rdx 



f? » 



where £ is a rational function oi x\ X a, rational and integral 
quartic function of x, with real coefficients*: the values of the 

variable x are real^ and such that X is positive, or ^jTreaL 

2. This can be by a real substitution ^ — ^ in place of w 

(that is a substitution where p and q are real) reduced to the 
form 

Sdx 

J±{l±mai'){l±na?)' 

where £ is a rational function of the new a ; m and n are real 
and positive ; and the signs are such that the fcyiction under 
the square root is not — (1 + ma?) (1 + no?). 

* The references here end elsewhere to reality ^ end any referenees to sign 
or namerieel limits, ere regerded es in generel holding good : it will be under- 
stood, howerer, thet imeginery Talaes might be admitted thzonghont, end the 
Tarions theorems presented in a more general bat lees definite form : and there 
wiU be ooeasion to refer to and employ such extensions of the original reel 
theory. 

c. 1 
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3. The rational function R is the sum of an even function 
and an odd function of x: the differential expression is thus 
separated into two parts ; that depending on the odd function 
may be integrated by circular and logarithmic functions (as 

appears by making therein the substitution *Jx in place of x) ; 
and there remains for consideration only the part depending 
on the even function of x : or, what is the same thing, we may 
take £ to be an even function of x (that is a rational function 

ofa^. 

4. This being so, we can by a real transformation ^ in 

place of a? transform the differential expression into the form 

Rdx 

where £ is a rational function of the new sf\V\s real, positive 
and less than 1 (and therefore also k, assumed to be the positive 
root of Jf, is real, positive and less than 1). 



5. In the last-mentioned expression a? may be included 

1 



between the limits 0, 1, or it may be > f, ; but in the latter 



case, we can by the substitution r- in place of x transform the 

expression into one of the like form in which the new a? lies 
between the limits wd 1 : we therefore assume that a? lies 
within these limits. 

6. By decomposing R into an integral and fractional part, 
and the fractional part into simple fractions, and by integrating 
by parts, the integration is made to depend upon that of the 
three terms 

dx of dx dx 



where n is real or imaginary. 
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Or, what in the same thing, the three terms may be taken 
to be 

dx (1 — k^x*) dx dx 

that is 

dx >J\^Va?dx dx 



7. Writing herein a? = sin ^, and putting for shortness 

*^^^ A^>^(^>»)^>^ ^l4-nsinV)A(A,») - 

and we have thus the three kinds of Elliptic Integrals : viz. 
these are 

first kind.. F(k,^) =l^y 
second kind E (k, <f>) = / A (k^ ^) c2^, 

third kind 11 (n, k, 6) = ij^ .;.. . ,j .. , 

the integral being in each case taken from ^aO up to the 
arbitrary value ^. It would of course be allowable under the 
integral sign to write for ^ any other letter 0, taking the 
integral from ^ = to 0=^^. 

8. ^ is the amplitude, k the modulus, n the parameter. 
The amplitude is a real angle; as already mentioned, the 

modulus k is positive and less than 1 ; whence also k\ «= Vl — i*, 
called the complementary modulus, is real, positive and less 
than 1. Moreover A (Jfe, ^), =■ Vl - if sin*^, does not become = 0* 
nor consequently change its sign, and it is taken to be always 
positive. The parameter n, as already mentioned, may be real 
or imaginary: it is in the first instance taken to be real; and 
it will appear that the case where it is imaginary can be made 

1—2 
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to depend upon that in which it is real. Supposing it to be 
real, there is a distinction according as it is negative and greater 
than 1 (viz. in this case the denominator 1 + n sin*0 becomes 
» for a real value of ^) ; or else as it is negative and less 
than 1, or positive. 

9. Instead of the complete notation A (t, (f)), we frequently 
express only the afgumen t, and write simply A(^ ; and simi- 
larly F<f>, E(f>, n<f> for F{k, <(>), &c. respectively: viz. in these 
cases it is assumed to be understood what the unexpressed letters 
k, or k and n, are. We may in like manner express only the 
modulus, or the parameter, and write AA?, H (w, k), Dn, or Uk 
&c., but there is less frequent occasion for this, and the nota- 
tions when used will be explained. 

10. The integrals, taken up to the value ^ of the ai^meBt> 
are said to have their complete values, and these are frequently 
denoted by means of a subscript unity; thus Flk, — j = FJc, 

or simply F^] and so EJc, E^, &c. 

11. The three elliptic integrals are not on a par with each 
other ; but they depend, the second and third kinds upon the 
first kind ; or we may say* that they all three depend on the 

differential expression (^ ^\ • ^^^^ there is for each of them 

an addition-theory depending on the integration of the differ- 
ential equation 

not for the first kind a theory depending on this equation and 
for the other two kinds like theories depending on the equations 

A(A;,0)rf</> + A (A:,>^)rf>^ = 0, 

(H-nsin«<^) A (&,<^) "^ (1 +nsinV) A {k,f) ^' 
respectively : these last are equations not admitting of algebraic 
integration y and which do not present themselves in the theory. 
And the like as regards multiplication and transformation. 

* The statement is made provisionaUy : the three kinds, as will appear, 
depend each of them on the fonotions sn u , on u, dn u. 
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The AdditianrTheary. Art. Nob. 12 to 14. 

12. The differential equation 

dx_ dy^_ 

where Y is the same quartic function of y that X is of a;, admits 
of algebraic integration : and in particular this is the case with 
the equation 

dx dy _ 

Vl-«».l-jfc'a;» Vl-y«.l-ifc*y«" ' 

and in this last equation we may take the constant of integra- 
tion, say m, to be the value of either of the variables a?, y, when 
the other of them is put =s 0. 

Writing a? = sin ^, y = sin '^, m = sin /li, we obtain for the 
differential equation 

an algebraic integral such that the constant of integration /a 
is the value of either of the variables ^, i^ when the other of 
them is =s ; viz. this is an integral involving the sines and 
cosines of j>, -^ (and fi), but which (as being algebraic in regard 
to these sines and cosines) is spoken of as an algebraic integral. 

13. The integral in question, say the addition-equationy 
may be expressed in (among others) the various forms 

cos /i = cos (f> cos '^ — sin ^ sin y^^fi, 

cos ^ =: cos '^ cos /i + sin '^ sin /iA^, 

cos yjr^ cos if> cos /i + sin ^ sin /iA*^, 

1 — Cos'^ — cos"'^ — C0s'/li + 2C0S^C0S'^C0S/i 

— A'sin"^sin*'^sinV=0, 
sin /i = sin ^ cos '^A'^ + sin '^ cos ^A^ (-f-)*, 

COS /i = cos ^ cos y^ — sin ^ sin '^ A^Ai^ (-7-), 

A/i = A^A'^ — A'sin^ sin'^ cos^ cos'^ (-7-), 

* The notation hardly requires explanation ; the (-^) ahows that the fonetion 
ii a fraction the numerator of which is written down, and the denominator of 
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where in each case there is a denominator 

s= 1 — ifc* sin" ^ sin" y^, 

and sin ^ = sin /i cos y^^y^ — sin '^ cos fi^fi (•{-), 

cos ^ = cos /i cos 1^ + sin /jl sin i^A/aA'^ (-^), 

A^sA/iAi^ +A:'8in/isin'^cos/iCOS'^ (•{-), 

where there is a denominator 

=s 1 — A" sin' /i sin* ^, 
and in these last formulae we may interchange ^, y^, 

14. It is to be remarked that considering /a as variable we 
have 

A^ A*^ ~ A/i ' 

viz. the addition-equation is (not the general^ but) a particular 
integral of this differential equation. Writing this equation 
under the forms 

(2^ dfi dy^ d^ ^ dfi d<f> 
Aij> A/x " A^ ' A*^ "" A/x A^ ' 

we naturally regard the integral equation, any form of it which 
gives /i in terms of ^, '^, as an addition-equation : and any form 
of it which gives ^ or '^ in terms of fi, and '^ or ^, as a sub- 
traction-equation. The resulting notion of subtraction may be 
regarded as included in that of addition, and it will hardly be 
necessary again to refer to it. 

The Addition of the three kinds of EUiptic Integrals. • 

Art. Nos. 15 to 17. 

15. We assume throughout <f>,y^,fiU> be connected by the 
foregoing addition-equation : recollecting that this is an integral 
(taken with the constant determined as above) of the differ- 
ential equation -r^ + ^, = 0, and reverting to the definition of 

wbioh is afterwards stated : it is, I think, a very useful one generally, but there 
is in Elliptio Functions an especial need of it, from the frequent occurrence 
therein of groups of complicated algebraical fractions having the 8ame de- 
nominator. 
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the function ^F<^, it at once appears that for the first kind of 
elliptic function we have 

(viz. <f>, y^, /i being connected as above, the integrals Fif}, F^, Ffi 
satisfy this relation) : this is the addition-theorem for the first 
kind of elliptic integrals. 

16. It can be shown that for the second kind 
E<l> + Ey^ — EfA = Vain ff^smy^ Bin fi; 
and that for the third kind 

TTJij^ TT I TT 1 * -I n Va sin I* sin ^ sin -Or 

Va 1 + n — ncos/icos^cosy 

_ 1 , I + n — n cos /i cos ^ cos i ^ + n V— a sin /i sin ^ s in ^ 



2 V— a 1 + n — ncos/ioos^cos-^ — n V— a sin /i sin ^ sin '^ 

where a = (1 + n) f 1 + — J , and n being real, the first or second 
form is real according as a is positive or negative. 

17. The mode of verification is obvious; in fact, repre- 
senting either of the last-mentioned equations by U^O, and 
considering CT as a function of the variables ^^ y^^ we have 



= (^^*-5f^^)ll 



80 that to sustain the assiuned equation U=0, we must in 
virtue of the addition-equation have identically 

dU .. dU., - 

viz. this equation, if true at all, can be nothing else than a form 
of the addition-equation: or what is the same thing, the 
addition-equation will be reducible into the last-mentioned 
form: which being so, it gives dU^O, and thence by integra- 
tion {7« const.) and then determining the constant by the con- 
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dition that for -^ = the value of ^ is = /i, the value of the 
constant must come = ; and in this manner we must from the 
addition-equation arrive at the required equation 27= 0. 

The Elliptic Functions am ; sinam, cosam^ A am ; or su, en, dn. 

Art. Nos. 18 to 27. 

18. We have spoken of ^ as the amplitude of Fif^ ; or writ- 
ing F^ = Uy then if> is the amplitude of u ; say ^ = am u, and 
then sin 4>9 cos ^, A^ are the sine, cosine, and delta of am u, say 
these are 

sin . am u, cos . am u, A . am u, 

which may also be written 

fiinamu, cosamt^, Aamu, 

or as an abbreviation 

sn u, en u, dn u. 

19. But in adopting the last-mentioned forms we introduce 
a new mode of looking at the functions ; viz. sn u is a sort of 
sine-function, and en u, dn u are sorts of cosine-functions of u ; 
these are called Elliptic Functions; and we may develope the 
theory from this point of view. Observe that the fimdamental 
equation iau = F^ or d4> = i^^du : this may be written 

({sin^scos^A^dtif or since sin ^s=snu, this is 

(2 sn u ss en ii dn u (2u : say sn' tf = en u dn u, 

moreover en" u = 1 — sn* ti, 

dn"«= 1 — A'sn'tt, 

and differentiating and substituting for sn'u its value, we find 

en' u :s — sn u dn w, 

dn' u = — A^'snucnu, 
and as above 

sn' u a en u dn u, 

which five equations constitute a foundation of the theory. 
Observe also that sn = 0, en = 1, dn = 1, sn (— w) = — sn u, 
en ( — u) =5 en ti, dn ( — ti) = dn u. 
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20. But this theory is already famished by the addition- 
equation ; viz. starting from the equation F<l> + F'y^ = jP/i, then 
writing F^ = u, Fy^=v (and therefore ^=amu, '^ = amt;) we 
have FfA = w + v or /i = am (u + v) : the equations which deter- 
mine emfi, cosfi, A/i in terms of the sin, cos^ and A of ^ and -^ 
give the sn, en and dn of u + 1; in terms of those of u and v : 
viz. these equations are 

sn (u + r) =5 sn tt en » dn V + sn v en u dn u (-r), 

cn(u + r) = cnttcnt; — snudnusnvdnt; (+), 

dn(u + v) = dnudnv — A:*snucnMsnvcn« (-^), 
where the denominator is 

= 1 — A*sn"ttsn"t;, 

and we may on the left-hand sides write u^v instead of u-^-v, 
changing in each of the three numerators the sign of the 
second term. 

21. These equations may be obtained independently : viz. 
in any one of them diflferentiating the right-hand side in regard 
to u and substituting for sn' u, en' u, dn^ u, their values, we obtain 
a symmetrical function of u, v; hence the same result as would 
have been obtained by differentiating in regard to v : the ex- 
pression in question is thus a function of u+v\ and writing 
therein v s 0, we find it to be the sn, en or dn (as the case may 
be) of tt + v ; which proves the equations 

22. We thus see that jP is an inverse function, the direct 
function being sn ; and that en, dn are connected therewith as 
the cosine with the sine. It may be remarked that there are 
six quotients, sn -r en, sn ■^ dn ; en -f- sn, dn -r sn ; dn -r- en, en -r- dn, 
which are in some sort analogous to the functions tan, cot : if 
all these functions had to be considered, appropriate notations 

would be — , &c. (viz. = — t*,&c.). These are not required: 

en \ cnu en / ^ 

it is however in some of the formulae convenient to have a 

symbol for the single quotient sn -r en : and considering this 
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as standing for sin . am •{- COS . am, it isstan.am.and weaccord- 
inffly write it as tn : viz. we have , = tan . am w, = tn w. 

23. In further illustration suppose that the theory of the 
circular functions sine, cosine, was unknown, and that we had 
defined jP^ to be the function 

dx 






Then taking the variables a:, ^ to be connected by the differ- 
ential equation 

dx 



-+-^^=0 



and supposing that z is the value of y answering to d? = 0, we 

have 

Fx -{• Fy :=^ Fg. 

But the differential equation admits of algebraic integration : 
and determining in each case the constant by the condition 
that for x = 0, y shall be ^z, the algebraic integral may be 
expressed in the two forms 

xy — Vl-a?" Vl-y* = VI - z\ 

so that either of these equations represents the above-mentioned 

transcendental integral; and we have thus a circular theory 

precisely analogous to the elliptic theory in its original form. 

But here the function Fx is the inverse function sin"V, and 

the last-mentioned two equations are the equivalents of the 

equation 

sin"*aj + sin"*y = sin"*J5, 

whence writing 8in~*aj=:w, 8in"'y = v, and therefore a; = 8int^, 
y = sin v, » = sin (w + v) : also assuming Vl — sin't^ = cos u, and 
therefore Vl - sin'v = cos v, and Vl — sin*(w + r) = cos {u + v), 
the equations in question become 

sin (u + v) = sin u cos t; + sin v cos u, 
cos j(ii + v) cs cos u cos v — sin u sin v, 
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and it is clearly convenient to use these functions sin, cos in 
place of Fy denoting as above sin"^. 

24. In the theory of the circular functions we have an 
addition-theory, which gives rise to and may be considered as in- 
cluding a subtraction-theory: and this leads to a multiplication- 
and division-theory : viz. we find from sin u, cos u, the functions 

sin or cos nu, sin or cos — 'u; we have similarly for the elliptic 

functions sn, en, dn a multiplication- and division-theory. These 
will be considered in detail; they are referred to here only for 
the sake of the remark that there is for the elliptic functions 
a '' transformation-theory" which has no analogue in the circular 
functions, viz. we determine in terms of the functions of u the 

like functions with an argument -j^, and a new modulus X in 

place of the original k: the transformation is of any integer 
order n, and there is, for each value of n, a relation called the 
modular equation between k and the new modulus X. And it 
is convenient to notice that in the multiplication-theory the 
sn, en and dn of nw, and in the transformation-theory the same 

functions of [ -tv, X j , are fractions having a common denominator, 

so that in each case there are three nimierators and a denomi- 
nator which come into consideration. 

25. The circular theory gives rise to a numerical trans- 
cendant tt, viz. ^ = ^3*14159. . .is a quantity such that sin ^ == 1> 

IT ft 

cos o =» 0, 3- being the smallest positive value of the argument 
for which the two functions have these values: and in developing 
the theory from the integral / ,q- would be the complete 

function defined from the equation 

TT 



IT ^ p dx 

2"j,vrr^' 
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Moreover the circular functions are periodic, having for their 
common period four times this quantity, s27r: viz. we have 

sin , , o N sin 

(u + ztt) = w. 
cos ^ ' cos ' 

26. Corresponding to x- we have in elliptic functions in the 

first instance the complete function FJc, also denoted by K^ 
viz. jST is a real positive quantity defined by the equation 

/•« d<l> 

or^ what is the same thing, 

^^ [' dx 

where f is of course not a mere numerical transcendant, but 
a function of A;: K is such that we have snjST^l, cnf =0, 
daK=^k\ Writing v^K, we obtain simple expressions for the 
sn, en, dn of 16 + K, and thence for those of w + 2K and u + 4iK; 
viz. it ultimately appears that the sn, en and dn of i6 + ^K are 
the same as the sn, en and dn of u respectively: or the functions 
have a real period 4iK. 

27. But the form of the integral suggests the consideration 
of another quantity 

rl _ d x ^ 

this is a complex quantity transformable into the form 
p dx . f dx 

viz. K' being the same function of the complementary modulus 
A?' that K is of k, the value is = -K'+ iK\ 

We have 

sn(Z + tir') = p cn(ir+iX) = ~-', dn(JS:+iir')-0, 

and then forming the sn, en and dn of w + K+ iK', &c. it ulti- 
mately appears that the functions of w + 4 (JE" + iK') are equal 
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to those of w respectively: viz. there is a second period 4 (K+%K^. 
But as above seen 4iK was a period, and thus the periods may 
be taken to be . 4iK, 4iiK\ respectively — only it must be borne 
in mind that K, K+iK' have, K, iK' have not, analogous re- 
lations to the elliptic functions. This is the theorem of ihe 
double periodicity of the elliptic functions. 

Further theory in regard to the third kind of Elliptic Integrals : 
Addition of Parameters, and Interchange of Amplitude 
and Parameter, Art. Nos. 28 to 31. 

28. We may differentiate an algebraic function 

sin ^ cos ^ i2 (sin* ^) A (k, (f>), 

where R (sin* ^) denotes a rational function of sin' <f> ; and 
thereby obtain an expression involving two or more terms 

of the form r; . ??, ^ .. ., with different values of n. 

(1 + n sm* ^) A (A;, ^) 

Conversely, integrating such expression we obtain an equation 

containing two or more terms of the form 11 (n, k, (f>), that is 

elliptic integrals of the third kind with different parameters. 

In particular there may be two parameters only; viz. these 

being n, n\ then we have either nw' = i* or (1 + n) (1 + n') = 4** : 

the resulting formulae are useful for the reduction of an integral 

of the third kind to a like integral where the parameter is of 

one of the standard forms cot* ^, — 1 + A'* sin* 0, --k? sin* 0. 

29. There may be three parameters ; the theorem is in this 
case a theorem for the " addition of the parameters." To explain 
this, suppose that two of the parameters are — Aj* sin* j?, — A* sin* q 
(this, if p, q are taken to be real, is a. particular assumption, 
limiting the generality of the result ; but allowing them to be 
imaginary, it is no restriction) : then the third parameter is 
— Ai*8in*r, where the angles p, q, r are connected together by 
that very relation which is the addition-equation for the integrals 
of the first kind, JFp + jFj — i^r = (rather it is, in the first in- 
stance, Fp + Fq'{-Fr = const., reducible to the last-mentioned 
particular form) : the theorem then gives 11 (— A* sin* r, k, 4>) in 
terms of 11 (— i* sin*/?, k, ^) and 11 (— k* sin* q, k, (f>) ; and it 
is in this sense a theorem for the addition of parameters. 
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30. The theorem leads to an expression for an integral of 
given imaginary parameter in terms of two integrals of real 
parameter, one of them of the form — If sin*^, the other of the 
form cot'X or - 1 + F sin^X. 

31. There is a further theory of the '* interchange of am- 
plitude and parameter:" differentiating the two sides of the 
equation 



n (n, A,^) = \j^^ J$-. 



(l+nsin»A(A;,<^)' 

in regard to n, and, after multiplication by a factor, conversely 
integrating in regard to this variable, we obtain 



>y(l + n)(l+|)n(n.A:,^) 



expressed as a sum of certain integrals in respect to n. Ex- 
pressing this parameter in one of the standard forms, for instance 
n^'-lf sin'^, the integrals in regard to n become integrals in 
regard to 0, viz. these are the elliptic integrals FQe, ff), E{k, 0) 
and an integral of the third kind 11 {n\ k, 0), where the para- 
meter n' is a — A;* sin*^ : that is n^ — lf sin V, n =^k^ sin*^. 
We have a relation between the integrals 11 (n, k, <f>), H (n, k, 0) ; 
this relation [involving also F{k, <f>), E {k, <l>), F(k, 0), E(k, 0)] 
is a form of the so-called theorem for the interchange of ampli- 
tude and parameter : those belonging to the other two forms 
of parameter n = cot*^ and n = — 1 + A?'* sin'^ are less elegant^ 
inasmuch as in the functions the modulus is k' instead of k. 

The second and third kinds of Elliptic Integrals expressed m 
terms of the argwment u; new Notations. Art. Nos. 32 to 34. 

32. The introduction of u, = F^, as the argument in place 
of Uf in fact supersedes the consideration of the elliptic int^ral 
of the first kind: by introducing u as the argument in the 
integrals of the second and third kinds, we obtain 
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which functions changing the notation might be called E{k,u) 
and n (n, k, u) respectively. But it is found convenient to con- 
sider somewhat different functions ; viz. in place of the integral 
of the second kind Jacobi considers 



Zw = tifl — -^j — A* / en^udu, 



where E, K denote the complete functions EJe, FJc respec- 
tively : ^ is of course a function of k^ so that its complete 

E 

expression is Z{k,u): it is = — -^w + JS? (A:, w), diflfering from 

E{k, u) by a multiple of u, 

33. As regards the third kind, the parameter is taken to 
be = — £* sn*a (to meet every case a must not be restricted to 
real values) and the function considered is 

XT / \ f A;* sna en a dn a sn*w du 

n [u, a) = I = — T^ — ^ 5 , 

^ ^ J^ 1 — Arsnasn'i* 

[being of course a function also of k, so that its complete ex- 
pression would be n {u, a, k)] : viz. writing n = — Ai* sn'a, this 
is in fwct a multiple of * 

L ?1bV^.^ ^'{F{k<f>)^U(n,k, <!>)]. 

j (1 + n sm*^) A (A;, ^) ' n^ ^ ^^ v > > r/j 

84. The advantage of the new forms is very great : thus 
the addition-theorem for the second kind of integral is 

Zu + Zv -- Z {u + v) = k^ Bnusnv sn {u + v) 

and that for the third kind gives in like manner the value of 

n (w, a) + n (v, a) - n (tt + v, a) 

in terms of the functions of ib^VfU + v: the theorem for the 
addition of the parameters gives a very similar expression for 

n(t^a) + n(w,6)-n (w,a + 6), 

and the theorem for the interchange of amplitude and para- 
meter is in fftct a relation between 11 {u, a) and 11 {a, u). 
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Ths Functions Bm, Hw. The q'/ormuke. Art. Noe. 35 to 42. 

35. From the function snu we derive a new function Bu 
by the equation 

^ _ /2Kk' 4««(i-^)-*>//ii»//i««n% 

{K, E denoting as before the complete functions FJc, EJc) : this 
may be regarded as one of a system of four functions, Buy 
e (u + if), e(M + iK), e(M + K-^ HT) ; or writing 

the functions may be taken to be ©w, S(u + K), Hu, H(u + K), 

36. The function ^ is at once expressed in terms of Su 
and its derived function S'u: viz. we have Zu=^-^r- . 

The function 11 (u, a) has a simple expression in terms of B, 
viz. we have 

TT / \ ®'^ .11 B (t* - a) 

n(«.o) = «^+iioge(;iT4' 

37. Writing herein w + a for u, we have 

TT/ . \ / . \®'^ 1 1 B(tt + 2a) 
n(u + a,a) = (u + a)Q^-ilog-^^^; 

and for the values a^^K, JtiT, ^K+^iK' the function 
n (m 4- a, a) is expressible in finite terms by means of the func- 
tions log snu, log cnu, logdnu respectively: the resulting equa- 
tions give, after all reductions, the formulae next referred to*. 

38. The functions snu, cnu, dnu are found to be fractional 
functions, the three numerators and the denominator being the 
four functions above spoken of; viz. we have 

Bnu = -^fru-r, cnu^/J -j-H^u-k-K)-^, dnM=V^B(u+J5r)+, 

where denom. = Bu. 

* ThiB is not Jaoobi*8 method nor perhaps the most direct or natural way of 
obtaining the formula in question : bat the connexion of the formnlaB with the 
expression for n (u, a) is very noticeable. 
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39. These functions H, 6 are in fact doubly infinite pro- 
ducts ; viz. writing for shortness 

(»», to') = 2mK + im'iK', 

(to, to') = (2m + 1) JE" + 2TO't JT, 
(to, to ) = 2mK + (2to' + 1) iE!, 

(to, to) = (2to + l)K-\- (2to'+ l)tff' ; 

then, disregarding certain constant factors, we have 

Hu =«^(l + r-5^l, 

I (TO,m)) 

where (except that in the first product the simultaneous values 
m = 0, m s are to be omitted) m, rd have all positive or 
negative integer values, including zero, but under the following 
condition, viz. taking /k, yi to denote each of them an in- 
definitely large positive integer, /k being also indefinitely large 
in comparison with /i', so that /k' -r /k = 0, then 

for m the limits are m ^ — ii to + /a, 
n ^' u w m^ — i^' „ +^', 

„ m' „ „ m' = -/A' — 1 „ +/i'. 

40. Giving to m all its values, and reducing by means of 
the factorial expressions of sin^, cos a;, the expressions become 
singly infinite products of circular functions such as 

8in^(M + 2m'iX'); 



TTU 



or writing ^rvr= a*, these are expressible as products or series 
c. 2 
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involving cos 2cp, or the multiple sines or cosines of x, with oo- 

wK' 

efficients which are functions of the quantity q^^e" ^ ; viz. we 
have thus the ^-formulae which Jacobi obtains in quite a dif- 
ferent manner (from a transformation formula, by writing therein 

- for u, and taking n infinite), and which in fact led him to 

the functions H and 0. The formulae are very remarkable 
as well in themselves as from their origin, and the connexion 
which they establish between Elliptic Functions and the theory 
of Numbers : as a specimen take here the identity 

which not only shows that every number is the sum of four 
squares, but affords the means of finding the number of decom- 
positions. 

41. The four functions 01/, 0(w + -fir), Hu, H{u + K) con- 

irJC ITU 

sidered as functions of g),=— ^, and if = — i._, each of them 

satisfy the partial differential equation 

This equation, not given in the Fundamenta Nova, but ob- 
tained by Jacobi {Crelle, t. IIL p. 306, 1828), is, in fact, an imme- 
diate consequence from the expressions of the functions as series 

in terms of q (= c"**) and u ; but it is also obtainable from the 
finite expressions of these functions. 

42. There is no proper addition-equation for the functions 
//, : the nearest analogue is the system of equations 

0(w + v)0(u-v)= ^ , 

IKu + r) II {u - v) = e^o"" ' " ' 
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involving, it will be observed, the IT, 6 as well of u — v as of 
u + o. But these formulsB show, what follows also from the 
double-product expressions, that these functions have a multi- 
plication-theory ; and the double-product expressions also show 
that they have a transformation theory. 



The Numerators and Denominator in the multiplication and 
transformation of the Elliptic Functions. Art No. 43. 

43. We are thus, in the multiplication and in the trans- 
formation of the elliptic functions, led to expressions for the 
three numerators and the denominator of the functions of nu, 

of ( p, X j {ante, No. 24), in terms of the functions H, ©; and 

by the aid of the above-mentioned partial difierential equation 
we obtain partial differential equations satisfied by the ^ume- 
rator- and denominator-functions in question : thus, considering 

the denominator only, and writing for convenience x^'Jksau, 
a = A: -I- T , v=n, in the case of the transformation of the n^ 



or 



order snf-jj^,\j , but =n' in the case of multiplication sn nu; 

then the denominator, considered as a function of x and a, 
satisfies the partial differential equation 

+ i/(i'-l)x*«-2i;(a'-4) J. 

(Jacobi, Orelle, t. IV. p. 185, 1829.) As regards the transforma- 
tion formula, it is to be observed that X, qua function of k, must 
consequently be considered as a function of a, and the expression 
of is as a function of ar, and of a directly and through X, is so 
complex, that not only the equation is practically useless, but 
it is difficult to verify it even in the simple case of a cubic 
transformation : but as regards the multiplication formula, the 
equation is very convenient for the determination of the actual 

6> 9 
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expression of ^ as a function of x and a, or, what is the same 
thing, of snu and k. The equation requires some change of 
form to adapt it to the three numerators respectively : and the 
resulting equations are in like manner practically useless for 
transformation but very convenient for multiplication. 

Concluding Remarks. Art. No. 44. 

44. The foregoing outline is purposely very brief as to the 
theory of transformation, and as to the ulterior theory of the 
third kind of Elliptic Integrals ; as to these it is completed by 
the outlines prefixed to the chapters on these subjects respec- 
tively, and generally the outlines or introductory paragraphs to 
the several chapters may be consulted : as thus extended, the 
outline is intended to cover the whole of the present treatise up 
to the end of chapter xi., and also chapter xii., which contains 
the reduction of the diflferential expression Rdx 4- VJSl to the like 

expression with the radical in the standard form Vl— aJ^.l — A:*«^, 
as mentioned at the beginning of this outline. The remaining 
chapters, xiil. to xvi., I regard as supplementary ; the outlines 
or introductory paragraphs will explain what the contents of 
these are ; I only remark here that chapter xiiL, relating in 
fact to Landen's transformation, belongs to the elementary part 
of the subject, and might have been brought in at a much 
earlier stage ; the only reason for deferring it was the con- 
venience of using the form of radical Va'cos*04- J'sin*^, in- 
stead of the standard form VI — A;" sin* ^ ; generally whatever 
relates to the non-standard form of radical is given in these 
supplementary chapters. 



CHAPTER n. 

THE ADDinON-EQUATION : LANDEN'S THEOREM. 

45. As already mentioned the addition-equation is the 
integral of the differential equation 

(A^ = Vl — ft^sin*^, &a) the constant of integration, /k being 
the value of either variable when the other is put = 0. Of the 
proofs which are here given several are only verifications of the 
theorem assumed to be known : but the first one is a direct 
investigation. The fifth proof (Jacobi's by means of two fixed 
circles) leads so naturally to Landen's theorem, that, although 
belonging to a different part of the subject, I have given it in 
the present chapter. 

First Proof (Walton, Quarterly Math. Joum. t. xi. pp. 177 — 178, 

1870). Art. No. 46. 

46. Rationalising the differential equation, we have 

d^« - d^ = - ifc« (sin* ^c?^* - sin* f(^^*), 
or, as this may be written, 
{d<lf - d^|t*) (cos* <l> - cos* ^Ir) 

= - i* (sin* <l>dir* - sin* i^*) (cos*^ - cos*^). 

The left-hand side is 

= — sin(^ + '^) {d^ + dr^) sin(^-'^) (d^-rfV^), 
= — (f cos (^ + '^) . d cos (^ — '^), 
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or putting a; = cos ^ cos '^, y^sin<f> sin '^, and therefore 

cos (^ + '^) = a; — y, cos (^ — '^) = a; + y, 
this is = rfy* — cUf. 

The right-hand side, omitting the factor — A;*, is 
(cos ^ + cos '^) (sin ^-^ + sin '^^) 
X (cos <f> — cos '^) (sin ^d-^ — sin '^0), 
where the first factor is 

= cos <f> sin '^{f^ + cos*^ sin^'^ + sin^ cos^'^ + sin-^ cos^^ii<f> ; 
viz. writing this under the form 

cos ^ sin '>^d<l> + cos -^ sin <f>d'>^ + sin ^ cos ^ (cos*-^ + sin*-^) rf'^ 

+ sin -^ cos -^ (cos*^ + sin*^) d<f>y 
it is = ^y + i»dy — ydx ; 

and similarly the second factor is 

=s — rfy + xdy — ydi. 
Hence, restoring the factor — A*, the right-hand side is 

or the differential equation is 

dif — da? = A;* [dy* — {xdy — yt^a:)*] ; 

viz. writing herein -f-^Pt t^^is is 

2>«-l = A;«[p*-(y-i>x)1; 
or we have 

which is an equation of Qairautfs form; or taking 7 as the 
arbitrary constant, the integral is 



that is 

1 -_- 

sin ^ sin -^ = 7 cos ^ cos -^ + t v (Aj* — 1) 7* — 1. 
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Let lA be the value of -^ corresponding to the value ^ = 0, 
then writing ^ = 0, -^ *= /i, wo have 

7cos/i + iv(ifc'-l)7' + l = 0, 

giving7*&"(l — 8inV)=7*A" — 7* + 1, that is 7* (1 — A;* sinV) = 1> 

or 7 = — , whence t V(A:* — 1) 7^ + 1 = ; and substituting, 

we obtain 

co8/i:=cos ^ cos ^ — sin ^ sin '^ A/i, 
the required addition-equation. 

Second Proof (Jacobi, Crelle, t. vin. p. 332, 1832). Art. No. 47. 

47. Assume a + 6 cos ^ cos -^ + c sin ^ sin -^ = 0, 
then differentiating we have 

(— 6 sin ^ cos -^ + c cos ^ sin '^) <i^ 

+ (— 6 cos ^ sin -^ + c sin ^ cos '^) d-^^ = 0; 

say this is Mdj) + Nd'y^ = 0. 

But we have 

Jif* + (6 cos ^ cos -^ + c sin ^ sin '^)* = i* cos'-^ + <? sin*-^, 

jRT* + (6 cos ^ cos -^ + c sin ^ sin '^)* = i* cos*^ + c" sin*^, 

that is 

if« = -a« + i'cos«f + c»sin*f = 6«-a*-(6*-c*)sin>, 
iV^«=-a« + 6«cosV+c*sin«^ = 6«-a*-(6«-c')sin«^, 

and the differential equation thus is 



V6«-a*-(i* - c") 8in> Vt'* - a* - (6* - c») sin^ 

viz. an integral of this equation is 

a + 6 cos ^ cos -^ + c sin ^ sin -^ = 0. 

But observe that the differential equation contains the single 

V — (? . he 

constant n f > ^te integral equation the two constants -> - » 
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which of course cannot be expressed in terms of .,^ , , but 

only in terms of this and an arbitrary constant, say ^ Hence 
the assumed equation is the general integral of the differential 
equation. 

V - c* 
To complete the investigation write j^ , = J^, and assume 

a . j« — c» 

- = — cos/A> then the equation tt;— i= ^» or c* = 6* — (6*— a*) A? 

becomes c' = J" (1 — i* sinV)> or say c = — iA/i : substituting 
these values of a and c, the equation becomes 

* cos fi + cos ^ cos '^ — sin ^ sin '^A/it = 0; ' 

viz. we have 

cos fi — cos ^ cos '^ » sin ^ sin '^ A/li, 

as the integral of the differential equation ^r + -^ =0. 

And it is clear that /i is the value of either variable corre- 
sponding to the value of the other variable. 



Forms of the Addition-Equation. Art. Nos. 48 and 49. 

48. We have 

(cos /i— cos ^ cos ^)*— sin*^ sin*-^ A*/i = ; 
or expanding and reducing 

1 — cos*^ — cos**^ — cos*/i + 2 cos ^ cos -^ cos /i 

— fc" sin*^ sin*-^ sin* /it = 0, 

which is symmetrical in regard to the three quantities : hence 
we have also 

(cos ^ — cos /It cos ^^y = sin' /It sin* '^ A*^ 
(cos'^ — cos fi cos ^y = sin' fi sin' ^ A'^, 
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and extracting the square roots, it appears that the signs on 
the right-hand side must be + : we thus have 

cos ^ — cos /i cos '^ = sin /it sin '^ A^, 
cos '^— cos fi cos <f>=^ sin /it sin ^ A'^, 
to which join the original equation 

cos fi — cos ^ cos -^ = — sin ^ sin -^ A/it. 

49. From the rationalised equation, writing sin*/i = 1 — cos* fi, 
we obtain 

(1 — i* sin*^ sin*'^) cosV — 2 cos ^ cos -^ cos /i 

= 1 — cos'^ — cos'-^ — J(? sin*^ sin*-^, 

that is 

[(I — J(? 8m*(f> sin'-^) cos /a — cos ^ cos -^J' 

= (1 - i* sin*^ sin'-^) (1 — cos*^ — cos*-^ — J(? sin*^ sin*-^) 

4- cos* ^ cos" -^j 
which is easily seen to be 

= sin* ^ sin* -^ A*^ A*-^ ; 

and then extracting. the square roots> the sign on the right- 
hand side is ^, and we have 

(1 — i*sin*^ sin''^)co8/it=:cos^ cos ^ ~ sin ^ sin '^ A^ A'^, 

which gives the value of /a in terms of 4> stnd '^. 

Combining with this the equation 

cos fi — cos (f> cos '^ s= — sin ^ sin '^ A/i, 

we have the value of A/i : and if from cos fi we proceed to find 
the value of sin'/it, we have ^ 

(1 - *• 8in»^ sin*f )• sinV = (1 - A« sin* ^ sin* f )* 

— (cos ^ cos '^ » sin ^ sin '^ A^ ^'^)*> 

which is readily found to be 

= (sin^ cos'^ A'^ + sin'^ cos^A^)'; 
and extracting the square roots, the sign on the right-hand 
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side is -f : we have thus the formulae 

sin ^ = sin ^ cos -^ A-^ + sin ^ cos ^ A^, (-r) 

cos fi = cos ^ cos '^ — sin ^ sin -^ A^ A-^, (-5-) 
AfjL = A^ A-^ — Jfc* sin ^ sin -^ cos ^ cos y^, (-r) 

where the denominator is 

= 1 — i* sin" ^ sin* y^. 
And we have in like manner 

sin ^ = sin f* cos -^ A-^ — sin yp^ cos /jl A fi, (-r-) 

cos ^ = cos ^ cos -^ + sin /A sin yjr A/jl A-^, (-t-) 
A^ = AfjL A-^ + A;* sin fi sin '^ cos /x cos yp^, (-f-) 

where the denominator is 

SB 1 — fc* sin*/x sin" yfr. 
And we may in these formulsB interchange ^, yfr. 

Third Proof of the Addition-Equation (a verification). 

Art. No. 50. 

60. Writing the equation in the form 

cos fM cosec ^ cosec -^ — cot ^ cot -^ = — A/i, 

then differentiating the left-hand side the coefficient of d<f> is 

— cos fjL cosec ^ cot ^ cosec -^ + cosec'^ cot yp^, 

= . , , . — r (cos "Jr — cos a cos 6), 
sm 9 sm y ^ ^ '^ ^'^ 

which in virtue of the form 

cos -^ — cos /A cos ^ = sin /x sin ^ A-^, 

sin/A A I 
sin 9 sm y ^ 

and similarly the coefficient of c2^ is 

^_8in74__ 
sin ^ sin -^ ^' 
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SO that omitting the common factor, the differential equation 
becomes 

d^dL'^fr + d^A<^ = 0, 

which is right. 

Fourth Proof (Legendre, TraM des Fonctions ElKptiques, 
t. I. p. 20, by a spherical triangle). Art. No. 51. 

51. Consider a spherical triangle ABC, obtuse-angled at 
C, such that the sides CB, CA are = ^, -^ respectively, and 



that the cosine of the angle C is = — A/u This being so, the 
equation cos /jl — cos if) cos '^ = — sin ^ sin '^ A/x shows that the 
side AB is = fi (so that by sliding the constant arc AB, » fju, 
along the two fixed sides CA, CB, we obtain the different 
values of <f>, y^ which satisiy the relation in question). And 
the other two equations cos ^ — cos /a cos '^ = sin /x sin '^ A^, 
and cos '^ — cos /x cos ^ » sin /x sin ^ A^, show that cos A = A^, 
and cosj? = A-^ : so that the sides a, 6, c of the spherical tri- 
angle are ^, y^, fi respectively, and the cosines of the opposite 
angles A, B, C are A^, A'^, — A^ respectively. 

Now considering the consecutive position A'B' of the 
side AB, and letting fall on AB the perpendiculars A'p 
and B'q, the equation A'B' = AB gives Ap = Bq, that is 
AA' cosA=^BB' cosB, or db cosA + da cos5 = 0; viz. this is 
the differential equation d<f>Aylr + c2^A^ = 0. 
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Fifth Proof (Jacobi, CreUe, t. la p. 376, 1828, by two fixed 

circles). Art. No. 52. 

52. Consider two fixed circles as shown in the figure, and 
suppose that we have 




Radius of larger circle b R^ 



if 



smaller 



n 



= r. 



Distance OQ of centres =s D. 



Write moreover 






whence easily 



&• = 
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viz. k and ft, are given functions of J2, r, D: and it may be 
noticed that 






(1 + Am)' 

Imagine now a variable tangent AB, and assume 

IA0L = 2^, IB0L^2'^, 

then letting fall on AB the perpendicular 00, we have 

lAOa = w{<l>-]-ylr), lQOG = <f>-ylr; 
and thence projecting A 0, OQ on QM, we have 

B cos (^ + '^) + 2) cos (^ — '^) = r ; 
that is, (-B + Z>) cos ^ cos -^ — (S — D) sin ^ sin -^ = r, 
or what is the same thing 

cos ^ cos -^ — sin ^ sin -^ Afi = cos /*, 
which is the integral equation. 
Also ilJlf« = ^Q»-ifQ" 

^B* + jy + 2DBco82<f>'-i^ 
= (jB + 2))"-r^-4D5sin»^ 

And similarly 

Now varying the tangent let the new position be A'B'; 
then clearly AA' : BB' = -4if : BM ; that is 

viz. substituting for AM^ BM their values, we have the required 
differential equation 

corresponding to the above integral equation. 
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Landen*8 Theorem^ from ihs foregoing geometrical fgure. 

Art. Nos. 63 to 66. 

53. Suppose that the large circle and also A; remainiDg 
constant, the small circle is varied ; that is, let r, D vary subject 
to the foregoing condition 

_4Z>iJ_ 

it is readily shown that the radical axis of the two circles re- 
mains unaltered. In fact, taking the centre of the larger circle 
as origin and the axis of x vertically downwards, the equations 
of the two circles are 

and thence for the radical axis 



2Z)a?-5»-i>» + r^ = 0, or a; = 



21) ' " kf' 



which is constant. In particular the smaller circle may reduce 
itself to the point F (one of the limit-circles of the original 
two circles, or what is the same thing an antipoint of their 
points of intersection, viz. that antipoint which lies within the 
smaller circle): and then taking the distance OF=S, we have 

iBR 47>i2 

or what is the same thing 

54. Reverting now to the original two circles, if in the 
figure Z.^0G^ = cii)(=7r-^-Vr) and Z.QO(? = x(=^-'f), then 
obviously A A' cos MAO = AMd^, that is R,2d<f> sin a> = AMdx'y 
or what is the same thing 2AOd<f> = AMdx'9 hence the equa- 

^^^^ AM"^" THf "^^y ^^ completed into 

dip __ dyfr __ d\ 
Aif^BM^lAG' 
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and observing that -4 6" = ^ 0* - G^ = £■ - (D cos x - »•)** the 
equation is 



d(f> ^ -d'^ ^ _dx V(iZ + D )*-t^ 
A (fc, <^) "■ A {k t) 2 ViJ*'-""(D~cos X - r)" * 

We have OP = , and thence OP = D , whence from 

cos ;^ cos ^ 

the triangle 0-4.P, in which the angles Aj P are = ^ + -^ — Jw 

(that is 2^ — ;^ — |7r) and ^ir + x respectively, we have 

D : -C08(2^ — ;^=a5 : cos;^; 

that is D cos ;^ — r = — -B cos {2<f> — x), 

which is an integral equation corresponding to the above differ- 
ential equation 

d<f> _ dx ^iR + D)*-r* 



A {k i>) 2 V^*- (D cosx-r)* ' 

Writing now jLAPO^B, then x=^ - ^tt, 2<^-x=2^ - ^+i7r, 
and the integral and differential equations become respectively 

jD sin ^ - r = 5 sin (2<^ - ^) , 

A (A:, ^) 2 VF^D sin ^ ^)* ' 

55. Suppose now that the smaller circle reduces itself 
to the point F, then retaining to denote the angle in this 
state of the figure, we must in place of D, r write 8, ; and 
the equations become 

d<f> ^ d g (g + 8) 
A(A-,<^)'"2V/j:«-8'sin'^* 
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or writing herein ^ = p » these are 

X sin ^ = sin (2^ - 0), 

where in virtue of the relations ^ = 7n — ^^l wid ^= p> we 

have I? = jz — TTi , and therefore also k'=^ — ^ and X = ., . ,. . 
(1+X/ 1+X l+A; 

56. The result would have come out more simply by con- 
sidering ab initio the smaller circle as replaced by the point F: 
viz. the chord AB would then pass through the point F, and 
the points M, Q each coincide with F: but it was interesting to 
consider the theory in connexion with the original figure of 
the two circles. 

The theorem gives, it will be observed, a transformation of 

the diflferential expression - . /J; ,x into an expression a}T^\ » 

involving a new modulus X : viz. considering X as derived from 

A: by the equation X = ^j — j-,, then we have between the two 
variable angles <f>, sjq. integral equation X sin ^ = sin (2^ — 0) 

answering to the differential relation . /, ,x = . ., L — : 
^ A {k, ^) A (k, 0) 

or since j>, vanish together this last is equivalent to 

F{h4>)^i^{\-\-\)F{\0). 

The integral equation gives X tan = sin 2^ — cos 2^ tan 0^ 
that is 

X + COS z<f> 

. . /I sin 26 sin 26 

whence 8mg="7T: ^ ^ , = , ^ — . or 

Vl + 2X cos 2^ + X* V(l + X)* - 4X sin'^ 

4X 2 

observing that ... . ^., = k^ and 1 + X = - — 77 , this is 

(1+X)' l + A: 

8in^ = i(l+Jfc') ''°^* 



Vl - Ar" siii*^ ' 
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Sixth Proof of the Addition-Equation. Art. No. 67. 

57. The rationalised equation in ^, -^j /a may be written 

sinV — cos'^ — cos"-^ + 2 cos ^ cos -^ cos^ 

- Jf sinV (1 - cos"^) (1 - cosV) = 0; 
viz. this is 

i** sin"/* — A'/Lt (cos*^ + cos*-^) + 2 cos /a cos ^ cos -^ 

— A* sinV cos'^ cos*-^ = P, 
or as it may also be written 

f sin V • — ^ V cos'^ 

+ 2{ . cosficosif) . jcos-^ 

+ {— 'A"/A • — Jfc* sin'/A cos'^} cos*-^ = ; 

viz. the left-hand side is a quadriquadric function of cos <^, cos yfr: 
say this is u, and represent it successively under the forms 
A' + 2R cos <f>+ C cos'<^, and -4 + 25 cos i|r + C cos'^, where 
of course A\ S ^ O' are given functions of cos ^y and A, B, C 
are the like given functions of cos ^ : we have 

T^ = 2(C7'cos^+5% 

but the equation tt = gives (C"cos^ + 5')« = (J5"-^'(7')i 

whence -7 r = 2 V^" - AV, or what is the same thing 

aco69 

^=-2 sin^ ^B^-A C\ and similarly ^ =-2 sinf V^-^ C: 
wherefore the differential equation is 

V^'*- AC sin 4>d4> + ^ff-ACAn i|r df = ; 
we have 
ff - ^(7= cos V cos'^ + {k*^ sin'/A - A V cos'<^) (AV + A* sin^ cos'^) 

= f sin'/A A'/A 

+ (cos'/A + A^i" sin^/A — A*/a) cos'c^ 

— A;* sin'/A A'/a cos*^» 
C. 3 
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and coefficient of cos'^ is 

1 — sinV + ^^'^ sinV 
— 1 + 2A:' sin*/Lt — A:* sin*/*, 
= (ifc^-A'«)8inVAV; 

whence the value of -B* — -4 C is 

sinV AV [k'^ + (Jfc* - h") cos^ - k" cos>}, 

= sinV AV . (1 - cos» [k'^ + 1? cos'<^), 

= 8iu*/A A V sin*<^ A*<^ ; 
that is 

V/^* — ^ (7 = sin /A sin <^ A/* A<^ ; 

and similarly 

V5'*-^'(7' = sin /A sin i|r A/a Ai^, 
whence the foregoing result is 

d4> Ai|r + ^V^ A0 = 0, 
the required differential equation. 

It may be remarked that this, like the third proof, ante^ 
No. 50, is a verification, the difference being that we use the 
rationalised integral equation instead of the original inutional 
equation: and that they are each of them closely connected 
with the second proof, ante. No. 47, although this is less in the 
form of a verification. 
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CHAPTER III. 

MISCELLANEOUS INVESTIGATIONS. 

The present chapter contains, in relation to the first and 
second kinds of elliptic integrals, various matters not very 
closely connected which it was convenient to give here before 
going on in the following Chapter IV. with the main theory : 
the contents will be seen from the headings of the several 
articles. 

Arcs of curves representing or represented by the elliptic 
integrals E{k, ^), F{k, ((>). Art. Nos. 58 to 62. 

58. The elliptic integral of the second kind occurs 
naturally as representing the arc of an ellipse : viz. taking the 

equation of the ellipse to be -i + ^ = 1* tl^is is satisfied on 

writing therein ^ = a sin ^, y = 6 cos ^ (observe that ^ is the 
complement of the eccentric anomaly, or say of the parametric 
angle) : we then have dx = acos<l> d<l>, dy = — 6 sin <^ : and thence 

ds^ = (a* cos*(f} + 6' sin'^) rf^' 
= [a' - (a« - 6») sin>] d<f>\ 



so that taking i= (= excentricity) we have 

ds = aA {k, <f>) d<f>, 
and thence s = aE {k, ^), 

the arc being measured from the extremity of the major axis : 
the length of the quadrant ia=iaEJc. In the case of the circle 

3—2 
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the length is aEfi, = a . ^tt ; and, as the minor axis diminishes, k 
increases and EJc diminishes, until ultimately for the indefinitely 
thin ellipse k becomes =1, and 8 = aE^, = a. 

59. We may also represent the arc of the hyperbola: taking 

the equation to be -^ — n = 1> ^^^ expressing ar, y in terms of 

the parametric angle u, that is writing a: = a sec u, y=^b tan u, 
vfe have dx=^a sec u tan u du, dt/ = b secV du, and thence 

du 



da = — =- VA* + a" sin*t^, 
cos ii 

which does not immediately express the arc 8 by means of an 
elliptic integral : to obtain an expression of the required form 

assume 

a ^ b 

k = / >, . ,a and therefore k = / , ,> 

(k = reciprocal of the eccentricity) ; and consider an angle ^ 
connected with u by the equation tan u = k' tan ^ : the expres- 
sions of X, y in terms of (f> are 

a . , . . , ai'* sin <b d<b 

[A<^ is written for shortness to denote A {k, <l>) and so presently 
F<f>, E<f> to denote F{k, ^), E {k, ^) respectively] : and thence 

, __ hk' d(f> 
"" cos*^ A<l> ' 

a value which of course may also be obtained from the fore- 
going expression of da in terms of du. 

We obtain by differentiation 
and conversely, integrating from zero, we have 
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a 



whence substituting for the integral and observing that r> = t > 
we have 



a 



j? = ^{tan^A^ + it'»i'^-JF^}, 

where (see figure) 8 denotes the arc AM measured from the 
vertex A of the hyperbola. 

60. As regards the geometric signification, observe that for 
the point M on the hyperbola, the construction of the angles 
i«, ^ is as follows, viz. drawing the lines NQ, NE, = b and bk' 




n Q 



respectively, and joining these with the point M^ then Z. Q = w, 
/_It=<l>. To obtain a different construction for the angle <f}, 
with centre C and radius CA (= a) describe a circle, and 
drawing fix)m M the tangent MT, and the radius CT, we have 

lfr» = a^ + y"-a» = (l + ^y', that is Jfy=|; hence 

measuring oflF from T the distance TO = b, and joining OM, 
the angle MOT is = ^. Moreover the perpendicular CZ on 
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the tangent at M is given by p^, = -^ + |j , and substituting 

for X, y their values in terms of <^ we find CZ=a cos^; hence 
if F be the intersection of this tangent with the circle, we 
have also LYGZ^4>, Further MZ* = x* +y*- a* cos* <f>; or 
since a;' -f y' = a' + J* tan*<^, this is 

iJfZ' = a«sin»^ + 6*tan»</», 

= a* tan'^ f cos'<^ +-A ^ =:a* tan*<^ [ p — sin' ^ j , 
a' tan'^ , 

or finally MZ= j tan <f> A<f>. 

Hence the formula is 

8 = MZ+^{k"F<f>-E<f>), 

or what is the same thing 

MZ- MA = ^ {E,f> - k'^F<t>), 



the quantity on the right-hand side being it is clear positive, 
viz. it is in fact 



= akf' 



As <l> approaches 90^ the point M goes off towards infinity, 
and the point Z tends to coincide witt C: hence writing 
if} = 90', wo obtain 

(where / represents the point at infinity on the curve or the 
asymptote) as the expression for the excess of the length of 
the asymptote over the arc of the curve. 

61. It is less obvious how to find a curve the arc of which 
shall express the elliptic function of the first kind. Legendre 
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remarked that in the particular case Jc=^ -p^ the solution was 

afforded by the leminiscate (a?* + y*)' = a* (a* — y*). Observe 
that the curve is a horizontal figure-of-eight, the extremities 
being given by y = 0, x== ±a, and the branches at the origin 
being inclined to the axis of x at angles = i 45*. The equation 
is satisfied on writing therein 



a? = a cos ^ Vl — J sin"(^, 

a . . , 
y = -r^ sm 9 cos 9 

(in fact these values give a^+y* = a* cos'^, a;'-y' = o' cos*<^): 

and hence determining the element of arc ds, = Vda?" + rfy*, we 
have 

<i^ = ^'|°^5^(-|4sm',^)#. dy = ^_ (1 - 2 8m«^) d^, 

whence attending to the identity 

sin'^ (- I + sin»« + i (1 " i sin"^) (1-2 sin^^)* = J, 

we have df = Aa"- — ^ . > . , 

* 1 — t sm'<^ 

or finally d8^-j=. ^ 



V2Vl'-isin«</»' 



whence 5=-7^F(-7=, A), 

V2 \V2 V' 

s denoting the arc measured from the extremity aj = a, y = 
(^ = 0) to the point belonging to the value ^ of the parametric 
angle. The same result may be obtained by means of the 
polar equation r^ = a* cos 20 j introducing instead of the 

variable ^ connected with it by the equation sin <^ = ^2 sin 0. 
At the origin we have ^ = 90®, and the length of the quadrant 

of the curve is thus = -y= i^, ( -j-j . 
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It thus appears that the leminiscate serves to express the 

function F of modulus -= . 

V2 

62. For the general representation of the function F (A, ^) 
Legendre used the sextic curve 

a; = A sin <^ (1 + \m sin*(^), 

y = 6A cos ^ (1 + m — Jm cos'^), 

where, k being the modulus, the values of A, m are 

, 1-2*^ W 

/l= rrz — • t» = 



A* ' 1-2A;" 

and it is then cajsily found that 

]^ 
8 = F{k, ^) — v^ sin <^ cos <^ A (A:, ^), 

where observe it is not the arc s, but the difference of this arc 
and an algebraic function, which is equal to the function 
F,{k, <l>) : and the solution is not an elegant one. 

63. A very beautiful solution was obtained by Serret 
(improved upon by Liouville), Liouv, t. x, 1845, pp. 257 and 
351: and I have found that the theory admits of further 
development: I reserve the whole investigation for a sub- 
sequent chapter, remarking here that Serret's solution was 
suggested to him by a different treatment of the leminiscate ; 
viz. the equation of the curve is satisfied by 

values which lead to 

<&' = da^ + dxf = = 1 dz*. ot ds = -; , 



so that the arc is expressed as a multiple of 

dz 



/, 
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which is an expression in the nature of an elliptic integral. 
To compare with the former solution observe that we have 



z 



\/2 







UVK 


> %P - 


Vl+Z*' 


■ 




sin 


[<l> ' 


i-g' 




Vl. 






1 l + z» 

V2V1+2*' 




-J sin 


•0: 


and thence 










dS = 


y2(i+j 


T^ fl 


md 


d<l> 



March of the Functima F{k, </>), E {k, <f>). Art. Nos. 64 to 70. 

64. To gain some idea of the march of the functions F(f>, E<f>, 

we may, taking (f> as abscissa, trace the curves y = ^r-r , y » A^: 

the areas of these curves included between the axis of y and 
the ordinate corresponding to the abscissa ^ will of course re- 
present the values of the integrals F(f>, E^, 

65. If A: = 0, then A(^ = 1, and the curves y = A^, y = ^r-r , 
each reduce themselves to the line y = 1. Here of course 

F(f> = E<f> = <p. 

If k>0, < 1, which is the standard case, then the curve 
y^^<\> is an undulating curve lying wholly below the line 

y = 1, and the curve y = ^ an undulating curve lying wholly 

above this line. As ^ increases from zero the functions j^i^, E<f> 
each continually increase from zero, the function Fij> being 
always the larger; and it is moreover clear that for a given 
value of ^, as A; increases the function F^ increases and 
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E<l> diminishes, and conversely as k decreases then F(l> dimi- 
nishes and £<l> increases. In particular k^O, F^, = A", = J'tt, 




and also E^ = Jtt, so that as k increases from zero, F^ or K 
increases from ^ir, and E^ diminishes from Jtt. 
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66. We see moreover that for each of the functions F<f>, E<f> 
{k having a given value) it is sufficient to know the values of 
the functions for values of ^ from to Jtt : in fact we have 
F{'-a)=- Fa, Fir = 2F^, and then 

Fa = FTr-F{7r-a), =2F,- JF'(7r - a), 
giving the values from a = tt to ^tt, and 

Fa^Fir + Fia-Tr), =2i^, + i^(a- tt), 

giving the values from a = tt to 27r ; and so on. Or what is 
the same thing we have in general 

F{m7r ± a) = 2mF^ ± Fa, 

and similarly E {rrnr ± a) = 2mE^ ± Ej, 

67. If A: = 1 there is an entire change in the form of the 
curves, viz. the curve y = A^ becomes y = cos ^, which is a 
curve lying as before wholly below the line y = 1, but which, 
instead of being included between this and the line y = 0, 
passes below the last-mentioned line, and is in fact included 

between the lines y = + li y = — 1. And the curve V^-itt 

becomes y = , , where the ordinate becomes infinite for 

^ cos 9 

^ = Jtt: we have then between the values ^tt, ^tt a branch lying 

wholly below the line y = — 1, the ordinates at the limits being 

= — X , then from fir to f tt a like branch lying wholly above 

the line y = + 1, the ordinates at the limits being each = + oo ; 

and so on. 

Observe that in this case E<f> = J cos <f> d<f> ^ sin <l>, so that 
E^ = l, and, completing a former statement, we may say that 
as k increases from to 1, ^^ decreases from ^tt to 1. 

We have also F<f> = / — ^, which admits of finite integration, 

viz. we have F(l> = log tan ( Jtt + ^<f>), 

(observe that log tan is here the hyperbolic logarithm of the 
tangent,) and in particular F^ = oo (a value agreeing with the 
form of the curve), so that, completing a former statement, we 
may say that as k increases from to 1, F^ increases from ^tt 

to GO. 
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68. This cose (corresponding to tbe extreme value k=l 
of the modulus] is one of great interest : writing 

we have if> = amplitude « (for this particular value k = 1), or 
as it is convenient to write it ^ — gudu (read Gudermannian 
of u, after Oudermann, hy whom the form was specially con- 
sidered), and then sin ^ = sin gud u, 
COB <j> = A^ = cos gud u, 
or as we may for shortness write them 

sin ^ = sg u, cos ^ = A0 = eg u ; 
viz. we have here the two new functions sg, eg, replacing the 
sn, en, dn of the general casa 

69. We have in a subsequent part of the subject to consider 

K' -^ 

the expressions -^ , and q = a ic ; and it is convenient to notice 

here that 
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k = 0; k'=l, K=^, K'^oo, C = <». J = 0: 

ifc=l; Jt'= 0, ^=00, ^' = i7r, 5=0, j = l: 

viz. as k increases from to 1, -^ diminishes from oo to and 
q increases from to 1. The annexed figure shows the curve 
X = i, y = -^ . It shows also a construction which will pre- 
sent itself in the sequel : viz. considering an abscissa x^Jc, and 
the abscissae a; = X, a; = 7, which belong to the double ordinate 
and the half-ordinate respectively ; then if F, V be the com- 
plete functions to the modulus 7, and A, A' the complete 
functions to the modulus \, we have it is clear 

A' K' 
70. Conversely if X be such that ■t-~^'F"» ^^^^ ^ ^® 

less than k ; and similarly if 7 be such that i^ ^^ = it , then 

7 is greater than k : and not only so, but i^ starting from k, we 
repeat this process of the double ordinate so as to obtain a series 
of moduli X, Xj,X, ... then we approximate very rapidly to a 
modulus = : and similarly if, starting from k, we repeat the 
process of the half-ordinate so as to obtain a series of moduli 
7, 7j, 7,...then we approximate very rapidly to the modulus = 1. 
And the like conclusions follow if n denoting any number 
greater than 1 (say n a positive integer = or > 2), we have 

a; .K^' E^ H 
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Properties of the Functions F{k, ^), E {k, (p), but chiefly the 
complete functions FJcy EJc, Art. Nos. 71 to IH. 

71. Starting from the expressions 

when k is small we may under the integral sign expand in 
ascending powers of k, and then integrating from to ^ 
by the formula 



/ 



• m^ t T t "^ ' *^ • • • A> tv '*' JL ft 



obtain the formulae 

FJc = ^TT f 1 + — J A; + ga ^« ^ + 2' 4* 6* ^ "^* • • J ' 

^iAj=i7r ( 1 "" 2' "" 2^'*~4' " 2^ 4* 6'* ~'" J » 

or what is the same thing, introducing the notation of hyper- 
geometric series 

1.7 1.2.7.7 + 1 

these are FJc^^ir.Fi J, J, 1, A'), 

72. Suppose k is very nearly 1, k' is small and we have 
A? = 1 — JA?'*; to find the value of FJe we may write 

' Jj,-,\/cos'</) + Psin'</)^ j Vcos'c^ + A;"sin> 

where € may be taken an indefinitely small quantity which is 

nevertheless indefinitely large as regards k\ This being so, 

writing in the first integral ^tt — m in place of (f>, since through- 

f* du 
out the integral u is small, the integral becomes I , -= , 
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which is = T log p , or neglecting k' in regard to 

jte, this is = T log -77- , or say = log r; • In the second integral 
k sin ^ is throughout small as regards cos ^, and the integral is 



-/ 



cos^' 



2 
which is = log tan (iTr — Je), or what is the same thing =log- . 

Hence we have 

2e 2 4 

as an approximate value of FJc, k being nearly equal to unity. 

73. The functions F (k, ^), E (k, (f>), considered as func- 
tions of k, satisfy certain differential equations. 

Write for shortness E, F to denote the functions E {k, <f>), 
F {k, <f>), and A to denote A {k, <f>). Then 

dE 
dk 



f k sin* <l>d<l> dF ^ f k sin* (l>d<f> 

"■ j A ' dk "J A» 



1 *- 

and writing herein sin*^ = T5 (1 — A), the two expressions de- 
pend on the integrals I -^ , iAd<f>, I -^ : the two first of these 
are F, E respectively : as regards the third of them, we have 

d sm^ cos _ 1 - 2 sin'^ + k* sin*^ 
_ __ _ ^^ , 

or what is the same thing 

p c? sin <^ cos ^ _ A* - A;'* _ . k* 

^^ A " A» ' "^""A*' 

and thence by integration 

[dff> _ 1 rr 1^ sin<f> cos <f> 
J A*"F* Pa • 
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The foregoing expressions of -jrr , -tt , thus become 



dF 
dk 



1 ,r, urtjps, ^ sin COS ^ 



whence also 



^- *-*f- 



£-t-(f+tg) + '^'"*°°'»; 



and in particular if ^ = i7r, and E, Fnow denote the complete 
functions E^k, FJc, then 

-I- 1 (^-^ 

Let E\F' denote the complementary complete functions 

d k d 

EJcy FJc ; then observing that ■^^~' p ijj , we have 

74. If we now consider the expression EF' + ^'jP — FF, 
and form its differential coefficient in regard to k, this (sub- 

stituting therein for -^ , &c. their values) is found to be = : 

the expression in question is therefore = a constant ; and if to 
find its value we take A; to be indefinitely small, then writing it 
under the form {E''F)F -k- EFy and observing that F* is equal 

4 

to the indefinitely large quantity log j- , but that this is multi- 
plied by the indefinitely small quantity E^Ff^-^lwi^, and 
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consequently that the product is =0, there remains only the 
second term E'F, which is = Jtt (viz. for A; = 0, we have J?'= 1, 
F=i\Tr) ; we have therefore 

EF^-EF-FF'^-liT) 

or writing this at full length, 

EJc . FJc' + EJc' . FJc - FJc . FJc* = ^tt, 

a relation between the original and complementary complete 
functions EJc, FJc, E^k\ FJc. [Later on, instead of these quan- 
tities we write A", K\ E, E\ and the equation is 

EK' + EK - KK' = iTT.] 

75. The equation in question has recently been proved 
in a very elegant manner by Mr J. W. L. Glaisher, Messenger 
of Mathematics, t. iv. 1874, p. 95. Writing for convenience 
A:»=c, ^-'' = c^ and u = EF'-\- E'F- FF', then from the defini- 
tions of the functions, 

J J Vl-ar^.l-co;'. 1 -y*. 1 - cV ^' 

where, and in what follows, the integrals in regard to x, y re- 
spectively are taken from to 1. Differentiating with regard 
to c, observing that dc = — dc, and reducing, we have 

2 rfu ^ [Cy' -a?-\rcx* -dy* + ca?y* - cxY 
<^ JJ {l-a*.l-y')^.{l-C3?.l-cyy 
where the numerator is 

= (1 - ar") (1 - cV) - (1 - y) (1 - ex*) ; 



„rftt r^/lT^dx [ (\-c'y*)dy 
hence 2 , = j- — ^- , --■ . 

^ J (1-ca^)* J{l-yy(l-c'yy 

f 's/T^'dy I il-cx*)dx 
J (l-cV)* J (1 - «')* (1 - ca?)* 



—pq—pQ suppose, 



, fVl -a?dx f {l-cx')dx 
where »=/ ,, 7=1 — ^^-ri Ti' 

and p', q are the hke functions with c in place of c. 
c. 
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We have 

_ [ {{1 " oTj + (a!' " ex*)] dx 



'I 



(1 - a?")* (1 - ca^)* 



/_a;Vl-af\ Nl-a^dx 



where the second term, taken between the limits, vanishes; 
and we have therefore q=p-¥p, =2p. And similarly q = 2p; 
hence 

hence u is independent of c, and putting c = 0, we find that its 
value is = ^tt, and the theorem is thus proved. 

7G. Reverting to the equations 

dE 



F = E--k ^, 
ak 



. E^k^(F+k^I^i + ^^^^^^±. 



and from these eliminating successively E and F, we find 

n ix^^F \^-^dF p^8in<^cos<^_ 
^^"^''rfA'"*" k dk"^^^ A» "' 

,. lAx^E l^J^dE „ sin <^ co s </> 

and in particular if ^ = Jtt, and -C, ^ now again denote the 
complete functions EJc, FJc, then 

., ...(T^^l-A;' dE , „ ^ 
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We have consequently a particular solution of each of the 
differential equations 

and we can in terms of the foregoing expressions obtain the 
complete integrals of these equations ; for this purpose, trans- 
forming to a new variable k\ connected with k by the equation 
it' + i** = 1, it is easily found that the transformed equations are 

where the new equation in y is as regards k* of the same form 
as the original equation in regard to k : hence, FJc being a 
particular solution, another particular solution is FJc ; and we 
have the general solution y = oFJc + a FJc. And moreover, 
observing that the equation in j^ is satisfied by the value 

F-^ ^-tt] > it appears that the equation in z must be 
satisfied by the value « = £'* (y + ^ jf ) > viz. this is 

reducing by the formulaB 

this is « = aEJe + a' {FJc' — EJe) : where, instead of a, a', we 
may of course write jS, /S*; we. have thus 

y = aFJc + a'FJc; 

z=PEJc + P{FJc'-EJc'), 

4—2 
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as the complete integrals of the differential equations in y, z. 
And more generally the equations being 

/^ f »v ^'v 1 — S^"* ^y sin 4> cos 4> ^ 

then, to obtain the complete solutions, we must to the expres- 
sion for y add the term F {k, <f>), and to that for z the term 
E{k,<l>). 

77. To obtain developments for FJc, EJe when k is nearly 
= 1, or k' is small, observe that FJc is a solution of 

4 

having, when A' is small, the value logw: and conversely, 

that a solution of the differential equation satisfying the fore- 
going condition will l)e the required value of FJc, Such a 

solution is y =P log f, + Q, where P ~ 1 and Q are each a func- 
tion of the form Bk'^ + Ck'* + . . . . Substituting in the differen- 
tial equation, we have first 

^^ *■ ' dk" + k' dk' -^ "' 

and then 

^* *■ ' dk-* ^ k' dk' ^ ^ k- dk' + -^- " ' 
and the first equation then gives 

p=i + ^;r+^;-i-|;p+ ... ,=F(h 1 1. k-*). 

Represent this for a moment by 

1 + m^t" + mjc'* + &c.. 
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and assume for convenience 

Substituting these values, the equation to be satisfied is found 

to be 

/•'• !•'• Z-'* ^'• /-'« 

fv fv A/ 11/ /W 



0=-4m, - 8m, -12m, -16w^ -20^^ . 

+ 4rmj + 8m, +12^, +16m^ . 

+ 2 + 2mj + 2m, + 2m3 + 2m^ . 

- 2m,^, - 12m,^,- SOm,^, - 56m^il, - 90m,^, .. 

+ 2m,^,+ 12m,^,+ 30m,^3 + 56m^^^ .. 

— 2mj-4 J — 4m,-4, — 6m,^, — 8m^-4^ — IQm^A^ . . 

+ 6m^A^ + 12m,il, + 18m3^, + 2^A^ . . 

+ '"^Ai+ Wj^,+ w,^B+ m^A^.. 
viz. this gives 

2- 4/iij- 4mj^j =0, 

6mj- 8m,-16m,il,+ ^m^A^ = Q, 

10m,- 12m3 - Sem,^, + 25m,^, = 0, 

14m, - 16m^ - 64m^^ + 49m,^, = 0, 

&c., &c.; 

or, observing that 4mj = l, 16m, = 9mj, 3Giii, = 25m,, &c., we 

have 

2— 4mj= im^.A^f 

6Wj — 8m, = 9mj (-4, — -4 J, 

10m, - 12m, = 25m, (^, - A J, 

14in,-16m,= 49m,(^,-^,), 

&c., &c. ; 

1 - . _1 

'~1' 



that is 2 - Y = 1^1 



6-|= 9(^,-^J,=|, 
10-^ = 25(^.-^J, =|, 

14^:^ = 49 (^,-^),=:^, 

&c., &c. ; 
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or finally Ji = j—^ , 

» 1.2 3.4' 

. 2_ 2 2 

•~1.2"'"3,4"^5.6' 

. ^ J_ 2 2 
♦ 1.2'*'3.4'^6.6'''7.8' 



&a, &c., 



and thence 



^1'.3' „/, 4 2 2 \ 

1*. 3*. 5« ,.„/', * _J_ J_ 2 N 
■''2*. 4*. 6'* V^^ifc' 1.2 3.4~5.6J 

+ &C., 

-where the limit of the subtracted scries is = log 4, or 1*38629. . . 
From this we obtain EJ: by the formula 

leading to 

^,jfc = l 



V.S,,,/. 4 2 1 \ 



l'.3'.5 .„A 4_J 2 1_\ 

■'"2*.4».6 \^^k' 1.2 3.4 S.cJ 

+ &C., 
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where in the several subtracted series, the numerator of the last 
fraction is 1, but the other numerators are each 2 : the limit 
of the subtracted series is as in the former case = log 4, or 

1*38629...: hence in the two cases respectively tRe successive 

4 

partial series converge to log r/ — log 4, = — logA?'. We have 

thus the values of FJc, EJc for k nearly = 1, corresponding in 
a remarkable manner to those previously given for the case of 
k small 

78. Kummer has given, Crdle, t. xv. (1836) p. 83, the 
following general formulae in relation to hypergeometric series, 

= F{a,i8,Ka + i8 + l), i{H-g)}+i'{«,/3,H«+/8+l), h{l-q)U 
2d2F{i(i+l),J08 + l),f.2'} 

= 2?'(a,/3,Ka + /3+4), hil + q)} - F {a, fi, h(oi+^+l), ^{l-q)]; 

where c, d are constants to be determined : as regards c, writing 
^ = 0, we have at once c = ^{a, )8, i (a + ^ + 1), ^j : as regards d, 
imagining the series on the right-hand side expanded, taking 
their difference and dividing by q, and then writing q = 0, we 
find 2d=F' {a, )8, i (a + ^8 + 1), i}, where in general F' (a, ^8, y, m) 

denotes -j- i^(a, ^, 7, x), writing therein x = m. 
. Taking now a = ^ = i ; and q = l — 2A;', whence 

we find 

2cF{i, i. i 2*) = F{h h 1. n + F{1 1 1, kT). = (F^k'+F^k) - K 
^dqFil i 1, 3^ = Fih i 1, A") - i^(i i 1, *»), = (F.&'-i?;i-) -=- i^, 

in virtue of the expression for FJe, FJe obtained ante, No. 71. 
Hence, conversely 

FJc = \ir[cF{\, I i. j') - %F(J, I, I, J*)], 
2^.*' = iTT (c2^(J, i, i 3») + %F(i, 1. 1 2«;} ; 
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viz. the complete functions FJc, FJc' are here expressed by 
means of two series, each proceeding in powers of g, = 1 — 2i*. 

Writing k = k'=-^, whence y = 0, we find 

and with a little more difficulty ^wd^lir -i- F^ (-j=) . and we 

have thus the expressions for F^k, FJc* given by Jacobi, Fund. 
Nova, pp. 67 and 68. 



The Ovdermannian. Art. Nos. 79 to 85. 

79. It has been already remarked that, for A; = 1, the 
function F{kj ^) becomes = log tan (Jtt + i<^), and that instead 
of the general function am u, we have the gudermannian gd u, 
giving rise to the two functions singdu and cosgdu, or say 
sgu and cgu. We have in regard to these a theory correspond- 
ing to that of the functions of amu (snw, cnw, dnu), discussed 
in the following Chapter: and it is convenient to consider in 
the first instance the special case in question, A; = 1. 

80. Starting from 

F<l> = log tan (Jtt + i<^) = u, 

where as a definition <^ = gdt*, or what is the same thing, 

u = log tan (^TT 4- i gdw) ; 
we have 

6- = tan (iir + ifrda) = l±l^^ S^J* = cos^gdu + sin^gdu 
V4 2b ^ l-tan^gdw cos J^gdti-sinigdt* 

_ 1 + sin gd u _ cos gdu 
cos gdw ""1 — sin gdw' 
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and thence 



sin gd u or 8g u = 






. • • 



— t sm iu 
cos iu 



and 



cosgdu or cgti=: 



e" + e"" ' cos 1 M 



smh u , , 

r — , = tann u, 
cosh u 



= — r — I = sech u, 
cosh u 



(where sinh w, = ^ (e** — er*), and cosh m, = ^ (e** + e""), denote the 
hyperbolic sine and cosine of u ; and similarly tanh u and 
sech u denote the hyperbolic tangent and secant of u). 

It may be added that 

cg*M + gg'u= 1, 
and further gd'u = cgu, sg'u = cg*tt, cg't* = — sgwcgw, 
also sg tu = t tan u, eg tu = sec u. 

81. The equations may also be written 



— ttantti, 
1 



8gtt = 

cgu = 

tgu = — i sin iu. 



cos iu * 



sintu = t tgu, 
1 



cos %u = 



cgw 
tan tu= t sgu; 



(tg tt denoting tan gd u) which may also be arrived at as follows, 
viz. considering the angles 0^ ^ connected by the equation 
cos COB ^ = If or as it may in various forms be written, 



sin s t tan ^, 
costf = 7, 

CO8 

tan0= t sin^, 



sin ^ = — i tan 0, 

cos (b = ^ , 

^ cosS 

tan ^ = — i sin 0, 



• 7f 

then cos 5d& = « sec*AdA, that is d& = — ^ , or 

^ ^ cos 9 

5 = 1 log tan {\ir + \4^) ; 

whence assuming <^ = gdu wc have = it/, and thence the fore- 
going relations. 
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82. We easily obtain the addition- equations 

8g(u + v)=8gt^t;, (^) 

cg(M + v)=cgMCgy, (-r) 

where denom. = 1 + sgu sgv ; 

viz. if for a moment e" = a, e* = 13, then 

a"-l 2a )8»-l 2^ 

and substituting these values, the expressions for 8g(M4-t;), 
cg(ti + v) come out = ,^ ^ and ,^ ^ respectively : which 
proves the formulae. 

83. To deduce the equations from the general formulae for 
sn(u + v), cn(u + v), dn(u+t;), (see next Chapter,) observe that 
putting k = l, and consequently sn = sg, en = dn = eg, these be- 
come 

sg (m + r) = sgw cg*i? + sgr eg* u, (-h) 

Cg(?i + V) =CgUCgt? — CgMSgMCgVSgi;, (^) 

where denom. = 1 — sg^w sg'v. 

Here in 8g(tt4-t;) the numerator is 8gM(l— 8g't;)4-sgv(l — sg'u), 
which is = (sgM + sgv) (1 - sgw sgv), and in cg{u + v) the nume- 
rator is = cgMCgi?(l — sgwsgv), and the denominator is 
= (1 4-8gwsgv)(l— sgusgv); whence, throwing out the factor 
(1 — sgwsgv), we have the formulae in question. 

84f. It is easy to derive the formulae for the sg and eg of 
the sum of any number of functions. Writing for convenience 
Bgu = x, cgu^Jl-a^, =a:', sgi; = y, cgv = Jl-y', =y', the 
foregoing fonnulae may be written 

sg(w4-v) = a; + y, (-J-) 

cg(a + v) = xy'y ■ (^) 

where denom. = 1 + a:y ; 
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and then introducing a new angle w, and writing sgw^z, 
cgw = z'y we find 

sg{u + v+w) ^x + y^ z + xyz, (-i-) 
eg (u + V + w^) = xy'z\ (-^) 

where denora. = 1 ■\- xy + xz+yz; 

and so when there is a fourth angle <o, sgo) = t, ego) = t\ we have 
sg(i^ + t;+w + (tf) = a? + y + « + ^ + xyz + xyt + xzt + y^, (-5-) 
cg(w + t?+M? + ft>) = xyz'iy (-r) 

where denom. = l+ajy + ir« + y«+a:^ + y< + «< + a^y-s^^ ; 

and so on, the law being obvious. 

85. If the angles of all of them =u, retaining x to denote cgw, 
and putting for x its value = ^(1 + a;) (1 — x\ we have 

sgnt. = i{(l + ar)--(l-a:)-}, (-) 
cgnM= . (l + a;)J-(l-ic)J-, (^) 

where denom. = J {(1 + a?)* + (1 — a?)"} ; 

and observe that, n being even, the expressions are rational, but 
n being odd, the numerator of cgnu contains the factor JV^a?. 

The formulae are valuable for their own sake ; and they afford 
very convenient verifications of formulae relating to the general 
functions sn, en, dn : viz. putting in these A? = 1, they must of 
course reduce themselves to the far more simple formulae for 

sg, eg. 

The foregoing values of sgw, cgw, give 



e"^* = 



€"•+1 ' e'^ + l ' 



that is e'^-^%-$-'. 
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1 . i«i. 2 + iYe*— c"*) 1+sinut cos^ut+sin^m 

and aimm, c*^ = — ^ . — ^ir— ^, = . , = f — = — - — i- • » 

® e +e cos ut cos ^m— sin iu% 

_ 1 + tan ^ui 
""i — tan^wi' 

that is c'"*- = tan (^tt + iwi), 

or what is the same thing, 

%gdu = log tan (Jtt + iwi) ; 
with which compare the original equation 

u = log tan {lir + i gdu). 

If in the first of these for u we write -gdw, it becomes 
igd (j gdwj = log tan (i^ + i gdu), 

that is % gd f -7 gdw j = w, 

a remarkable property of the function gdt^; there is no ana- 
logue to this as regards the general function amu. 
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CHAPTER IV. 



ON THE ELLIPTIC FUNCTIONS SD, CD, dn. 



We now commence a systematic development of the theory 
of the elliptic functions properly so called, the functions sn, 
en, dn. 

Addition and Subtraction Formulce, Art. Nos. 86 to 93. 

86. The formulse are 

sii{u'\-v) =snu cnv dnv + snv cnu dnu, (-r) 

en (u + 1?) = en M en t; — sn w dn w sn r dn v, (-r-) 

dn(M + v) = dn M dn v — i* sn m en w sn t; en v, (-h) 

where denominator 

= 1 — i' sn*M sn*e;; 
and 

sn (w — v) = sn tt en V dn V — sn V en w dn u, (-r-) 

en (tt — v) = en u en r + sn w dn u sn v dn r, (-h) 

dn (tt — v) = dn u dn t; + A;* sn u en u sn t; en r, (-^) 

with same denominator 

= 1 — i'* sn'u sn*r. 

As remarked in Chapter I., these are given by the addition- 
equation, or they may be deduced from 

en*i^ = 1 - sn'tt, dn*?* = 1 — A?* sn'w, 

sn'u= enudnu, 

en'w= — snwdnw, 

dn'u== — A-' sn u en u. 
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ON THE ELLIPTIC FUNCTIONS SB, cn, dn. 



[IT. 



87. Putting for shortness snu = a?, 8nt;=y, these are 

sn (t* ± v) = a; VH^p Vl -1^ ± V ^/l^^ Vl - i"-c*, (-) 



where denominator 

88. Represent for a moment the last-mentioned numera- 
tors and denominator hy A ±A\ B±B, C± C\ and D, viz. 



A^x^l-y^'Jl-ky, A^-y^l-Q^'Jl'-l^a?, 



i? = Vl-a:*Vl-y, B'-^-^xyJl-k'sf'Jl-kY, 



C = Vl - A:*;r* Vl - ity> C = - k^xy Vl -ic* Vl -y*, 

2) = 1 - fcV/, 
tlien we have evidently 

sn (w + v) + sn (u — v) ^ 2-4, 

sn (tt + v) — sn (u — r) = 2^', 

cn (m + v) + cn (i* — v) = 25, 

cn (w 4- v) — cn (m — r) = 22?', 

dn(w - r) + dn(u + v) = 2C, 

dn (u + v) - dn(w - v) = 2(7', 

where throughout 

denominator = D. 

89. But there are other formula depending on the pro- 
perty that the rational functions A'- A"^, B^-B^, C'-C" 
contain D as a factor. In fact writing 



P 

Q 

R 



x'-y\ 



\-^k^a?^]^,f^l^xY, 
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we have 



and theDce 



A* - A" = PD. 




ff-B*=QD, 




C!*-C'*=RD; 




sa(u + v) sn (u — r) = P, 


(-) 


en (u + v) en (« — ») = Q, 


(H-) 


dn (« + v) dn (« — ») = fi, 


H 


= i). 





where denominator 

I write down at full length the first of these as it is a 
formula of frequent occurrence, 

sn (tt + v) sn (« — ») = (sn'w — 8n*r) t- (1 — i* sn'w sn*r). 

90. We may deduce a variety of other formula;, for instance 
[1 + sn (tf + r)] [1 + sn (m - »)] 

= {D + 2A + P)^D; 
where the numerator is 



91. To complete the theory we consider the expressions 



i7=x vr=^vi^iyy, cr= yvr^vr^^Av. 

It then appears that each of the fimctions sn, en, dn of 
M ± r can be expressed in a fourfold form as follows : 

. sA + A'_ P _ U+ U' _ T- r 
ea[u + v) j5 A-A'~B-B'~C-C" 



Q 



S+8' 



<^(m+v = —jjT = jizr^' = B - B' - C- C" 

, , , c+(7' r+r s-s' _ R 

dn(u + t-) ^- =X=:^'~¥irB'-C^C"' 
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with the like formula3 changing simultaneously the signs of v, 

A\ R, C\ S\ T', U\ Any equations obtained by comparing 

difiFerent values of the same function are of course identities : 

A ■\- A P 
thus we have — y. — = -^ j;, that is, -d.' — -4'" = PJD as 

above, &c. Again 

(i? + 5) (C- C) = D (5^+ S'l {B - B) (0+ C") = D (5^- 5'), 
or what is the same thing, 

BC - B'C = D8, ^BC''\'B'C = DS\ &c., 
with various other identities. 

92. By selecting the proper expressions we obtain at once 
formulaj involving diflferent functions of w + r and u—v re- 
spectively : thus let it be required to find the product 

sn {u + v) cn (« — v) ; 

these are expressions for the factors involving B — B' in the 
denominator and the numerator respectively, viz. we have 

sn {u + v) cn {u - v) = j^-j^f . —jj- , 

D ' 

or what is the same thing, the value is 

_ sn w cn M dn v + sn v cn v dn u 
1 — fc* sn^M sn'y 

Similarly, 
cn {u + v) sn (w — v) = — j~ — , 

and by combination of these formula?, we obtain 

2 IT 
sin [am (<t + v) 4- am {u — k)] = -v- , 

sin [am [xi + v) - am [n — r)] = — ^ . 
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93. Altliough the formulae are so numerous that they 
cannot be remembered^ and in the manner just explained any 
one of them may be obtained with extreme facility, yet for 
convenience of reference I reproduce the whole series of 33 
formulae given Fund. Nova, pp. 32 — 34. We have throughout 

denom. = 1 — 4* sn*w sn*t;. 



(1) to (21). 
sn (w + v) + sn (tt — r) 
^(t* + t7)+6£(tt-.t;) 
dn (u4- 1>) + dn(tt— r) 
sn (u + r) — sn (u — v) 
en (li — 1>) — en (u 4- 1?) 
dn(M — t>)-dn(u + t;) 
sn (t« + 1>) sn (u — v) 
l+J^Bii{u + v) sn(u — v) 
l + sn(w4-t>) sn(u — r) 
1 4- en (u 4- v) en (u — v) 
1 + dn(tt + v) dn(tt — v) 
1 — i* sn (m + v) sn (m — v) 
1 — sn (u + 1?) sn (w — v) 
1— cn(u + t>) cn(u — t;) 
1— dn(u4-v) dn(ti — r) 
{1 ± sn (w4- v)} {1 ± sn (m- r)} 
{ 1 ± sn (ti + v) } {1 T sn (u - v) } 
{l±Jcsii{u + v)}{l±ksii{U'-v)} 
{l±ksa{u-{-v)] {l + A:8n(w-t;)) 
{1 ± en (tt + r)} {1 ± en (tt-r)} 
{1 ± en (m + v)} {1 T en (tt-v)} 

c. 



= 2 sn u en t; dn v, 
= 2 en tt en v, 
= 2 dn u dn v, 
= 2 sn v en ti dn Uy 
= 2 sn u sn v dn u dn v, 
= 2^;* sn w sn v en u en v, 
= 8n'w~8n*t>, 
= dn't? 4 fc' sn*u en*i;, 
= cn'i?4-sn'w dn*"!;, 
= cn'w4-cn'v, 
= dn*w 4- dn'r, 
= dn*u 4- A:* sn'i; cn*w, 
= en* u 4- sn't? dn'u, 
= sn'w dn'v 4- sn'r dn'w, 
= A:'(sn'ii en't; 4- sn'v cn'w), 
= (en 1? 4 sn tt dn v)', 
= (en u 4 sn t; dn w)*, 
(dn i; 4 A; sn z* en v)*, 
(dnu± A? snv cnw)', 
: (en u 4 en v)*, 
: (sn w dn t; T sn v dn u)*, 
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{1 ± dn(M + v)} {1 ± dn(ii-t;)} = (dnw + dnv)", 

{l ±dn(tf4-v)}{l + dn(M — 1;)}= A* (sn ti cnvT snv cnu)*, 



sn (?* + v) cn (w — r) 

sn (m — v) cn (u + v) 

Ba{u + v) dn {u — v) 

sn (m — v) dn (w + v) 

cn{u + v) dn(u — r) 

cn (u — v) dn(w + v) 

sin {am (w + v) + am (tt • 

sin {am (w + v) — am (w 

cos {am (u + v) + am (u ■ 

cos {am (w + v) — am (w 
(22) to (33). 



V)] 

V)} 

V)] 
'V)] 



= 8nw cnu dnv + snv cnr dnu, 
= 8nw cnw dnv — snv cnv dnw, 
= snM dnu cnv + snv dnv cnw, 
= sni^ dnu cnv — snv dnv cnw, 
= cnu cnv dnu dnv— 4'* snw snv, 
= cnu cnv dnii dnt;+ A;'' snw snv, 
= 2 sn u cn t^ dn v, 
= 2 sn v cn V dn u, 
= cn*tt — sn'w dn*v, 
= cn*t; — sn*t; dn'w, 



IV. 



The Periods 4>K, *iK\ Art. No. 94. 
94. The theory of the periods depends on the equations 



sn = 0, 

cnO = l, 
dnO = l, 



an7r=l, 

cnir=0, 
dn7ir = A;', 



sn {K + iK') = i 



cn{K+tK') 
dn{K-^tK') 



1 



•1 f 



= 0; 



where K, K' are the complete functions Fk, Fh'. 



To prove these observe that writing 



^ f t dx 



AV 



we have sn m = f, cn tt = Vl — f, dn m = Vl - A:*f", 
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whence writing f = we have the first triad of formulae, and 
writing f = 1 the second triad. For the third triad, writing 



-r 



« dx 

.', VI - ar* . 1 - &*»• 



1 



U.'*'J,/Vl-a;M-/fx' 

J, Vl -x».l -k'j? 
and to transform the integral we write [j:=1, z~0; x=,, z=\\ , 



whence 


1 

Vl- 

1 


•^ Vl-/bV' 

k'*zdz 
dx= 1, 

(1 - jfc' V)* 


• 


t VI - i'V 
-^ k'z • 




VI - A;'V 


or multiplying 


Vi- 

dx 


AV A-' Vl - a' ' 



Vl - a:^ ."1 -1-V Vl - ^^ . 1 - i- V ' 
so that the integral is 

f I - ■ . ::^ ■ , = ih ; 

and the value of m is = -ff + iK\ Hence writing u = K -\- iK\ 
f = jT , and observing that the value of Vl — f* is 

5—2 
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— iV 

viz. that it ifl =3 — — - , we have the required formula 



Pivperty arising from the iramftyrrMitioru Art No. 95. 

95. In the foregoing relation between a and Zy write for 
a moment a; = 8in0, r = 8in;^ the di£ferential equation is 

d^ id)^ 

Vl-.ifc*8in*^"vi-*'*8^'* 

whence, assuming 8in^ = 8n(t;, k), 8in;^ = sn(u, k'), this is 
dv = {dUf or we have v=sfu + const. But we have simultane- 
ously (e = l, s^O; and for a; = l, v ia =K, and for £^=^0, u is 
= : hence the constant is = iT, or we have v^iu + K: con- 
sequently 0? = sn (iu -\-Kyk\ = sn (ti> k'\ Substituting in the 
integral equations between Xy e, we have 

dn (w, A? ) 

which are equivalent to the equations obtained in the next 
article. 



Jacobfs imaginary transformation. Art. No. 96. 

96. Write sin A = t tan yp^, whence also cos 6 = r , and 

^ cos-^ 

sin -^ 5= — f tan ; consequently d(f> = — ^ , and 

d^ idyfr 

Vl - iF^^ " Vl - k" sm^ ' 
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Hence, putting sin = sn (v, k), sn -^ = sn (u, K)^ we have 
dv = idu, or since v, u vanish together v = t u ; that is 

sin ^ ax sn (w, i), sin '^ == sn (u^ ¥). 

The intend relations between 0, -^ give 

^^*'^^^- cn(w,ifc') ' 

^ ^ cn(tt,fc; 

It may be observed that in this transformation writing 
^ = tu we have '^ = gdM, It is to be further observed that 
writing sin'^s^y, and as befcMre «in ^ s a;, we have 



that is -=^k'z, which exhibits the relation between this and 

y 

the transformation in the preceding article. 



FunctUyns ofu-h (0, 1, 2, 3) 5^+ (0, 1, 2, 3) %K\ 

Art. Nos. 97 to 99. 

97. It is easy from the foregoing values of the sn, cn, dn 
of K and K + iK' to obtain the values given in the following 
table : for instance we have 

8n(M+^)= sniTcnwdnw-rl-A:* sn'iT sn*«* 

=s cn tf dn u -r dn^u, 

= cnM-rdnt^; 
sn(u — ir) = — cntt-=-dni«, &c. 

Similarly finding 6Ji{u-{-K + %K'), and in the resulting 
formulas substituting u — K for w and reducing, we have 
sn (u + iK') : and so in the other cases. 
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Functions of v+ (0, 1, 2, 3) Jir+ (0, 1, 2, 



•fSJT 





BZltt 


cntt (^) 


-sntt 

• 


- cntt (-^) 


+ 0A'' 


cntt 
dni* 


-l-'sntt (-T-) 

i' (-) 
denom.=dnu 


-cntt 
dntt 


i'sntt (-^) 

*' (-) 
denom.=dntt 




1 (-^) 


dntt(~) 


-1 (-) 


dntt (-7-) 


+ii:' 


-i dnu (-7-) 
- /i- en u (-T-) 


-.X-' (-) 
Ork'Bnui^) 


t dntt (-r) 
-iX'cntt (-T-) 


a^/snttC—) 




denom.=il'Bnu 


denom.=i:cnu 
cntt (-r) 


denom.-irBnu 


denom.=i;cntt 




Bnu 


-sntt 


- cntt (~) 


+ 2iK' 


-cnu 
-dutt 


denom.=dntt 


cntt 
-dntt 


-it' sntt (-T-) 

-if {^) 
denom.=dntt 




1 (-) 


dntt(-T-) 


-1 (-) 


dntt (-J-) 


+ SiiT' 


t dnu (-h) 
iX* cnu (4-) 


- liUr' an tt (-=-) 


-t dntt (-»-) 
tl* cnu (~) 


-*' (-5-) 
-iW/an^C-T-) 




denom.=il'8nt< 


denom.=il;cntt 


denom.=i;8ntt 


denom.Bsibcntt 



where the arrangement hardly requires explanation : the table 
shows for instance that 



8n(tt4-tir')= 1» 


(-) 


en (u + iK') = — t dn u, 


H 


dn {u + iK')= — fi en w, 


(-) 


denom. = A; sn u ; 





where 

it sometimes, as here for dn (w + iK*), happens that there is 
in the numerator and denominator a common factor k, this 
is of course to be omitted. 



98. The table, writing therein w = 0, gives the values 
of the functions of viK+7)i'iK\ In particular, where there 
is a denominator k sn u, the functions become infinite : it 
is necessary to attend to the ratios of these infinite values, 

= /, where / is 



and the convenient course is to write 



k snu 



regarded as a definite infinite value. The table thus gives 
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sn iK'^ I sn(2^+ tir')«- /, 

cn fjr' = - %l cn(2fi'+ iK')^ il, 

dn 4K'^^%kl dn(2ir+ fir') = - ihl, 

Bu SiK'= /, sn(2^ + 3tr) = - 7, 

cn3»\r= t/, cn(2Z + 3«X0 = - t/, 

dnSiK'r^ ikl dn(2^ + 3iX')= *7. 

We may from these reproduce the original formulae which 

involve u ; thus 

, .«^ snw (—&/*)+/ cnwdnw 
sn (u + tK) = ^= — jjj^ — 5 , 

^ — kP sn tt _ 1 
""— A:*/' sn'tt' ""Asnu' 

and so in the other cases. 

99.. The table shows that the functions have 2K, 2K' as 
half-periods : we in fact deduce 

sn (u + 2mK + 2m'tK') « (-)* sn m, 

cn( „ „ ) = H-"^'cnM, 

dn( „ „ ) = (-)-' dnw; 

whence taking m, m each even it appears that 4Jr, 4^^' are 
whole periods ; viz. that increasing the argument by 

the functions are severally unaltered. 

Duplication. Art. No. 100. 

100. Writing v = w, we deduce the functions of 2a, or say 
the duplication-formulae. We have 

sn 2u = 2 sn u cn u dn u, (-r-) 

cn 2m =B cn* tt — sn'tt dn' u, =1 — 2 sn'w + ^•* sn*tt, (-4-) 

dn 2tt = dn'tt — A;* sn't* cn't/, = 1 — 2A:' sn'u + 1^ sn*tt, (-r) 
where 

denom. = 1 — A;* sn*?/ ; 
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or if for convenience we write 

en M = Vl — 55^, 

then the formulae are 

sn 2m = ar VH^ Vl - k^jg", (^) 

en 2m = 1 - 2a;* + Ic'x\ (^) 

dn 2m = 1 - 2Jfc*a^ + i^x\ (^) 
where denom. = 1 — i^x\ 

It may be added that 

1 - en 2m = 2a^ (1 -i'a:^, = 2 sn'a dn'u, (h-) 

l+cn2M= 2(l-a?^ ,=2cnV (-^) 

1 - dn 2m = 2^^a;• (1 - «»), = 2t'* 8n«M cn«M, (-^) 

l + dn2M= 2(1-**^;*) , =2dnV (-r) 

the denominator being as above 1 — &*«;* or 1— Jfc*8n*M. And 
we thence deduce 

8n*M = l — cn2M, (-f.) 

cn*M = dn2M + cn2M, {•^) 

dn*M = P + dn 2m + ** en 2m, (h-) 

where denom. = 1 + dn 2m. 



JDimidiation. Art. Nos. 101 to 106. 

101. In the expressions for the functions of 2m» writing 
^u instead of u, we have the functions of u expressed in terms 
of those of ^M, and from these equations can obtain the ex- 
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pressions of the functions of Jtt in terms of those of u. Thus, 
writing for a moment x = sn^u, we have 



sn tt = 2a; vT^ 'Jl-k'a?, (-5-) 

enw = l-2ic" + A;'a?*, (-h) 

dnu = l-2Jfc»a? + Jfc»aj\ (-3.) 
denom. = 1 — Vx\ 

The last two equations may be written 

(l-cnw)- 2a? +ik'(l + cntt)aj* = 0, 
(l-dnt4)-2Jfc»a? + ifc'(l + dntt)ar* = 0, 

and from these eliminating a? we have a?^ that is sn*^, ex- 
pressed rationally. Obtaining from it the expressions of cn*^u 
and dn'^u, we have 

sn^^tf sdnu — cnti^ (-5-) 

en"iu = ik'"(l + cnw), (-r) 

dn«itt = Jfc^(l+dnu), (-r) 
where denom, = A:''4-dnw — A;'cnti. 

102. But, ante No. 100, it appears that we have also the 
expressions 

sn* ^ = 1 — en u, 

en* ^u = dn tt 4- en u, 

dn*^u = A?** + dn M + A:* en tt, 

where denom. => 1 + dn u. 

In passing to the expressions of sn^u, cn^ti, dn ^ti, the 
radicals must of course be taken with the proper sign. 

We deduce the following special formulae : 
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sn = 


cn = 


dn = 




1 


vp 

Vi+p 

__yp_ 
vi+p 

fVp 
Vf-p 


vp 

VP 
-iVP 

f>/P 


1 

1 


1 


\/l-k' 


• 

lilC 


• 

1 

• 

1 


vl 
Vi+^ 


Vi + A 

VI- i: 
-Vl+A 


4ir+ \iK' 




l-tVP 

V2 y/k 
l+tVP 
V2 Vi 
l + tVP 

\/2 Vib 

1-iVP 

V2 Vib 


V2 

-^{Vl+ir' + tVl-il-'} 

-^f-lVi+ifc'+tVi-Jb'i 

V2 


V2Vjt'^^"*"*+*'^l-*» 





where for the last set of formulas we may substitute : 





8n« = 


cn' = 


\K+^iK' 


\{h^i^ 


ikf 
k 


lK-^\iK' 


\<^'^') . 


0/ 


\K-\-\iK' 


^i^-i^O 


k 


iK+iiK' 


J(*+aO 


k 



V(V'ik) 
V{k'-^ik) 



IV.] ON THE ELLIPTIC FUNCTIONS sn, cn, dn. 75 

103. Wefind 

^ ^ ^ VlTF l-a-AOsn'u ' 

1 _ dDu + (1 •hk') sn tt cn u 



Vl + ib' cn u + sn M dn M 

snOi+iiif') = -L (l+fe)8nti + fcnudnu 

VA: 1 + 1 sn*M 



1^ / (I + A?) sn u + t cn u dn u 

/k V (1 + &) sn tt — 1 cn M dn M ' 



V A? 1 — & (a: + 1& ) sn"u 



/ 



A + tfc cn u + (& — tX'') sn u dn u 
k dn + A; sn u cn u 



where the first expressions are those given at once by substi- 
tution in the general formula for sn (u -j- v). 

104. To identify the two expressions of sn(u+ J^, writing 
for convenience 8nt« = a;, observe that in the first expression 
the denominator is 1 — (1 — A;') a^y and multiplying this by 
1 -I- (1 — A:') 55^, the product is 1 — 2a^ + k^x*. And in the second 
expression the denominator is Vl — a;* + a; Vl — k^a?, which 
multiplied by 'Jl^a^ — x ^Jl — k^a? gives l'-a? — a^(l^k^a^, 
= same value, 1 — 2a? + k^x^ : reducing in this manner the two 
expressions to a common denominator, the numerators would 
be found to be equal Similarly as regards the two expressions 
of 8n(M + i-K'+ Jt^')» w® liSL\e 

{l-A:(fc + ^A?V}U-*(*-«^'>'] = l-2^V + ^V, 
and 



{Vl - A^a? + A-x \/l ^x'} {Vi - A^J?-^'x Vl - a?) 

= 1 - A-V - A'V (I - a:"), = same value. 
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As regards the two values of sn (u + itX'), we have 

{(1 + ik) aj + 1 vn^^ vr^i^H(i + *) « - ivr^ vr^]^} 

and the identity is at once established. 

105. We deduce without difficulty from the second formulae: 

o/ ,iTr\ 1 dntt + (l +A:') snw cnw 

^ * ^ 1 + A? dn tt + (1 — A?j sn u en tt 

,, . 1 .rr/N 1 (1 +A:) snw + tcnw dnw 

^ * ' a; (1 +&) snu — f cnw dnu 



sn« 



. • jr_L 1 'ir'\ — ^'^^' en u 4- (fc — tfcQ sn u dn « 
Cu + JA + itA;--jp- enu + (ik + iifc>ni^dntt' 



to these may be joined the formulsB obtained by considering 
u + \K, &c. as the halves of 2u + K^ &c, see No. 102, viz. we 
thus have 

- , - «^ dn 2u + &' sn 2tf 

^ ^ ' ifc+dn2u ' 

8n(« + i.ir') =ifc 8n2u->cn2u ' 

a A . 1 1T . 1 •p-'N 1 A: en 2w + ik' 
m^(u + lK+hK')^-^ ^n2« + iifc'Tn-2-«- 

106. Observe that in the first expression the denominator 
multiplied by 1 — l^x^ is 

k'(l^i^x') + 1 - 2Jfc'«" + Jfc»x\ 
^1 + k' -21(^0? + (1 ^k')k^x\ 

=(i+jfc'){i-(i-ifcvr- 

In the second expression, multiplying the numerator and 
denominator by sn2u + f cn2», the expression becomes an 
integral function (8n2u, en 2a, dn2u)'; having therefore a de- 
nominator (1 - Iffay, =x (1 + jbr^« (1 - koTf. 
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In the third expresnon the denominator mvdtiplied by 
!-*•«♦ ia 



- {ik'x + VF^ VI - *»»• }», 
= (ifc' sn tt + en tt dn u)*; 

by aid of these remarks the identifications can be easily 
effected. 



Triplication. Art. No. 107. 

107. Writing «<=2u, and using the duplication-formulse, 
we obtain the functions of Su. These are easily found to be 

sn 3u « 3*- (4 + 4A*) a!* + 6l^af- k*a?, (.j-) 

(-) 

(-) 



cn3tt = (l- 4a? + 6Jfc*a!* - 4jfc*a!» + Jfc'aO Vl - 0!*, 

dnStt = (1 - ^a? + 6i?x* - Wa^ + k*af) Vl - *»a?, 
where 

denom. = 1 - Cifaj* + (4^^ + 4Ar*) x* - SJfcV. 

And we may add 

1- 8n3M = (l + x) [l-2x + 2A:»a!' - ifc*»*}', 
1+ Bn3tt = (l-x) {l + 2» - 2A»as' - ifx*}*, 
l-Asn3« = (l+Jb!){l-2fcc + 2Jb^ -*»»•}•, 
l+Jb8n3M = (l-A;a!){l + 2Jb;-2ib' -**«*}*, 

the denominator as above. 



(-) 
(-) 



The duplication and triplication formulae possess various 
properties which are in fact particular cases of those for the 
multiplication by any even or odd integer n: and it will be 
convenient to defer the consideration of them until other in- 
stances of the formulsa are obtained. 
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MitUiplication, Art. Nos. 108 to 116. 

108. It has been seen how the functions of 2u and Su are 
obtained : to consider the general question of determining the 
functions of nu, suppose n=^p-\-q, and imagine that the functions 
otpUf gu are known. We may write 



Bnpu 

cnpu 

dupu 

denom. 



D,. 



sn qu 

ca qu 

Anqu 

denom. 






A- 



The addition-formulae give 



where 



sn(p + j)u 

en (p + j) M 

dn(p + j)ti 

denom. 



m 






and the functions on the right-hand side are consequently pro- 
portional to A^^y B^^, (7,^, D^^ respectively. We have A^^x, 

jBj= Vl — aj*, (7j= Vl — If of, i),= 1 ; and hence writing i? = j = 1, 
we find four values which have no common divisor, and which 
may therefore be taken for the values of -4,, J5,, (7,, />, re- 
spectively : viz. we thus obtain 



^, = 2ic Vr^' VI - }ex\ 
2?, = l-2x' +A;V, 
(7, = l-2fcV + fcV, 

the foregoing duplication-formulae. And similarly, writing 
l> = 2, j = l, we obtain the triplication-formulse. But at. the 
next step, if we write p = q = 2 we obtain four values, and if 
we write p-S, j = 1 we obtain four other values of higher 
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degrees; these are of course proportional to the former ones, 
and they contain a common factor, throwing which out they 
would coincide with them. And so in general, for a given 

yalue o{ p + q the degrees are lowest when jp, q are as nearly 
as possible equal: that is p + q even, when p = q, and p + q 
odd, when p - y «= 1 : or what is the same thing, the proper 
partitionments are 4 = 2 + 2, 5 = 2 + 3, 6 = 3 + 3, &c. Taking 
the functions thus obtained for the values of A,^^, 5^, C^, 

^9*4' ^® ^^J ^te 

p-^q odd; p-** q=^l. 

B^ = B,D,B,D,^ Afi,Afi,, 
^^= Ofi^O^B^-VA^B^A^B,, 

p + q even; p^q. 
A^ ^2A,B,C^„ 

B^ ^b;d;^ a;c,\ 

109. The calculations for the cases 4 and 6 may be per- 
formed without difficulty: but for 6 and 7 they become very 
laborious: the results have however been calculated by Baehr, 
Chrunert's Archiv xxxvi. (1861), pp. 125 — 176, and for con- 
venience of reference I reproduce them here, partially verifying 
them as afterwards mentioned. The whole series of formulae 
for the cases n = 2, 3, 4, 5, 6, 7 are as follows : 
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8n2tt= 
into 


on2«s 


dn2«= 


denom.= 


l-on2« 

= !-**«• 

into 


l + on2« 
into 


l-dn2it 

= !-«« 

into 


l + dn2« 
into 


8 


1 
-2a* 

+X'»a;* 


1 
-21W 
+ X«x* 


1 


2x> 


2 


2kh* 


2 



(^) 



(+) 



(^) 



(-) 



(■^) 



(^) 



(^) 



8n8tt= 
into 


cn8u = 
into 


dn3it = 
into 


denom.= 


1-Bn3u= 

(1 + x) 
into sq. of 


1-X8n8if = 
(l+fcc) 
into sq. of 


8 




1 

+ 6X-»«* 
-4ir<a^ 
+ **a* 


1 

+ 6i*x* 

-4X»JC» 
+ it*x8 


1 


-6X*a:* 
+ (4*«+4A<)a< 


1 
-2« 


+ 2X»x» 
-it«x* 


1 
-2fac 


+ 2XsB» 
- X«z* 



(-*•) 



(+) 



(-!-) 



(-^) 



(^) 



8n4if= 


oniiis 


dn4tt= 


denom.= 


aVl-«»>/l-iV 


into 








4 


1 


1 


1 


-(8+8i») x^ 
+20A« X* 


-20it* x« 
+ (8X-* + 8«:^xi» 
-4A« xi« 


-8 a* 
+ (8+20X*) X* 
-(24X:«+32i*)x« 
+ (64i:<+16X«)x8 
-(24X-*+32X«)x" 
+ ( 8X-*+20X«)x« 
- 8X« x^* 


-8X« a* 
+(20X*+ 8X-*)x* 
-(32X«+24X-*)x« 
+ (16X«+64X-*)x8 
-(32X-*+24X«)xio 
+ (20X-«+ 8X-8)x" 
- 8X-8 xi* 




- 20ib* X* 
+ (32X'«+82i^) sfi 
-(16A* + 68it* + 16i^x8 
+ (32ife* + 32ife«) x»" 

- 2W x» 






+ Ifi x" 


+ i" xi« 


+ 48 aJ6 



(^) 



(-f-) 



(■*-) 
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En5u=xmio 


cn5i(=\/l-a:*into 


dn5ii=Vl-*Vmto 


^ 5 


1 


1 


J* -(20+204«) 


- 12 


- 12*« 


«• +16+94P + 16i:* 


+ 16+60*» 


+ 50*» + 16** 


J* -( m^-k-BOk*) 


- 80*»-140** 


- 140*» - 80** 


J* - 105k* 


+ 336X-*+160*« 


+ 160*-« + 335** 


x^^ + 360il*+860A« 


-264Jb*- 464*8-64*8 


- 64*« - 464** - 264*8 


x" -(24afc*+7804»+ 240*8) 


+ 208** + 508*8 + 208*8 


+ 208** + 508*8 + 208*8 


x" + 6tt*+6604«+560i»+ 64*10 


- 64** -464*8 -264*8 


-264*8-464*8-64*10 


x>« -(160i«+ 445*8 +160XJ0) 


+ 160*8 + 335*8 


+ 335*8 + 160*10 


x" + 1404«+140*»« 


- 140*8 _ 80*»o 


- 80*8-140*10 


x» - 6W» 


+ 50*10+ 16*»« 


+ 16*8 + 50*10 


a« 


- 12*i« 


- 12*10 


x« + *w 


+ *" 


+ *i« 



i-i-) 



(^) 



(^) 



l-*8n5«=(l-x)iiito 


1 - * sn 5h= (1 - *a;) into 




square of 


square of 


Denom. = 


2« 1 


1 


1 


«» - 2 


- 2* 





a* - 4 


- 4*-8 


- 50*8 


X» +10*8 


+ 10* 


+ 140*8 + 140** 


X* + 5*8 


+ 5*8 


-(160*8+ 445** +160X-8) 


x8 -12*8- 8** 


- 8* - 12*8 


+ 64*8 + 560**+ 560*8 +64X-8 


*• + 4*8- 4** 


- 4*8+ 4** 


-(240** + 780*8 + 240*8) 


^ + 8*8+12** 


+ 12*8+ ^ 


+ 860*8 + 860X'8 


x^ - 5** 


- 5** 


- 105*8 


^ -10** 


-10*8 


- (80*8+80X*iO) 


x*o + 4*8 


+ 4** 


+ 16X-8 + 94*10 + 16*18 


Jr*^ + 2*8 


+ 2*8 


-( 20*10 + 20*18) 


xt« - *• 


- *8 


+ 5*18 



(^) (-H) 

In the Tables which follow, some obvious abbreviations are 
made use of. Thus we must read in the table for sn6u 
6 + (- 32 - 32lf) a;* + (32 + 208i* + 32A*) re* - &c, 
and in that for sn7t^, 

7 + (- 56- 56t'')a^ + (112 + 532&' + 112^*) a;* - &c., 
the numerical coefficients in this last case being printed to 
the middle term only, - 56: for (- 56 -56), and + 112 (+ 532) 
for (+ 112+ 532 + 112), the expressions being symmetrical as 
here shown. The numerical coefficients of denom. 7u are in 
a reverse order the same as for sn7w, and those of dn7M the 
same as for cn 7u, but in a reverse order, as is sufficiently indi- 
cated in the tables. 

c. 6 



82 



ON THE ELLIPTIC FUNCTIONS sn, CD, dn. 



[IV. 



I 
> 



I ^ 



> 

II 

9 

9 







o 








Si 








3i 






a* Si 


Si 






Sj sT sT sT 3t 




e S S 

3, ^ ^ 


Si Si 














- •« 


M ^ «» 




3* 3*' i 3*' sT sT 




Si Si Si 


Si Si Si 




#> 


•. •« » 


m 


«k 




•>» #> «<^ 


O M ^ lA API 




^ aia«3i3iS<3i3i 




SiSiSiSiSiSiSi Si 

_^ • 






<o 








CO 








lO 








lo 








C4 








04 








1 








+ 








S3 


CO 

CO 






to S 


3 






t» CO 


US 






kO CO 


t* 






"* 


r-t 






»-H ^ 




II 




+ 1 


+ 






1 + 


1 


• 

i 

^4 




864 
4608 
0740 


3 


CO 




CO 9 § 


ss 




§ 


O 




9Sg 


O 00 


o 




1-^ 


r-» 






«H iH 




<9 




1 + 1 


+ 


1 




+ 1 + 


1 + 


^^ 


CD 


d 00 ^ 


-"^ 


-"^ 




"^ "^ ^ 
kO -^ ^ 


00 04 00 




-"^ 


f o ® 


^ 


to 




O t* "* 




"* 


i-t CO eS 


s 


o> 




a> Oi ai 


CO i-» "* 






ci -^ ^ 


a> 




Oi O -^ 


^ 04 








•H 






iH 






+ 


1 + 1 


+ 


1 




+ 1 + 


1 + 1 




iH O »0 QD 


'^ CD CO 
CO S kO 


CO 
CO 


00 


O 


04 CO CO 
00 00 Ud 


t« 00 <^ i-t 




«H -^ 


00 t* 99 


ua 


o 




o »o 0« 








^^ 


"^ 




•^ *H 






1 + 


1 + 1 


+ 


1 




+ 1 + 


1 + 1 + 1 










• 

3i 


















1^ 


Si 




i 


S^ % % 


^4 

•4i 


•4 






Sj sT^ 


Si st s; a; s; 5* * 


Si Si Si 




•k 


•* •» 


•» 


•« 


#» 


•> e M 


« «« ^ <D 




^^*^'3i3e3i3e3i3tSi%Si^ 


Si Si Si Si 










1 














00 


1 


m 












3 


S 


O 












C9 


t^ 


04 








m 




+ 


1 


+ 










o 


9 


§ 


s 


3 








CO 


CO 


C^ 


CO 




O 


CQ 


s 


1-H 


«o 


1-1 


00 


04 


-4A 
#i4 


CO 


f^ 


iH 


^^ 


CO 


00 


.a 


+ 


1 


+ 


1 


+ 


1 


+ 




d CO '* 


CQ CO 


s 


o 


o 


CO 04 


^ 00 04 




ee o 09 


i-» o» 


Q 5 


00 


SS 


ss« 




C4 C4 


0» <N 


CO 


CO 


CO 






09 0» 


1-^ 


t* 


iH 


0» Oil 






1 + 1 


+ 1 


+ 


1 


+ 


1 + 


1 + 1 




<o « « "* 


00 Ol o 


00 


09 


00 


gsg 


^ 04 09 CO 




CO CO (N 


Od 1-I CD 


3 


»H 




09 CO CO 




C4 


t* OS eo 


»o 


^5 


00 oa t» 


04 






(N 00 


C9 




04 


CO 09 






1 + 1 


1 + 1 


+ 


1 


+ 


1 + 1 


1 + 1 + 




1« "k tj 14 It Ij Ti 


H 


H 


% 


Ml 


'i^l.^il. 
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« 


« ^ « 










a.a.s.a;-a;-5;3i*3.3.*** 
a s.- 3.- 3.- 3.- sT a: a, a. % % * * * * 




•k •k tfk •» 


•k tfk tfk •» 


* - « O •« ■♦ • «0 OD 1 




^a«3<%3i3i3<2iSiSi%%%;3i3iSi3i%;3e 






SS3S 


Tfl o op 
O 04 O 






CO CO CO ua 

<^ ^ C<1 


S 3 9 






+ 1 + 1 


+ I + 




S 5 S 


gg§g 


00 g O ^ Q 04 




OQ CO 


CO ^ « t* 


00 ^^ CO ^9 04 




CO 


o> lO «> o> 


S kO 0> CO 


II 

2f 




iH «H 


1-^ iH 


1 + 1 


+ 1 + 1 


+ 1 + 1 + f 


<o 


00 CO CO «& 

'^^ CO wa i-» 


Q -^ O 

01 S t* CI 


0574 
0560 
4320 
4416 
1956 
336 
48 


•9 


CO 0» ""^ 


CO iQ U3 99 


IH -^ 


^ O O CO 






fH 04 04 


04 *H 




+ 1 + 1 


+ 1 + 1 


+ 1 + 1 + 1 + 




«H 00 ud 00 :«« CO 
iH o 't; CO CO 

*H -^il 00 t« 


CO CO 04 Q 
»0 00 CO ^ 


04COCOa0^00Ud00fH 

eoeo»oco. 2^0*H 




09 »0 O «H 


O »0 04 t» 00 ""I* iH 






rl -* 04 




1 + 1 + i 


+ 1 + I 


+ 1 + 1 + 1 + 1 + 






2 e o e 

;« Si X 3t 


^* * ^" • • w 




3j Si a* aT tf a* St" Si * ^- ^^ ^* ^^ ^ 




aar3.-a;a.-a.-ararari.*at3.** 




^^^->^*SeSe2i2i2<Seat%:^:^ai;s«%:3<:^ 






CO CO 04 Q 


04 CO CO 












^ «H 






fH "^ 04 






«H 








+ 1 + 1 


+ 1 + 




3 S S 

^ 00 f 


o o -^ o 

04 ^ t<- 04 


r« S S o S ^ 




CO »0 to 04 
^ O O CO 


ggcg t.op^ 


n 




fH 04 04 


04 iH 




1 + I 


+ 1 + 1 


+ 1 + 1 + 1 


105 

836 

1956 

4416 


O 00 00 00 


00 op Q CO CO CO Ud 
3 p 04 i-» us CO O 


S 


C4 P ^ 04 
CO ^ A t* 
0> U3 CO 0> 


« ^ CO -^ o> eo *H 

3,»0 Oi "^ i-» 






iH iH 


i-»'iH 




+ 1 + 1 


+ 1 + 1 


+ 1 + 1 + 1 + 




^ 00 00 0« Q ^ 
^ "^ CO ^ g 


Op O ^ 04 
CO 04 O «H 


pO4c2500^CO'**H 






CO CO CO »o 


CO CO 00 03 04 
04 "* ^ CO 




CO 


^ ^ 04 




1 + 1 + 1 


+ 1 + 1 


+ ! + 1 + 1 + 1 + 




1»Tjli1«1iT»^iT«lj 


% 1, i 1, 1. 1. 1 ^ 1. 



§• 



i 
I 



■si 

§• 



i 

s 



6—2 
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% 






2es:5. 






.?= -^ttsh 






3* 3j •*• » ,- 3- ,- 2 2 8 S 

a. a.- a; a; sT 3* =* *3. 5. 3< ^.i^i^.fi fl J J 

3. s; 4 3; 3; sT a; I.' 3. 3. 3. a." =» 3. 3. :* 3.^ % Si * * 




_ --.•....»».■.•.>» 0" •i* •*" «" 00 


SiSiSiSiSi 




^ %Si3i3<S«Si3<SiSiS<S<%%Si3i3i3«3« 


II 

• 

i 


• « 


CO 

1 


«H <0 CO 


CQ CO t* 


1 






1 + 


1 + 1 




2 






3i •« 






^ *-2 ^ 






« "' «' 2' 3i 2* 5i 5* 






aj 3e 3* -«< . • » »' 2' 0* 2 






• 0- 0' 0' 2' 3, a* 3* 3i Si a< 3* 






S, St 3i a« 3« '^ . ^" « «- «,' 2* «- 2* 2 

, « « 00- «" «" «' 2' Si 3« 3< 3« 3< ^ 3« s« a« 

3j 3, Si a* 3* 2* a* ^ 3* *^ ^. ^. ^. ^- ^- .- „. ^. ^ 




3i sT i sT Si s; s; a; s; s; sr 3^ =h ^. ^. ^. ^. ^. ^. 


Si Si 




•• _- _» _•« _• .. ^ » • o* •»*" •*" •»*" •» ^"^ • 


3:a:Si Si 




^,4^'^'3i3i3i3t3t3i2iSiSi3i3i3i3i3<3i3i 




o 

00 

^^ 

1 






eoooit^ao iH^co 






e>c4^-e9a> t«oico 




0S 


enk^opeo Qu^co 
QOO^O»co ciS^oo 
<0 O 00 "^ '^ 09 i-t 








.a 


iH iH «H 




1 + 1 + 1 + 1 + 




H 


^^^^^^ ^^B^^ Aft ^^'^^^ ^^^^^^ A A 






^^^^ # • ^^^^ ^^^^ • • ^^^^ • • ^^^^ • • • • 


^^^ 


II 


632 
1136 
1610 

113932 

271040 

372736 

311808 

144896 

434560 

765632 

739536 

265272 

108864 

116480 

30208 

39536 

25200 


C4 




s 


S 








+ 11 i + i + i + l + ii + i + i 


+ 




>-^ ^^ ■• «>^ «^ 


«^ . • 




t* ••c«'^eQcopao'^'^<oc<ip'^«OQ-»t«:a«oo 

<0«H^t^kA^S<9a0O0)t^QC0iO'<i«^C<lQ094 

io«H co^oa»eQiiOOco^aokOooo>ooa» 

Oit»000»H'^aOOS"<1«iHW5QOf-«eO"^ 
fH^COrttCQ c^QO^o^eo 


O CO CO O i-l 




CO t^ 0» 




CO iH 1-^ 




CO iH 








iH iH 






l + l +"+1 + 1 + 1 + 1 + 1 l + J+l 


+ 1 + 1 ■ 




iiTjTiijii"H"Hi*Hi»^^i^^^T«i1»^1»'li1i% 
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5 
I 

II 

a 



s< Si St 



« « « « « 

e 2 3« ^ ^ ^ ^ ^ «- .• g- 
5« '^. ^- 2' ;:' S' 2* 2; 3« 3i Si Si 



» ^ ^ o 



s' 2* 2' 2' s' 3« a< a* 5» Si s* 5« 
s. a. a. a. & a. 3, * =1 =1=1 -1 T- ,- *- T- *- ;*. T- . 

s. i 3.- 4 3.- 3; a; aT 3. a, 3, a. I. 3* =» =, 3. 1. S. & 3. 
s<a.s<3iSt3<s<3<aia<%aia<aiS.3iai3i%a<%§ia<3i 



I 

O 00 
00 t^ 

+ I 

■o^l CO CO 
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CO 

o> 
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+ 
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00 
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o 
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o o e o o ^ -li ^ 

a. a* a. a. a* a -l «-,-,-,- ,C- .- ;^ *- a 
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Si 
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l-8n7tt=(l+a;) into square of l-kBn7u={l-\-iz) into sqaare of 



sfi 


1 


1 


1 


1 


«1 


- 4 


1 


- 4 


k 


x« 


- 4 


1 


- 4 


k* 


x» 


+ 8+ 28 


l.i* 


+ 28+ 8 


k,1^ 


aj* 


- 14 


P 


- 14 


Ic^ 


x» 


- 84- 66 


l^^k* 


- 56- 84 


k,l? 


a* 


+ 112+ 28 


it«,it* 


+ 28 + 112 


i-«,iH 


a7 


+ 64 + 204+ 32 


it2, i-*, I* 


+ 32+204+ 64 


h i«. I* 


sfi 


-144-305- 16 


k\ !•*. Ifi 


- 16-305-144 


I-^, X-*, kfi 


«» 


- 32-200-128 


P, Xr*, Ifi 


-128-200- 32 


it", it», l" 


a;io 


+ 64 + 456 + 368 


F, k*, Ifi 


+ 368 + 456+ 64 


k^, ifi, ^•8 


»" 


+ 112+ 66 


it*,** 


+ 56+112 


A».F 


«" 


-224-644-224 


I-*, !•«, J(^ 


224 644 224 


k*, i«. I* 


«!» 


+ 66 + 112 


l^.ifi 


+ 112+ 66 


y^.i^ 


«>* 


+ 368 + 466+ 64 


Ifi, I*, k^^ 


+ 64 + 456 f 368 


k^, Ifi, 1-8 


a;i» 


-128-200- 32 


kfi, Jfi, i»o 


- 32-200-128 


Ifi, F, X* 


x»« 


- 16-305-144 


i«, l^, IJO 


-144-305- 16 


Ifi, l^, i:>o 


x" 


+ 32 + 204+ 64 


i«. i8, *!« 


+ 64 + 204+ 82 


y, it«, ill 


X»8 


+ 28 + 112 


i:8,iio 


+ 112+ 28 


l^.k^'^ 


x»» 


- 66- 84 


!•«, ifeio 


- 84- 66 


I*, ife" 


x-o 


- 14 


ifcio 


- 14 


Xao 


,21 


+ 28+ 8 


X-io, i-n 


+ 8+28 


it*, I-ii 


x" 


- 4 


P» 


- 4 


X.10 


>:« 


- 4 


il» 


- 4 


i" 


x94 


+ 1 


k^^ 


+ 1 


i:" 



(+-) deiiom. ut Bupr&. 



(+-) deuom. at sapr^. 



110. It will be observed that the forms are essentially 
diflferent according as n is odd or even. 

When n is odd, the numerators and denominators, say A{x), 
JB(x), C{j:) and -D(.r)> are of the forms 

(1, ^*j-i<«='iM" - AV. 
(1, j'*)'i'«'-i), 



viz., the degrees are n', n', 7t*, 7i' — 1, 
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But, n even, the forms are 

X (1, »»)*(»•-*) Vr^ >Jl-1<*3? , 

(1. aOK 

(1. a^*-'. 
(I, a^H ' 

viz., the degrees are n* — 1, n', n', n*. 

The rational functions (1, a^ presenting themselves in the 
foregoing forms may be called A'(x), B'^x), (7'(^), J^{^) - the 
degrees in a? are J(n*-1), ^(n'-l), ^(m'-I), J(?i«-1) or 
i(«* — 4), Jn', |n', ^n' according as n is odd or even. 

111. Whether n is odd or even, if we change k into t and 

X into A:^, the functions A\ Lf each remain unaltered, while 
the functions 5', C" are interchanged : thus 

n = 2, A' becomes = 2 

^ „ =l-2jfc»a? + p^'V, 

2 1 

n = 3, ^' „ =3-(4 + ^,)^V + |iifcV-^,^V, 
&c. 

And the same is the case with the functions A, B, (7, D, 
except that A is changed into kA. 

112. But there is another change, x into j— , the effect of 

which is different according as ?i is odd or even. 

If n be odd, then disregarding a monomial factor k^ocfi, the 

change x into r- interchanges A\ U and also interchanges 

^, C" : thus 
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111 

n = 3, ^' becomes 3 - (4 + 4**) 753 + 6Jfc" ,-v . - A;* ij-i , 

= -^e(l-6A;*J?* + (4Jfc» + 4^•V-3^^v); 
4 1 11 

= ^, ( 1 - 4^V + 6^V - 4^•V + fcv) ; 



v 



= j^]^ (l - ia? + 6itV - 4A;V + Jfcv) ; 

= - jj:~, (3 - (4 + 4^••)x' + ai^x* - k*A . 

If passing to the functions A, D we write down the general 
formula, this is 

D {x) = (-)i(«-i) fcic+i) a-* ^ ry , implying 
and we thence deduce 

that is ^Q-^^^ ik) = 1 -^ {^- ^ w - ^ Wl' 

viz. the change of x into , changes sn nu into 1 : and 

° Am: ° A;snnu 

making this change in cn nu and dn nu considered as functions 

of sn nu (=Vl— sn*wM and Vl — ^'*sn•nM respectively) it is 
obvious that the eflFect must be to interchange the numerators 
of these functions, that is, the functions B and C or B' and (J' 
as above. 
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113. If n be even, the effect, to a factor pr^s, is to leave 
the four functions unaltered; thus n »2, 

A becomes = 2, 

1 1 

Hence, n being even, we cannot in either of the above ways 
effect an interchange of the functions ^, i> so as to derive one 
of them from the other, and it is in fact clear that they are 
essentially different functions. It is to be observed that A' is 
always a composite function, viz. writing w = 2p we have 

A, = 2A,B,C^„ 

which is a product of rational functions into Vl — ic" Vl — &V : 
the numerator-function A'{x) in the above values of sn 4u and 
sn 6u might therefore be expressed as a product of lower 
integral functions of a;': in particular n = 4, we have A{x) 

= 4x (1 - 2a? ^ k'x*) (1 - 2iV+ ^•V) (1 - k^x') VT^ 'Jl^Va?. 
As regards the denominator -D (= D') we have 

which when p is odd, and therefore Aj, and D^ each rational, 
breaks up into four rational factors (rational, that is, as regards 

X, but involving the radical VA). But if p be even, then 

-4, = -4',«Vl— ir*Vl — Aj'ar', and the form is 

which breaks up into two rational factors only. That is, n being 
the double of an odd number the denominator is the product 
of four rational factors, but n being the double of an even 
number it is the product of two rational factors only : thus 

n = 2 D{x) = \'-l^x\ 

n = 4 D{x) = (1 - h?x'Y - leJfc'x* (1 - a?y (1 - A'x*/. 
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Although for many purposes the expressions thus obtained 
in the case in question (n even) would be in their original form 
more convenient than the completely developed expressions, 
yet for other purposes and in particular for the calculation of 
the functions of a higher uneven value of n these last are the 
more convenient. 

114. When n is odd the numerator of 1+snnu is a 
rational and integral function of the order n*, containing the 
factor 1 4- a? or 1 — a:, and the other factor being the square 
of a rational and integral function of the order ^(n' — 1): the 
two formulae are derived one from the other by merely chang- 
ing the sign of x : say they are 

D{x)-A(x) = il±x){P{x)]\ 

Dix) + A (x) = (1 T <r) {P(- x)}\ 

giving when multiplied together 

• IJ'Qc) - A\x) = (l-a^ {P{x) IX- x)]\ 

viz. the left-hand side is ff(x),=(l —a?) [B'{x)Y\ and conversely 
the equation {\-x^)[A\x)]''^IJ^{x)-A\x) implies that the 
factors D{x) —-4 (a;), D{x) +-4 (a;) are of the forms in question. 
As regards the sign ± it is to be observed that D[x)'-A[x) 
contains the factor 1 - (— )**"""a? ; viz. in the numerator of 
1 — sn nu, n = 3, 7,. . .or 4p + 3, the factor is 1 + sc, but n = 6, 9, 
...or 4p4-l the factor is 1— a?. The reason is obvious; 
n = 4p + 3, 1 — sn «M vanishes for w = — Ky that is sn w = a; = — 1 
(but not for w = + K)^ while, n = 4|) -f 1, 1 — sn nw vanishes for 
tt = if, that is sn u = a; = 1 (but not for u^ — K): we have in 
fact sn (4p + 3) ir = sn 3ir = - 1, but sn (4p + 1) ir= sn Jr= + 1. 

The like considerations apply to the numerators of 
1 ± Ar sn nw : the single fa<5tor is 1 ± kx^ viz. for 1 — A; sn nu this 
is 1 - (-)«*-*»A;x. 

115, In the case n even, there are given (n = 2) fonnulae 
for 1 ± en 2m, 1 ± dn 2m, and from these may be deduced 
analogous formulae for 1 ± en nv, 1 ± dn nw, but I have not 
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thought it worth while to write these down for the cases 

4 and 6. We in fact have 

1 — en 2pu = 2sn* pu dn* pu, (-f ) 

1 + en 2pu = 2cn'^, (-r) 

1 — dn 2pM = 2A:" sn^pu en* pu, {-r) 

1 + dn 2pu = 2dn'pw, (-h) 
denom. = 1 — k^sn^pu, 

and substituting for the functions of pu their values we 

have 

l-cn2ptt= 2A;C,\ (-r) 

l+cn2pw= 2B;D*, (-) 

1 - dn 2ptt = 21i?A*B*, (-4-) 

l + dn2pM= 2C;D*, (-) 

where denom. = D^y as for the other 2pw-functions, 

116. We may in the multiplication-formulae write fc = 0, 
viz. we then have a; = sin u, and sn nu, en nu, dn nu =■ sin nu, 
cos nUf 1 respectively : this however affords a verification only 
of the terms not multiplied by any power of k, A more 
complete verification is obtained by writing A? = l, we then 

have a? = sgu, Vi — x* and Vl— &*»* each =cgtt; and ^nnu, 
en nu, dnnu^sgnu, cgww, cgnu respectively. Recalling the 
formulsB 

8gntt = i{(l + a!)--(l-a:)-}. H 

eg n« = (1 - ar^*", (-r-) 

denom. = i{(l + a!)" + (l-a;)-}. H 

the terms of the fractions require to be each multiplied by 
(1 —a')**"'""', viz. the formulae then are 

8g nu = i{(l + a^r - (1 - o=T\ (1 - a^«"'-"', (-) 

egnM= (l-a:*)*"', H 

denom. = ^{(1 + a-)" + (1 - a;)"} (1 - a^)**"'-"). 

ThuS"n = 3, the formulae are 

8g3tt = a;(3 + a;')(l-a:')', = a;(3-8ic' + &c* + 0x'-x'), (-) 

eg 3« = (1 - aO* Vr^, = (1 - 4^1^+ 6a!*- 4x'+ x") Vl^^. (-h) 
denom. = (1 + Sa:*; (1 -a;*)', = (1 + Oj:» - 6a;* + 8a;' - 3a;'), 
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agreeing with the foregoing values of sn Su, cn 3u, dn 3u on 
putting therein & = 1. 



FactoricU-JbmiuIce, Art. Nos. 117 to 122. 

117. In the expressions for the numerators and denomi- 
nator of the functions of nu, the rational functions of a? may be 
decomposed into their simple factors. This may be effected 
d priori by considering what are the values of x (that is sn u) 
which make these functions respectively vanish. But in the 
particular case n = 2, it may be done d posteriori, by means of 
the duplication-formulae, and the formul® obtained for the 
dimidiation of the periods. 

Write 

(m, m) = 2//1 K + 2m iK\ 

K ni) = (2m + 1) if + 2m' xK\ 

(m, m ) = 2m K + (2m' + 1) iK\ 

(m, m ) = (2m + 1) iT + (2m' + 1) iK\ 

Then, using { } to denote a product, as explained by the 
appended values of m, m', we have 

sn 2m = 2xVr=^ Vr^^bV, (h-) 



m = 0, 2 
m' = 0, 1 



dn2u=|lH- J^ J , (^) ^ = J'f 

( sn \ [in, m)) ^ ^ tw = 0, 1 

dcnom.= n + — jt =rrv[. ^~a' , 

\ sn i(m, m)J m =0, 1. 

118. Thus in cn 2u the product is 
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which is 

V "•" Elp:+"tirV V ~6n{^K + iK')} ' 
So in dn 2u the product is 

V ■*" ani^K + ^iK')) V "^ sElp+flg-'V ' 
which is 

V ■*" Bn(^K + ^ir)) V ~ Bn{iK + iiK')) ' 
= (l - fee* (ifc - 2i')) (l - ibt* (Jk + 2ifc')) , 

And in the denominator the product is 
V ■*" i^A" j (^ ■*■ sn f tA7 

which is 

= (1 - i^kx) (1 + is'kx) (1 + VX-x) (1 - >Jkx), 
= (1 + Ax*) (1 - itx»), 

= I-Fx*. 

119. Considering next the case where n is an odd uumber, 
— 2p + 1 suppose, 
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write as before 

(m, m) = 2mK + Zm'tK', 
(m, m') = (2m + 1) iT + 2m'iK\ 
(m, m') = 2mK + (2m' + 1) t^, 
(JS, mO = (2m + 1) Jr+ (2m' + 1) ilC; 

then the distinct values of sn - (m, m') are those obtained by 

giving to m the values — /?, — (p— 1), ... —1, 0, 1 ... p; and to 
m' the same values; viz. there are in all (2p + 1)*, =n* values 

of sn - (m, m'). 
n 

For take ft, ft' values of the form in question, any other 
values are ft + nd, fi + nff {0 and ff integers). 

\ (m, mO = ^ 0*, At') + (5. n 

where {6, ff) = 2ejr+ iffiK'. Hence 

sn - (m, ni) = (-)•+»' sn - {jfi, ft) ; 

which, when ^ + ^ is even, is 

= sin - (^, /a'), 

fi 



and, when ^ + ^' is odd, it is 



- sin - (ji, fl), 



which is = sn - (— ft, — ft'), 

it 

where — ft, — ft' are of the form in question. 

One of the foregoing values is sn - (0, 0), = ; and if we 
exclude this there remains a system of n* — 1 values. 
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1 _ __ 

120. Consider next the distinct values of sn - (m, m). 

n 

Suppose in the first instance that m, m each extend from 

— (/)+ 1), —py ... — 1, 0, 1 .,,/?(viz. that each has n+ 1 values). 

I call the values — (^ + 1), p extreme values and the others 

intermediate; so that m, m' have respectively 2 extreme and 

?i — 1 intermediate values. We have in all a system of (n + 1)* 

terms, viz. these are 



m, m both extreme 




4 


m extreme, m mean 




2n-2 


w! extreme, m mean 




2n-2 


m, m both mean 


n» 


-2n + l 




n« 


+ 2n + l 



Now wi, m both extreme the values are sn (± -ff" ± iK'), and 
these are excluded from consideration. 

If m is extreme, m' mean, the values are 

2m' + 1 . 



sn 



{^^K^^^iK), 



say for shortness sn(±-ff' + a), that is sn(^4-a) and 8n(— ^+a), 
where a has ^ (n — 1) pairs of equal and opposite values. 

But sn (^+ a) = — sn (— ^+ a), =8in(^— a) ; hence sn (JiT+a) 
has ^ (n — 1) values; similarly sn (— X" + a) has i (n - 1) values; 
or sn (+ ir+ a) has (w — 1) values. 

And in like manner, m being extreme, the value is 

= sn(±iff' + ^^^ii:), = sn (± iZ' + /3), 

which has (n — 1) values. We have thus in all 

(n - 1) + (n - 1) + (n - 1)', = n' - 1 values. 

And as for sn - (m, m), it may be shown that these are all 
the values. 
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121. Consider in like manner sn - (m, m) : here m has the 

n 

values — (p + l), "P, ... — 1, 0, 1, ...p, say —(^ + 1), ^ are ex- 
treme values and the others mean; and m has the values 
— p, ... — 1, 0, 1, ...p, say is the extreme value and the 
others mean. The cases are 



m, m' both extreme 




2 


exclude 




m extreme, m mean 




2n-2 


reduce to 


n-1 


m mean, m' extreme 




«-l 


is 


n-1 


m, m' both mean 


n* 


-2m+1 


n'- 


-2n + l 



n'-h n 
or number in resulting system is = n' — 1. 



n' 



-1 



And so sn - (m, m) has same number = n* — 1 of values. 
91 



122. We now obtain, n odd, 



sn nu = tiA; 



1 + 



X 



sn - (w, m') 
n 



(-) 



cnnt^ 



I sn-(m,»w')j 



(^) 



dn nu = Vi - k^sc^ 1 + 



a? 



sn - (m, ?/t') 



(-) 



whore 



denom. = 



1 + 



X 



1 , -,, 
sn - (m, ?/i ) 



the number of factors being in each case n'— 1, viz. the values 
of m, m' are those belonging to the several systems of (n* — 1) 
values as above explained. 



IV.] ON THE ELLIPTIC FUNCTIONS Sll, CD, dll. 97 

New Form of the Factorial-FomiuloB. 
Art. Nos. 123 to 126. 
123. The formulae may be presented in a diflFerent form : 

observing that to each term 1 + — in the numerator or denomi- 

nator there corresponds a term 1 — , and combining together 
the pair of factors, also making an easy change of form, we have 

snnii=: nx II — —=——(, (-r) 



I SQ* -(m,m)( 

cnnu = 'Jl^^ ll 2 .1 (^) 

1 8n«(A'-iKm'))f 

dn nu = Vl-A'x'jl - k^ sn' (K- ^ (m, m')) A , (^) 



denom. = 



.-.„.i<„»,i 



where as regards the values of m, m observe that these are 

ni = 0, w'= 1, 2... i(n-l); 
m = l,2, ... or\{n^\), m' = 0, ± I, ± 2 ... ±i (n-1) ; 

viz. there are in all i(n- 1) +i (^- 1) ^' =i(w'-l) combi- 
nations. 

124. Restoring for x its value snw, and observing that 



sn'u 



sn'g _ sn (u -f g) sn (i ^ -- a) 
1 — A:*8n'M8n'a sn a sn (— a) 

and combining all the constant factors (that is factors indepen 
dent of u) into a single factor A, we find 



snnu 

c. 



^ sn tt jsn M + - (m, m) sn ?/ (m, m') k 
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or as thia may be written 



sn nu 



= -4|8iiL+-(m, mO |, 



where m, m' have now each of them all the values 

0, ±1, ±2...±i(^-l). 

Proceeding in the same manner with the other equations, 
we have, with the same limits for (m, m), the system 



snnu 



en nu 



= ^|sn M-f-(m, 77i') |, 

= 5|cnL-f-(m, m') k 

dnnu = -jdn m -f ~ (m, m') k 

where the coeflScients A, B, C have to Jbe determined. The 
values are 



l\i(ii«-i) 



125. To show this, write in the formulae u + K in place 
of u. Observing that we have 

sn {nu + nK) = (-)*<»-!) sn {nu + K), 
en {nu + nK) = (-)«»- w en {nu + K), 



dn {nu + nK) = 



dn {nu + K), 



and that the products on the right-hand sides contain n* terms, 
n'— 1 being evenly even, or (— )'^"i=s+, we obtain 



!cn 
— 
dn 



M H- - (m, m) 

u + - (m, m') 
n ^ / 
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snnu 



^ ' dnnu ^ ^ 



rsn 

dn 



n 



tt + - (m, m) J 



dnnu 



(&')*•-' <? 



dn 



tt + - (m, m) 
n 



agreeing with the original equations if only 

but these reduce themselves to the two independent equations 



C»=(i] ', 5 = (-)«»-» ^C. 



The change of u into u + /iT' gives in like manner two inde- 
pendent equations, one of which is 

and we thus have A, B, C subject to an indetermination of 
the signs of A and C. 

126. But it may be shown that the signs of A, B, C are 
(—)*(»-« -1-^ +. For this purpose recurring to the original 
equations and writing therein tt = 0, we find, observing that 

., snnu - J - 

then =w, cnu — lj dnM = l, 

snu 

n = il jsn- (m, m')L l = 5Jcn -(m, fnTjY, l = (7|dn-(m, m)>, 

where in each case the combination m^O, m^O is to be 
omitted, viz. the products each contain n*— 1 terms. Grouping 

7—2 
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together the opposite terms sno, 8n(— a), &c., and recollecting 
that A (n* — 1) is even, we may write 

n = ^|sn'^(m,m')kl = £|cn'J(m,m')l,l = (7jdn»^(^^^ 

and we may in each product consider separately the h{n — l) 
terms in which m' is = 0, the ^(w — 1) terms in which m is = 0, 
and the J(« — 1)* terms in which neitlier m nor m is = 0. As 
regards tliese last we may consider that ?« has any value 
whatever from 1 to ^ (n— 1), and m* any value whatever from 
±1, to ± ^(n — 1); uniting together the terms which belong to 
the same value of m but to opposite values of m' these are 
conjugate imaginaries and their product is positive : hence the 
whole third product is positive. Taking next the terms for 
which m is = 0, each term is real and positive; hence the whole 
first product is positive. There remains only the second pro- 

. . f 1 ) 

duct ; viz. as regards A this is xsn'- (0, m')k where rn has the 

values 1, 2, ,..^(n — 1). Each term is the square of a pure 
imaginary, viz. it is real and negative; and the sign is thus 

(_)»«"-^). But as regards B the product is jcn* - (0. mn , where 

each term is positive (since en - (0, m!) is real) : hence the 

product is positive. And so as regards C the product is 

Kdn'-(0, m')L which is in like manner positive. Hence in 

the three cases respectively the sign of the first product is 
(— )*(n-i)^ -f, +. And the required quantities A, B, C have 
these signs accordingly ; wherefore we have 

as mentioned above. 
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Anticipation of ike dotMy-infinite-product Forms of the Elliptic 

Functions. Art. No. 127. 

127. In the formulae No. 122 for u write -, then a; = 8n ^, 

n n 



= - when n is very large. Moreover when m, m are finite, then 

in like manner sn - (m, m) is = - (m, m) : and substituting these 
values and writing n= oo we obtain the following formulae : 

snw = wn +7— ^, [, U-) 

\ (in,m)) ^ ^ 

CnM= U + 7-- Tvk (^) 

dnu= (1 + 7--— -,.[, H 

denom. = i 1 + 7 — =^[ , 

where m, m' have each of them every integer value from 
— » to + 00 , the simultaneous values m = 0, m' = being 
excluded from the numerator of snu. I defer the further 
consideration of these formulae, only remarking that not only 
they are not as yet proved, but that, in the absence of further 
definition as to the limits^ they are wholly meaningless. 

Derivatives ofsn u, cn u, dn u in regard to k. Art. No. 128. 

128. We have seen, Chap. III. No. 73, that 

dF 1 .,, i,'2tn isin<^cos^ 

dk-kk"^^"^ ^^ Pa ' 

where Fy £, A stand for F{k, <f)), E{k, <f)), A(i, <f>) respectively. 
But we have u — F, giving sn t^ = sin 0, cn w = cos <f>, dn u = A ; 
also 

E^J,^d<f> =/odn'u du, =-J,du(l - k^ + k' cn'u) = t 'u + ky.cn^u du. 
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and therefore E— k'*F= J^^Jjiiu^u du ; 

hence 



dF 
dk 



k [r ,7 snucntt] 



But snu = sin^, viz. considering sni/ as a function of u, k, 
where u,=^F {k, ^) is a function of k and ^, we have sn v, 
a function of <f> only without k; and we hence obtain 



that is 



or finally 



and thence 



and 



dsnudF dsnu^^ 
du dk dk "^ * 



dsnu , dF 



dnnu k jrij k , 

— -r~ = — vrj en w dn w j^cn' udu + ^snu cnu, 



dcnu k J r 9 J k t 
„ s= pi sn w dn M J^cn t£ aw — ri sn'u en u, 



ddnu J^ r t J k ^ . 

„ = inisnt£cnu/,,cn'ttatt— rTjSn'ttdntt. 



And it will be convenient to repeat here from Nos. 73 and 
74 the following formulas, in which we now write K, K\ E^ E 
for the complete functions jP,Ar, F^\ EJc, EJc ; 

giving EK' -^ E' K - KK' = Jir. 



CHAPTER V. 

THE THREE KDiDS OF ELLIPTIC INTEGRALS. 

129. Ik the present and following Chapters we revert to 
the notation of the elliptic integrals F<f>, E<f>, Tl<f>, bringing up 
the theoiy to the point at which it is expedient to introduce 
the elliptic functions sn t^, cnu, dnu : and explaining the 
resulting new notations. 

The AddUion-Theoiy. Art. Nos. 130 to 134. 

130. We have throughout <f>, -^j fi connected by the 
addition-equation : regarding herein /i as a constant^ this gives 

^ + ^^ = :. hence if U be any function of ^, y^, /*, such that 

in virtue of the addition-equation we have 

dU., dU., . 
_A^.^A>fr = 0, 

or (what is the same thing) if this last equation be a form 

of the addition-equation, we hence derive •;rrd<f>'\- -jj- d'^ = 0, 

that is d?7'= 0, or by integration Z7= funct. fi : and if moreover 
the function U is such that it vanishes for ^ = 0, -^s/a, then 
the constant of integration, funct. /a, is = ; and we have Z7= 
as a consequence of the addition-equation. For instance the 
function U^F^-^-F^'- Ffiy satisfies the conditions in question, 
and we thus have 

F4> + F'^'^Fti^0, 
as the addition-theorem for the first kind of elliptic integrals. 
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131. Again we have 

E<f> + Ey^ — Efi — if sin<f> sin^ siufi = 

as the addition-theorem for the second kind of integrals. In 
fact the equation to be verified is 

(A^ — Jfc* sin-^ COS0 sin ft) A^ - (A-^ — i^ sin^ cos'^ sin/*) A-^ = 0, 
that is 

A*0 — A*-^ + i-* sin fi (sin <f> cos -^ A-^ — sin -^ cos <f> A^) = 0; 

which in virtue of 

_ sin <f> cos ^A^ + sin y^ cos 0A<^ 
sin /A r^ If^^^in^jt ' 

and the identity 

sin*^ cos'^ A'-^ — sin*^ cos'^ A'^ 

= (sin*^ — sin'^) (1 — fc' sin'^ sin'^), 
reduces itself to 

A> - A'^ + i* (sinV - sin V) = 0, 
which is an identity. 

132. Again for the third kind of integrals, writing 

a = (l + „)fl + ^, ^^ nsiu^sintsin^ 
^ '^ \ nj 1 + n — jicosq) cosy cos fjL 

and for convenience retaining 



[ dR ( 1. .,p/- 1 , H-i?\/-a 
I T-; — Dt = "F *^^ -"v"*, or = ^^ ■ — = log -^ 

according as a is positive or negative), to denote the one or 

other of these expressions as the case may be, then the addition- 
theorem is 
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i 



Id fact the equation to be verified is here 
1 1 dR) 



A^ 



(1 -f n sin'^) A^ 1 + alP dif>_ 

( 1 1 dR) 

1(1 + n sin'^) A^ 1 + alP d^J ^ " "' 

P 
where, writing JJ = ^ , we have 

l+aIi'd<l>~Q' + aF*[^d<f> dif>J' 
1 dB_ 1 / dP dQ\ 

l+aR^d^^ Q' + aP'y'd^^ d^) ' 

and the equation thus becomes 

(1 + nsin'^ ~ 1 +«sin^j (<?' + «-P')' 

But in virtue of the addition-equation, as shown in the next 
No., 

Q* + oP* = (1 + n sinV) (1+ n sin»<^) (1 + n sin^), 

and the equation to be verified thus becomes 

(1 + n sin'/i) n (sin'*^ — sin'^) 

133. In regard to the expression for Q* + aP*, observe that 
this is 

= (1 + n — w cos ft cos^ cos-^)' + n'a sin'/A sin'^ sin*-^, 

or putting herein cos <^ cos -^ = cos fi + sin ^ sin "^A/a, this is 

= (1 + n sinV — w cos/iA/x sin^ sin>|r)'-f n'a sin'/A sin'^ sin'-^, 

= (1 + fi sinV)' — 2 (1 + n sin'/i) n cos /xA/a sin^ sin-^ 

+ n» [(l-sinV) (I - if sinV) + (l + ^ + ^' + *') sinvl sin'<^sinV> 

= (1 + n sin*;*) {1 + Ai sinV — 2n cos/iA/x sin^ sin-^ 

+ (yi'' + rti* sin'/x) sin'^ sin'-^J. 
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But we have 
(1 — siu*^) (1 — sin*-^) — cosV — sin*^ siu'-^ AV 

or what is the same thing, 

2 cosfiA/i sin^ sin-^ = sin'/A — sin'^ — sin*'^ + A:* sin*;* sin'^ sin^, 

and substituting this value within the { } we obtain the above 
expression for Q" + clP. 

134. We have 

Q-jj — P-i^ = (l + n — n cos/A cos A cos*^) n sin /a cos^ sin*^ 
cUp cUp 

— n cos/i sin^ cos'^ . n sin/* sin^ sin-^, 

= n sin /A sin'^ {(1 + n) cos ^ — w cos fi cos-^ (cos*^ + sin*^)} 

= n sin /i sin '^ {cos^ + n (cos^ — cosfi cos*^)}, 
that is 

Q -rr — P -»v = w sinfi sin*^ (cos ^ + n sin/A sin-^A^), 

and similarly 

Q-jT-^P -^ = w sin ft sin^ (cos*^ + n sin /a sin^A-^). 

The equation to be verified is thus 

(1+n sin*/A) (sin*'^ — sin*^) ^siuftsin-^ (cos^ + nsin^tsin'^A^) A^ 

— sinft8in^(cos'^ + nsin/Asin^A'^) A-^, 

breaking up into the two equations 

sin*'^ — sin*0=sinft (siu'^ cos^A^ — sin^ cos'^A-^), 

and sin'*^ — sin*^ = sin**^ A*^ — sin*^ A*^, 

the former of which is equivalent to the equation which gives 
the addition-theorem for the second kind of integrals, and the 
latter is obviously true. 
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New Notations for the Integrals of the Second and Third 

Kinds. Art. Nos. 135 to 137. 

135. If in the equation E<l> = j^^<f>d<l> we write sin^ = snw, 
and consequently dif> = dnudu, A^ = dnu, the value of E<f> be- 
comes =^j^dn*uduj or what is the same thing j^{l — A^ sn*i^) du. 
Jacobiy changing the original signification of the functioual 
symbol E^ calls this Eu, viz. he writes 

the effect being to throw the addition-theorem into the form 

Eu + Ev — E^u + v) = A* SUM snv sn(u + t;). 

He further considers in place of Eu a new function Zu, differ- 
iug from it only by a multiple of u, viz. we have 

Zu = Eu— j^u, =wf 1 — -^j — k^ j^sn^udu, 

where E is the complete integral of the second kind. Sub- 
stituting for E its expression in terms of Z, we thus have 

Zu + Zv -- Z (u + v) = k^ suu snv sn (u + v). 

136. If similarly in the equation 116 = / 7- -.s .v a . • 

we write sin^ = snt^, and therefore i^='du, the value of 11^ 

becomes = I :r— =- ; and if, changing the notation, this were 

j^jl+nsn'ti' ' •/ •/ * 

called TLu, we should have 



1 + n sn^M* 
or what is the same thing, 

„ f^n Ru'udu 

IlU - W = I a- . 

j , 1 + n sn u 
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The eflfect would be to change the addition-theorem into 

n«+n.-n(u+.)=/-^. 

, y, n snu sni; sn(w + t;) 

where K = t—, 7 — ; — r . 

1 + n — n en M en v en (u + v) 

137. Jacobi makes however a further cliange of iiotation, 
viz. expressing the parameter n in the form — A:*sn*a*, he 
omits from IIi^ the term u and multiplies the remaining term 
by a constant factor; he writes in fact 

]^ sna cna dna ^vfudu 



n(u,a)=J^ 



1 — k"^ sn'^a 8n*u 



The full advantages of the change will appear in the sequel, 
but it is convenient to mention here that the addition-theorem 
takes the form 

IT (u, a) + n (t7, a) - n (m + v, a) 

, , 1 — A;*snusnt?sn(w + v — a) sira 

= * log - — , n- 7— — ; — . 

^ ° 1 +A; snusnt;sn(w+i; + a) sna 

The Third Kind of Elliptic Integral. Outline of the further 

Theory. Art. Nos. 138 to 147. 

138. We have a theory for the addition of the parameters, 
including in it a theory of the reduction of the parameter to the 
forms — 1 + 4'* sin* ^, and — 4'sin*^ respectively. This is de- 
rived from the consideration of the function 

__ sin <f> cos <f> 
^^ (l'+f'^in*>)A' 

where f is an arbitrary constant. Taking also p an arbitrary 
constant^ we obtain 

dur ^ d^ 1 - (2 + ^ ) sin* <^ + (1 + 2^ ) t« sin> - ^k' sm '<f> 
1-^fm' A (l + ?sin^<^/(l-A:''sin''<^;+psin*<^(l-8in*<^)' 

* Begardiiig a as real, ibis would imply that the parameter is negative 
and in absolute luaguitude < k^ ; but a is regarded as susceptible of imaginar}* 
values, and the other forms of parameter are thus included. 
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and putting the denomiDator 

= (1 + n sin'<^) (1 + n sin'<^) (1 + m sin* </>),. 

and decomposing into an integer part and partial fractions, we 
have 

1+/W* A If '*'l+nsin> 1+n sin*</» l+msin>j* 
whence integrating from ^ = 0, 

f i 1 + fm 

where the integral on the right-hand side is 

= -^tan .V/>, or ^-logj-z^^, 

according as p is positive or negative. 

139. There are two particular cases, f = — 1, that is 
tj = — yy— , and ?= 0, that is «r = — . — - , in each of which 

one of the terms, say ^Ilm, disappears, and the formula takes 
the more simple form 

AUn + A'Un ^CF=: fr-^^ , 

j 1 + />«r' 

establishing a relation between only the two functions IIw, Iln'. 
In the first of these the parameters w, n* are connected by the 
relation nn =k^: in the second by the relation 

(l + r^)(l + n')=^'^ 

Hence by the first relation the function ITw, where n is positive 

or negative, but in absolute value greater than 1, is expressed 

by means of the function Iln , where ?i (having the same sign 

as n) is in absolute magnitude less than A': in particular n 

being negative and greater than 1, that is, between (— 1, — oo), 

n will be between and — k*. If n be positive and greater 

A;' 

than 1, then in the second relation n', = — iH -, will be 

n-\- 1 

negative and between —1, — i': and it thus appears that the 
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only values of n which need be considered are the negative values 
between (0,-1): viz. we may have n between (0, — Jfc*) say 
n^ — I^ siii^O, or else n between (— k\ — 1) say n = — 1 + ^•'* sin'ft 

Observe that in the former case a, = (l + n) f 1 + — J, is negative, 

and in the addition-theorem we have a logarithm; in the second 
case a is positive and we have a circular function (the inverse 
function tan"*j. This leads to the consideration of two kinds 
of functions IT, viz. w = — A;* sin*^, logarithmic functions, and 
n = — 1-f A;'* sin'^, circular functions: there is a convenience in 
taking n = — A* sin*^, as a universal form, allowing to assume 
imaginary values. 

140. Recurring to the general form 

f j 1+ /MJ' 

we may consider herein n, n! as arbitrary quantities, m as a 
determinate function of n, n' ; it is in fact obtained by means of 
a quadratic equation. Taking n, n to be real the value of m will 
in certain cases be imaginary : and conversely taking m to be a 
given imaginary quantity it is possible to determine real values 
for n, n': and thus the function Tim of a given imaginary 
parameter is made to depend upon two functions Tin, Iln of 
real parameters. This may be effected in a different manner : 
viz. taking n, n to be conjugate imaginaries we obtain two real 
values of w, and thence two formulae each involving the con- 
jugate imaginary functions Iln, Iln': the combination of these 
would lead to the expressions of Iln, Iln' in terms of the two 
real functions Ilmj, Wm^, 

In either of the ways just referred to we in effect obtain an 
expression for the function of the third kind n*i, of imaginary 
parameter^ in terms of two functions with real parameters : but 
it will presently appear that the solution admits of a very con- 
siderable simplification. 

14?1. Introducing in the formula for n, n', m the values 
— A;*sin'p, — A;'sin*g, — A;*sinV, the relation between n, n', m 
gives a relation between ;?, y, ^, viz. this is found to be 

A;' (1 — A;* sin/} sin j sin 6) = Ap Ay A^, 
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being in fact equivalent to the relation 

or (what is the same thing) p, q, 6 being connected by this 
equation, and writing 11/?, &c. in place of IT (~ A;* sin^p), &c., 
we have between the three functions the foregoing relation 

AUp + A'Uq + BU0 + ^F^j^^,. 

. » 

142. It is natural in place of to introduce a new angle ^ 
such that F0 + F^ = Fff^ the relation between p, q, ff being con- 
sequently the algebraical relation answering to Fp-\-Fq—F0^Q. 
The function 11^ can be expressed in terms of 11^, and the 
resulting equation is found to be 

8m|) ^ -^ ' smj ^ ^ * sin^ ^ ' 

- z«»o;r.«e;r.^c;r./y F^'iUnr [^ + ^ sJnj) sing sin ^ . ^] A 
= At sinp smflr sma . £ + 4 log r a* . ya ■ — - — ^~~i — r> i^ * 
^ ^ '2 ^ [J. +^^8lnpslnJSln</».-B]^ 

where A^B, A\B are certain functions of & and <^. 

143. This ecfuation assumes a very simple form on writing 
therein sin(^ = snu, sinj} = sna, sinj = snJ, and therefore (by 
reason of ^ + i^g — F0' = 0) sin ff = sn (a + 6) : and by introduc- 
ing Jacobi's notation for the function IT ; viz. making the 
changes in question the three terms on the left-hand side are 
to a common factor prfes n(t*, a), n(w, 6), n(w, a + 6): the 
logarithmic term is considerably simplified and the final equa- 
tion is 

n (tt, a) + n (w, 6)-n (w, a + 6) 

,, 7 / 7v 11 1 — A'snusnasn6sn(a+6 — w) 

=Arsnasno8n(a+6).w+*log=— -75 t — -. , . \ ^ 

\ I A o 1 -|.^*snusnasn6sn((H-6 + w) 

viz. we thus see the theorem in its true point of view as a 
theorem for the addition of the parameters. 

144. We also gain a further insight into the problem of 
the determination of the function IIw with an imaginary value 
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of n: viz. any such value is expressible in the form — A;*sn'(a+6t), 
where a and b are real ; the function Un, or say 11 (w, a + bi), 
is then made to depend on the two functions IT (t/, a), 11 {u, bi), 
which have each of them a real parameter, viz. in the second 
function the parameter is n = — i* sn* 6i, which is a real positive 
quantity. 

145. There is another theory, the interchange of amplitude 
and parameter. Starting with the equation 

^(l + nsin*<^)A 

we have ^— depending on the integral / yz . •ttfit, which 

an ^ ° ®j(l+n sin'^)' A 

is expressible in terms of F, E and IT. The terms involving 

/7TT /7 « 

-r- and 11 combine together into a term -^ XlVa, where as 
an ° an 

before a=(l+n) fl + -j, and we have this term equal to a 

function of n, <^, where <f> enters through the functions sin<^, 
COS0, A, E, F, but which is algebraical in regard to n, viz. the 
actual equation is 

an ^ nWz nva 

+ iAsin0cos^ 



(l+nsin'</>)V'a' 
a = (l + n)(l + — J as just mentioned: so that integrating in 

regard to n, we have ITva depending on the integrals j ~rpi 



I — -p , 1 : TTT ; these are really elliptic integrals as 

J nwa J (1 + n sin'^) va 

at once appears by writing therein n = — Ar'sin*^ (viz. we thus 

adopt for the parameter n the before mentioned form — A;*8in*^), 

reducing the integrals to the forms 

[ de [d0 [ Bjn^ede 

jBm'0A0' JA0' j(l-A:»8in'^8in'</»)A^' 
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or ultimate!; to the forms 

viz. the first two of these are F0 and Edy and the last is the in- 
tegral of the third kind n(n', 0) with parameter n, — ~k^ sin*^: 
the final result is 

cottf Atf {n (n, ^) - F<l>} - cot^ A<l> {U (n, 0) - F0] 

^MF<f>-E^F0, 

which is the equation for the interchange of amplitude and 
parameter. 

146. If as before ^ = sntt, ^ = sna, then using Jacobi's 
notation^ the functions on the left-hand side are 11 (u, a), 
n {a, u) ; and the functions E<f>f E0 are in the same notation 
EUf Ea : the equation therefore is 

n (u, a) — n (a, u) = uEa — aEu, 
or what is the same thing 

n (u, a) — n (a, w) = uZa — aZu. 
Fund, Nova. p. 146. 

147.* The foregoing outline of the theory of the elliptic 
integral of the third kind brings up the theory to the point 
immediately preceding the introduction of Jacobi's function 
ft: viz. his functions Tl(u, a), Zu are in fact each of them 
expressed in terms of the new transcendent 0, by the equations 

„ B'u T^ , . ^ - , (w — a) 
Zu=^ s- > n («*> «) = ^Za + 41og ~ ( , 

the second of these leads at once to the just-mentioned equa- 
tion n (u, a) = n (a, u) = uZa — aZu (interchange of amplitude 
and parameter): and by means of this theorem we can from 
either of the addition-theorems (for the amplitudes, and the 
parameters respectively) at once derive the other theorem. 
C. 8 
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JRedvcHon of a given imaginary quantity to the farm 
sn (a + fit). Art. Nos. 148—162. 

148. By what precedes it appears that there is an advan- 
tage in bringing the parameter to the form - Tf sn*a : this 
however cannot always be done so long as a is restricted 
to be real: but we have to show that it can be done« ad- 
mitting imaginary values of a: or what is the same thing, 
that a given real or imaginary quantity n can always be ex- 
pressed in the form — A*sn*(a + /8t^: that is a/-js~ can always 

be expressed in the form sn (a + fix) : and the theorem thus is, 
that taking as usual the modulus ik to be a given positive 
real quantity less than unity, then any given real or imaginary 
quantity whatever can be expressed in the form sn (a + fi%)» 

149. It is to be observed that x and y being given real 
quantities, the former of them equal to or less than +1, we can 
find the real values a, fi such that 2; = snec, ty = 8nt/3: in fact 
these equations give 

sn (/3, k') 

and as a passes continuously from to jt JT, sna passes from 

to ± 1, that is through every real value x whatever between 

these limits ; and similarly as /3 passes continuously from to 

sn(i8 k') 
± iK\ — jwnA passes from to ± oo , that is, through every 
CRvH> *^) 

real value y whatever. 

Hence writing 

X+7At = sn(a + /8i) 



^ a?VH-yM+A:'y»H-tyVl-g'.l-ya-' 

1 + A^xy 



we have X = ^ n < « — ^ , M = - — ^ — ,44 « 



v.] 
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or what is the same thing 

X* (1 + A«^y»)« = aj» (1 + y«) (1 + it^jO, 

M'(l+*'ai'y*)* = y*(l-^)(l-*'A 

and it only remains to be shown that X, /t being any given 
real values whatever, these equations are satisfied by real values 
of X, y, that of x not greater than ± 1 ; or what is the same 
thing, that the two curves have real intersections within the 
limits x^±l. 



150. This is at once seen by tracing the curves ; the first 
carve has one or other of the two forms shown by the dotted 
lines ; and the second curve has the form shown by the con- 
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tinuous line (the curves are obviously symmetrical as to the 
four quadrants, and only a single quadrant is drawn): and 
there is thus in each quadrant a real intersection for which 
x<±l. The original irrational equations show that x, y have 
the same signs as X, /t respectively : there is thus for any given 

8—2 
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values of X, /i a single intersection satisfying the condition in 
question. 

151. But we may further develope the analytical theory: 
for this purpose instead of the original equations, consider for 
greater simplicity and symmetry the equations 

XCa&-ary)* = a6ir(a-y)(6-y), 
li(ah -- xyY — aby {a — x) (6 — a:). 

Each of these represents a quartic curve passing through the 
points (a, J), (J, a), and the two curves have besides at infinity 
10 common points, 6 on the line a: = and 5 on the line y = 0: 
there remain therefore 4 intersections. To find these assume 
xy = abcoy the equations become 

X (1 — 6))* = a; + ©y — (a + 6) o), 

/A (1 — 6))' = ©a? + y — (a + 6) ft), 

giving X, y linearly in terms of <o. Solving the equations there 
is a factor 1 — c) which divides out (g) = 1 is in fact a solution 
answering to the two points (a, J), (6, a) ), and the equations 
then become 

(X — fifo) (1 — co) + (a + i) o) = (1 + ft)) x, 

{fi - Xft)) (1 - ft)) + (a + J) ft) = (1 + ft)) y, 

and multiplying together these values and for xy writing alxo, 
we have a quartic equation in co ; this is a reciprocal equation, 
solvable by a quadric ; or if for greater convenience we write 

9 = f z- ) f ^^^^ ^ ^s ^^^ determined by a quadric equation ; 

and putting 

^ = a' - 2a (X + /i) + (X - /i)^ 

5=J"-2J(X + /i) + (X-/L6)', 

c 1 zi (a — by xu X • zi ft) — 1 a — ft 
we find = —7= 7^-, that is 0, = = -7-: 7= , 

{s/A-s/BY ft> + l '^A'-'^B 
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and then after some reductions 

"" ^--^/B-a + b 

1 /— — 

=^^ (a-\ + /i + V^)(5-X + /i + V5), 

and changing herein the signs of ^A, ^B, we have of course 
the coordinates of the four points of intersection : it will be 
observed that A and B being real, these are all real or all 
imaginaiy. 

152. To return to the original problem we must 
for o, 6, \, /i, X, y, 

write 1, p, X», -/i», o^, -y*, 

whence if now 

u4= 1- 2(X*-/i«) + (X* + /L6y, 

(^ and £ being therefore, as is easily seen, each real), and 
choosing the root for which the radicals have the sign — , we 
have 

where a? is positive and less than 1, ^ is positive. By the 
original investigation it was in fact shown that there was one 
such set of values of (a^, y"), and admitting this it is easy to 
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see that the set just written down (wherein a? has its least 
value) must be the set in question : but it must admit of being 
shown independently that these values of a;^ j^ do satisfy the 
conditions in question. 

We have thus, by means of the quantities sn a, = j; and 
sn t/8, = iy, determined analytically the functions o, /8, which 
are such that sn(a + /8i) = \ + /At, a given imaginary quantity; 
it may be remarked that the solution, although under a some- 
what different form, is substantially identical with that given 
by Bichelot, CrelUy t. 45 (1853), p, 225. 

In the remainder of the present chapter we work out the 
foregoing theories. 

Addition of Parametere, and Reduction to Standard Forvis. 

Art. Nos. 153 to 172. 

153. We have 

n (n, k,6)^f "^^^ - , 

j,(l+7isin"i^)Vl-i*sin«i^ 

or expressing only the parameter, and writing for shortness 
\/l-A:'sin*^ = A, 



nn^^fj, % 

j«(l+nsm" 



(1+nsin"^) A* 
Consider the function 



rsr = 



— s^Q ^ cos ^ 
~(l + fsinV)A' 



where ^ is a constant Taking also p a constant, we form the 
equation 

rftsr _rf<^ l-(2-f ?) sin»</>+ (1 + 2?) Jfc' sinV~ gib" sin^<^ 
1 + p^^ A (1 + f sin"^)«(l - j^ sin'i^) -h p sin'i^ (1 - sin*i^) ' 

where the denominator, being a cubic function of sin*^, may be 
put = (1 + n sin'^) (1 + n sin*^) (1+m sin'^). The expression 

which multiplies -^ is then a fraction with this denominator, 
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and breaking it up into partial fractions there is an integral 
part p , and we have 

\+p^ A |?"*"l + n8in«i^'*"l + n'8in>"^l+m8in"i^j' 
whence int^rating from ^ = 0, we have 

f Jl+p«r" 

where the integral expression on the right-hand side is re- 
tained to stand for 

1 r- 

-=. tan"* AT vp, (p positive) 
or i log - — ^ .— , {p negative) ; 

1 — -or V— p 

and we have thus an identical relation between three functions 
11 each with the same modulus h and amplitude ^, but with 
the parameters n, n\ m respectively. 

154. The relations between these quantities and the values 
of the coefficients A, A'^ B are given by the equations 

(l + n)(l+n')(l+m)= r(l + r)«, 
(A? + n)(A? + n')(A? + m) = -i'ifc'V, 

or, what is the same thing, 

n + n +m=:2f - A;* +p, 

Hence considering n, n as given, we have 

*" 'n»' "^ (1 + n) (1 + «' ) * 
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or, what is the same thing. 



r= 



^.^j.l + «l + « 



n n 



_'•^^l^ 



and then m = , . 

nn 



and then further 

^ ={n»+(2 + ?)'»'+(l + 2(r)*'^+?A^K»» (n-nOCn-m), 
^' = {n'' + (2 + ?)n'« + (l + 20 ^n +(:*•} -rn'(n'-n)(n'-m), 

B==:{m»+(2 + (:)m« + (l + 2(:)A;»m + (rA;'}-j-m(m-n)(iii-n). 

The reduction of the general formula is somewhat laborious; 
there are two important particular cases which it is as well to 
discuss separately : these are 

^ - / tan d>\ A > r\( sin A cos 6\ 
K^-\\^^ lJ)> and r=0(^tir= — ^X"-^r 

ThA Case ?=-!, t^-— ^: 

155. We have here 

m = — 1, 

which last equation may be written 



{1^■\■n){1^ + ^^l^p, 



or what is the same thiog, 

1^' 



p-(l+»)(l + |),=«. 
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We then have 

and similarly ^' = 1; also £ = 0; so that the parameters n, n* 
being connected by the relation nn' = A;*, we have between the 
two functions 11 the relation 



nn+n«'=i^+/j^., (/)• 



viz. a being positive, the integral, substituting therein for w 
its value, is 

1 . -1 Va tan 6 
and a being negative it is 



1 , A + V^tanA 
o , log ■== ^, 

^V-a A-V-atan^ 



156. The general expressions are not immediately ap- 



plicable: they give m = and then -B=^, but the two terms 

1 B 

■^ and ^p- 7-j-r- are together equal to a determinate constant, 

f 1+msm'^ ^ ^ ' 

the value of which, = , can be found by writing in the first 

instance (£'= : the formula becomes 

(far ^/ y A A' W^ 

l+pt!r« V p"^l+nsin>"^l+nsin'<^y A' 

or what is the same thing 

p J 1 + pv 

* {/^ and, next page, {g') are the formnkB thus designated, Legendre, 
Traite de$ Fonctions ElliptiqueSf Chap. i^v. 
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where 

n + n' = -A' + /j, 

nn' = — p, 

. ^ n' + 2n + A;^ .,_ n^' + 2»' + ib' 
n(n-ri') ' "" n'(n'-n) ' 

We have therefore n + »' + nn = — A*, or what is the same thing 

(l + n)(l + n') = r, 
which is the relation between n, n\ And then writing 

n(n-n') ' 
and substituting for A;" its value we find 

A =^4~ ' *^^ similarly A'^^^ . 
n n 

Moreover writing for p its value the formula becomes 

^±^ n„+^ n«' +^ ^= fr^^» 0^') 

n n nn Jl — nnw*' ^' 

which is the relation between two functions IL 

157. The two formulae (/*) and {g') enable us to perform 
the reduction of functions of real parameter. We may consider 
the four cases 

I. n positive, = cot'^ ; 

sin ^ cos ^ ' 
II. n negative and between 0, —A*, = — A"sin"^; 



V-a = cot^A(A:, ^). 
III. n negative and between — i* and — 1, = — 1 + i'* sin"^ ; 

fc^sin^cos^ 



Va = 



^(fc\0) • 



IV. n negative and between — 1, — oo , = — ^-^ ; 

V^ = cottfA{A;, tf); 
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- where in each case tlie value ie annexed of Va or "J— a 
as the case may be. Observe that in the cases I. and III. a is 
positive, or the function la circular : in II. and lY. a is negative 
or the function is logarithmic. 

158. It is very noticeable hbw the formulje [f) and {g) 
pve each of them a relation between two circular functions or 
two logarithmic functions, but not in any case a relation 
between a circular function and a logarithmic function. Treat- 
ing n, n' as coordinates, we shade by vertical lines the spaces 



k 


feSf 


1- 


- 




'If 




?^""r 


"^^^ 








-fr^ 
















\ 


1 


\ 


li ._ 


i! 

_'. llil 



for which » is circular and by horizontal lines those for which 
n' is circular : the two curves nn = ]^ and {1 + w) (1 + n') = ^', 
are then hyperbolas lying wholly in the spaces which are either 
cross-shaded or else white, viz. the corresponding values n, n' 
are both circular or both logarithmic. 
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159. In the formula (/'), taking w = — ^-^ we have 
n'= — A;* sin' ^, and thence, substituting for a its value, 



= F+ 



, A + cotgA(A?, g)tan<^ 



2 cot ^ A(A;, 0) ^ A -cot ^ A(A;, ^) tan (^ 
or as this is better written 

_ „ 1 , cot 4>A{k, 4>) + cot e A(k, ff ) 

" ■*"2cot^A(A;,^) ^^cot^A(A;, </>)-cot5A(ifc, ^)" 

This equation shows that a logarithmic function of parameter 
which is negative and in absolute magnitude greater than 1, 
may be reduced to depend an a like function where the 
parameter is negative and in absolute magnitude less than 1^, 
The first-mentioned kind of logarithmic functions presents the 
difficulty that the function under the integral sign becomes 

infinite in the course of the integration (viz. for the real value 

sin*^ = — J: we therefore always consider the reduction as 

made, and attend only to the case where the parameter is of 
the form - i* sin'^. 

160. The formula {f) gives also a relation between two 
circular fonctions of positive parameter, viz. writing therein 
n = cot' 6 we have n' = I^ tan' 5. And the relation is 

TT/ x«/i\ , TT /i«i. am t:t . sin^cos^, . A (A;', ^) tan 6 
n(cot'g) + n(A;'tan'g)«J'+ . .., ^. ^^ a n A - n n * 

which in fact serves to reduce a circular function of positive 
parameter greater than ik to a like function of parameter less 
than k : but the original form 

\nj >/^ A ' 

is for this purpose equally if not more convenient. 
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161. The formula {g) gives in like manner a relation 
between two logarithmic functions, or two circular functions : 
as regards the first case observe that if n, n' ai-e both negative 
they are both in absolute magnitude greater than 1, (viz. 1 + w, 
1 + n' are each negative); and we have thus a relation between 
two logarithmic functions with parameters of this form ; but 
such functions being excluded from consideration, the formula 
is not written down. There remains the case where the para- 
meters (being by supposition logarithmic) are each negative and 
in absolute magnitude less than &": viz. writing n = — A'sin'^, 
n' == — A? sin' X, the relation between the parameters is 
(1 — i^sin*^ (1 — A* sin" X) = A;'*, or what is the same thing 
(cos* ^ + A:'* sin* ^) (cos* X + i" sin' X) = A", or as this may be 
written (1 + A:'*tan*^)(l +r tan*X) = r (1 + tan*^) (l + tan*X), 
whence finally the relation is 1 = i'tanXtan^, (answering it will 
be observed to the transcendental relation F6-\-F\ = F^. 

We then have 

1 + n 1 + Ptan*^ Jfc", ^ ^ , . i'* 

, = w(-l-tan'X), =- 



n -iftan"^ ' A;* ^ ^ '^^' A*cos*X' 

and completing the substitution, the formula becomes 
cos*^ n (- A:* sin*^ + cos*X H (- i* sin*X) 

rr . 1 • /I • > 1 /^<^ — A;" sin ^ sin X sin 6 cos <i\ 

= F^ * sm 6 sm X log ^ — j^—. — ^ . ^ . T^ ^ ) , 

* ^ VA^ + A;^ sin ^ sm X sm </) cos </)/ ' 

where as above 1 = A;' tan tan X. The formula enables the 
reduction of a logarithmic function of parameter —A;' sin* 5 

in absolute magnitude greater than (1 — A;') Tor for which 
tan^>-^J to a like function of parameter in absolute 

magnitude less than (1 — k') [or for which tan < -pr] . 

But it is convenient, not using the formula, and therefore 
without thus restricting the value of 0, to retain — A;* sin* as 
the expression for the parameter. 
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* 162. In the same formula {g) if the parameters are both 
circular they may be taken to be n = cot'^ and n'= — 1 + Jc^siv^O ; 
and the formula becomes 

TT/ ^tA\ i^"* sin' ^ cos* ^ TT / 1 . 7'« • «/i\ 
n(cot'^) — = ,,a . a^ n (— l+fc'sm'^ 

^ ^ 1—k sm d 

_ jfc*8in'^ „ sin^cos^ .|Sin<^cos^ A(^*^ d) 
"l-rsin'^^"^ ii{k\e) tan^A(Jfe,<^) ' 

which is a formula for the reduction of a circular function of 
positive parameter cot* ^ to a circular function of negative 
parameter — 1 + A;" sin" 6. 

163. The above formula 

cos'^ n (- i' sin"5) + cos'X 11 (- A:" sin'X) 

rr . 1 • /I • > 1 /A<i — A:*sin^sin\sin6cos6\ 

= jr + i sm ^ sm \ log ( -r-r — , , . ^ . ^ . T ^ 

° \A9 + Arsindsm\sm^cos^/ 

may be written under a slightly different form : viz. expressing 
it first in the form 

cos»^ \Tl{-1i? sin'^) - i^ + cos'X [H (- }<? sin' \)-F] 

= (1 - cos'^ - cos'X) jP+ \ sin 6 sin X log fi, 

and dividing the whole by sin d sin X ; then reducing the 
coefficients of the several terms by means of the relation 
1=4' tan X tan ^, and finally restoring the value of ft under 
a slightly altered form the equation becomes 

COStfA^PTT, ,, -a/,. Tjr\ , COSXAXprr/ ?J • i> \ m 

-^[n (-fc'sin'^) - F\-\- ^.^^ [n (-A;»sm*X) -Fl 



sm 



If ^ /I TT . 1 1 /A: A6 — A;'co8Xcos5smAcos6\ 

= 77 cos X cos 5 . jT + i log ( ,, ,\ Ti ^ S-^-? T ) • 

k ^ *^V^'A<^ + Jfc*cosXcos^sm^cos^/' 

where as before 1=4' tan X tan 6, 

164. If to fix the ideas we consider herein 0, X as positive 
and less than ^tt, then writing tf' = 7r — X, the relation between 
6, ff will be A;' tan ^ tan ^' = — 1, {0 and ff each positive but 
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dK^v, ff>^'rr). Substituting for X its value tt — ^ the 
formula becomes 

CObOAO rrr / f ^ • 9 /i\ m COSuAurrr, 79 • « /v\ m 



sm 



^ /I />» T^. 11 A: AA + A;'co8 5cos^sm<ico8 6 

= — frCOsScos^ . F+ 1 log w ^ ^^ — j^ ;= ^, . Z ^, 

k ^ ° k A9 — At cos ^ cos S sm ^ cos ^ 

which is a form used in the sequel. 

The general Case resumed, 
165. Returning now to the general equation 

Ann + A'Hn' + BHrn + If= f , f"^ , , 

write n = — l(^ sin'p, 

n' = — Aj'sin'y, 
m = — i'sin'^; 

then introducing these values we have 

5'= — A;* sinp sin q sin ^, 

p = — pj cos'2> cos" 5 cos* ^, 

ifct (! + {)«=, (i^jfc* 8in«p) (l-ifc» sin' y) (1-Jfc* sin' 5); 

or writing this last under the form 

ife'(l + ^ = ApAyA^, 
we have £'(1 — £^sin^sin;sin^ = ApA(2^Ad 

as the relation between the parametric angles p^ q, 6. This 
is in fact equivalent to the transcendental equation 

Fp-\'Fq-F0-F^ = % 

and it suggests the introduction into the formulae in place of 
0, of a new angle ff, such that J?19 + i^^ = Fff and consequently 

Fp^-Fq-Fff^O. 
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166. But let us first express B in terms of the original 
angles j>, j, 6. We have 

w (m — n) (m — n') ' 

the numerator is 
-Ai^sin^^ 

4- (2 — Aj* sin ^ «inp sin q) k* sin* 6 

+ (1 — 2A;' sin sin^ sin q) .^k^ sin' 

— k* sin sinp sin q, 

= -A;*8in^[8in^(l-2sin»0 + ;fc*sin"^) 

+ sinp sinj (1 - 2^" sin* ^ + ifc* sin* 0)], 

=a — A:* sin [(sin + sin^ sin q) cos'^ A* ^ 

— k** sin' ^ (sin — sin p sin j)], 
and the denominator is 

— A* sin* 5 (sin' — sin' p) (sin' — sin' j), 
whence 

P _ cos'^ A'^ (sin + si n p sin q) — A;''ein '^ (sin ^ — sin p sin q) 

A' sin d (sin* — sin' p) (sin' — sin' j) 

167. The relation between 0, & may be written under the 
forms 



sin 5 = — 



cos^ 



cos^ = 



A^ = 



A^ ' 
y sin g^ 
A^ ' 



A^ 



' > 



sin^ = 



cos ^ = — 



cos^ 
"A6^' 
A'sin^ 



A^ ' 



A^' = 



A^' 



Hence in the last-mentioned expression of 5, the nu- 
merator is 



+ 



. \ , Pcos'^/cos^' . . \ 
sinjp sm jj + —^ff- \-^ + smp sm yj , 



K'^m^ff f cosg' 
A*^ V A^ 

which is 

A:'* 
= ^5^ [^" sin' ^ (- cos ff + sin p sin q M") 

+ cos' ^ A' 0' (cos ^' + sin p sin y A^)]. 
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But in virtue of the relation between p, q, ff we have 

cos ^ = C08JP COB J — sin 2) sin j A^', 

or the numerator is 

A:" 
s=^i^[A:''sin*^ (coepcosj — 2co8^)+cos*^ A'^.cos^jcosj], 

A:" 
say this is = ^™ €L 

Then we have 
fi cos|) cos J = (cos* ff i^ff -h A'* sin' ff) cos*pcos*j 

— Tc* sin' ff . 2 cosp cos j cos 0'. 
But 

1 — cof?p — cos" J — cos* ^ — i* sin*2? sin* j sin* 6* 

= — 2 cos p cos J cos ff, 
say jB sin*^ — cos*|) — cos* j = — 2 cosp cos jcos ff, 

where i2 = 1 — A;* sin*p sin* q. 

Hence 
fi cosp co&q^ (cos*ff A*^ + A?'* sin*^) cos*p cos* q 

+ A;'* sin* ^ (B sin* ^ - cos'p - cos* j), 
= (1 - 2** sin* d' + A;* sin* ^) cos*p cos* J 

+ A;'* sin* ^ (fi sin* ff - cos*;) - cos* j), 

= COS*J?COS*J 

+ sin* ff [- 2A:* cos*p cos* j - A;'* (cos*^ + cos* j)], 

+ sin* ff [A;* cos*;? cos* j + *'*(!- A;* sin* p sin* q)], 
which is 

= C0S*2)C0S*J 

—sin* y (cos*|) A*y + cos* j A*p) 

+ sin*^A*pA*j, 

= (co8*jp - sin* ff A*i>) (cos*j - sin* ff A* j), 

so that numerator is 

i'* 1 
= -TT^ (cos* o - Mn* tf* A* p) (cos* at - sin* 0' A* o'). 

a 9 
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168. Denominator is 

which is 

- - ^^^ (cos*^ - 8in*p A'e') (cos*^ - sin* J A*^, 

= .ta> (cos* P — sin* ffA*p) (cos* q — sin* ff A*j) ; 



whence 



-* 



'« 



Write 



Jf= 



A* cos p cos J cos ^* 



-Aff I -k 



U TlK. \ 

\ If COS » COS qcosOJ * 



then 



A* sin d' cosjp COS q \ Jfc* cosp cos q cos 0. 



n T.^rk'^Binff ( ,,cos^A^ 



and similarly 

smp 

sm; 
169. The equation is 

f J 1 + /My' 
or since 

^ + ^' + 5 = 1-^,* 

* We have i"5s - fc* 8in|) sin 9 sin 9, 

= ^BinpBing-^^, 
and henoe this equation is 



ft^sin^oospoos^ ( sinp 



( oospAp COB9A9 ^^sin_£'( 
( sin© sing cos 0L<Bf\ 



= 1- 



ib* sin p sin 9 COS 9'* 
an identity which may be verified. 
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this is 

J 1 + pw 
that is 

where lip, &c. are writtea im place of IT (— i* sin'|}), &c. We 
have 

Arcospcos^oos^ '^ k ^ ^ 
hence 

Mjl + pm* * Jf A* C08|} cos g cos ^ ^ *^ ^ 

- A* cosp cos q cos ^ sin <^ cos ^ 
lo ^^^ ^^ (l + gsin'0)A 

^, Ar'cospcosgcos^ 8in<^co8<^ * 

F (l + Csin«^)A 

and the formula thus becomes 

Binp ^ ^ ' smj ^ ^ ' sm^ ^ ' 

=: p cosp COS q cos 6 . F 

111 fe' (1 + JTsin^ ^) A<^ — A;* cosp cos q cos ^ sin (f) cos ^ 
^ ® A?'(l + f sin" ^) A^ + A* cos^ cos q cos ^ sin ^ cos ^ ' 

170. Representing, for convenience, the logarithmic term 
by ^ log CI, so that 

^ _ j[r'(l— ysinp sing sin^sin*^) A<^— ycospcosgcos^ sin^cos^ 
A' (1 — A^'sin^ sin j" sindsin'<^) A^+ A:'cospcos2COsd sin^cos^ ' 

= pqp^ suppose, 
9—2 
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we have, ante No. 163, writing ff for X, and — OiorO (thereby 
passing from the relation F^^ = F\ + F0 to the actual relation 
F,^Fff^F0), 

. a (^0-^ --ST- (n^ - F) = - -^, cos^cos^. F 

sina ^ ' sm^ ^ ' k 

-, A;'A6+A;'cos^cosd8in6cos6 / -, R-^-S \ 

and using this to introduce into the formula 

sm r ^ '^ 

in place of 

sm a ^ ^ 

the formula thus becomes 

Binp ^ ^ ^ sm^' ^ ^ ' sma ^ ' 

= -^ (cos j? cos g - cosy) cos g.FH-^log >^Q^|^_^ , 
where the coefficient of -f on the right-hand side is 
t; sinp sing A^ cos ^, sA'sin^sin jsin^, 

171. Introducing into the logarithmic terms ff instead of 
0, we have 

n r\ i»/i . ,asinosinacos^ . , A . , 
P- Q^k f 1 + AT — ^-"a^ sin'</>J A<^ 

— -r^ sin ff cos |) cos j' sin ^ cos ^, 

or, multiplying by Lff and omitting the fitctor A?', say 
P— Q=(A^+i*sin2?sinycos^sin*^)A^— A:*sin^co8^cosj8in<^cos^, 
= [A^A^ — Aj'sin^cos^ sin^cos^] 

+ A;'sind'sin^ oos^[(cos^— cosjE>cosd), =- sin/? sin j'A^] 
+ A:" sin |) sin J cos ^ sin' ^A<^, 
= A^A^ — A* sin ^cos sin ^ cos ^ 

+ X:* sinp sin 9 sin ^ [cos ^ sin ^A^ - cos ^ sin ^A^] ; 



v.] THE THREE KINDS OF ELLIPTIC INTEGRALS. 133 

and similarly 

P + Q= A^A<^ + i^sin ffcosff sin <^C08<^ 

%+ If «mp sin q sin ^ (cos ff sin ^A^ + cos ^ sin ff^ff). 

Also 

T> . a 7^A . . A*A:'sin^cos^sin6co&A 
5 + i8f = A;A<^ + ^ — ^ ^, 

or, multiplying by iiff and omitting the factor k\ say 
B-hS^ A^A^ + A' sin ^ cos ^ siii ^ cos ^ ; 

and similarly, 

if — 5 = A^A^ — A* sin ^ cos ^ sin ^ cos ^. 

172. Write for shortness 

^ffA<f> — A:* sin ^ cos ff sin ^ cos ^ = -4, 
AffA<f> + J(^Binff cos ^ sin ^ cos ^ = A\ 
cos y sin ^A^ — cos <f> sin ffiiff = B, 
cos ff sin ^A^ + cos <f> sin ^' A^ = B, 
then the logarithmic term is at once expressible in terms of 
these quantities, and substituting in the formula, we have 

smp ^ ^ ' smj ^ ^ sm^ ^ ' 

I • . . • /y rr . 1 1 M + i* sin » siu flr sin . 51 -4' 

= Arsmpsmfl'sm^.^+ilogr-r7 — , « . ^ . ^ . — j— ryi— r , 
^ ^ » ^[-4+A;^sinpsmjr8m<^.-B^]-4 ' 

which is m fact the formula connecting the three functions 
lip, JIj, 11^, or in the original notation 

n (- V sin» p), n (- V sin* j), H (- i" sin' ff) ; 

the angles p, j, 8 being, it will be remembered, connected by 
the algebraical equivalent of the equation 

Fp-\-Fq-Fff ^^. 

173. This apparently complicated formula is wonderfully 

simplified by introducing into it Jacobi's notation ; viz. writing 

8inj}ssna, sinj=sni; and therefore sin^=sn(a+J); also 

sin^sssnu ; then omitting a common factor 1 — A;' sin' ff sin' ^, 

we have 

-4 = dn (a + J + w), 

-4'= dn (a + 6 - u), 

— 5 =s sn (a + 6 — m) dn (a -f 6 + w), 

jB'= sn (a + J + w) dn (a + J — w), 
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and the formula becomes 

n {u, a) + n (u, i) — n (w, a + i) =s i^sna sn& sn (a 4 6) . tt 

, , 1 — k^ 8n a snb 8J1 (a + b — u) QTLU 

+ ilog:; rs i 7 i T , 

° 1 + At sn a sn 6 sn (a + 6 + tt) sn tt 

viz. it is in fact a formula for the addition of the parameters. 

Interchange ofAmpUtnde and Parameter . Art. Nos. 174 to 186. 
174. Starting with 

i,(l + nsin»<^)A' 
and taking thronghont the integrals in regard to ^ from this 
inferior limit 0, we have 

dn_ f — n sin* ^ d^ 
"■5»~j(l + nsin»^)''A' 

J(l + nsin'^)*A 
But writing a = (1 + »i) (1 + — ) we have 

2a f d ^ A sin ^ cos ^ _ ^ f /| , • « j,\ ^ 

7rj(l+n8ija*^yA~"l + nsin»^ --,j (,1 + nsin ^; ^ 

■^V ■*■ n "^ nVjn+n8in*^)A' 
as may he verified l^ differentiation: or since 

if [ (1 + n sin» ^= (A:* + n) F- nE, 

» n* n V, nj n\ an) 

this is 

2a f d^ Asin^cosc^ A*„ 1 . „ „, 

n j(l + »8in*^)*A l + nsin^ n» n^ ' 

viz. we have 

2a f r d<^ yjl A sin <^ co s <f>_J^ ^ 

w (j(l + nsin«^)*A J l+nsin'(^ w* 



n ^ an 
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175. This equation may be written 

dn 1 + n Bin" 4> vT n^ ' an 

or, what is the same thing, 

2acm + nrfa = A8in*co8A=— ^^-^-*'^^-(^--^)-> 

^ ^ 1 + n sin* (f) n' ^ ^ n 

viz. multiplying each side by ^a"*, this is 

where of course a, = (1 +n) [ 1 + — ) , is regarded as a function 

of ». 

Integrating each side we hare 

nV5=C7+iAsin^cos^f; ^?-—-^-^1(>f(-^ 

* ^ W(l+nsin''<^)v'a ' Jn»Va 

Jnwa 
where the constant of integration may of course be a function 
of k, (f>, but it is independent of n. 

The formula is simplified by representing the parameter n 
under any one of the foregoing forms cot' 0, —l-\- A;" sin" 0, 
— i^ sin* 0. The last is the most interesting case, but it is proper 
to consider them all three. 

First case, n = cot* 0. 

176. Here 

, 2cos^,^ /- ^(k\0) 

sm Q smacosa 

and the equation becomes 

-^"°^"°^'^J (sin'g + sin'^cos'g)A(y.g) ' 
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where the integrals in regard to may be taken from the 
inferior limit 0. 

The integral 



h 



A {k\ 0) 
and we have 

Jcoa0A{k,0) cos 5 ^ ' ^ \ > / 
Moreover, writing cot* ^ = n' we have 

... . r coff0d0 

^'^^*"^^*J(sin«^ + sin«<^cos'^)A(ifc',^ 

Asin<^ r d0 A f d^ 

cos <^ JA (ifc', ^ "^ 8in<^ cos<^i(l + n'sin*d) A (*', ^) ' 

^^^^±F{k\0)+ . / ^ n(n;ifc;g). 

cos 9 ^ ' ' 8m9Cos^ \ r » / 

Substituting these values and for greater clearness writing 
n (n, fc, 4>), A (A:, </>), i' (ifc, <l>), E (ifc, <^) instead of H, A, i^, E, 
patting also for C its value = ^, determined as presently 
mentioned, the formula is, (n = cot* 0, n' = cot* ^) 

--?^% n („. ifc. ^) + .,^^*L n (n'. jb'. do 

sm ^ COS ^ ^ ' ^^ sm ^ cos ^ ^ ' 

{%) Leg. p. 133. 

+ f (ifc, (^) i^'Cifc', ^ - J'(ifc, ff>)E(k\ 0)'-E{h <l>)F(k\0). 

177. If in the formula, instead of ^, the term had been (7, 
then C is independent of 0, and by the symmetry of the 
formula it must be independent also of ^ ; it is thus an 
absolute constant: to determine its value take 0y if> each 
indefinitely small: then 

F{k,<f>) = E{k,<f>) = if>, F(k\0)^E(k\0) = 0, 
n (ri, ^^ ^)= f-— ^-^ =-^tan-^<^\^ = ^tan-* |, 
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and similarly 



9 



we have therefore 



a = taii-*| + tan-*|,=i7r, 

which is thus the value of C. 

178. Write <f> = ^ir ^ co, t^ being indefinitely small: then 
n = cot* if> = tan* 09 = a>* is indefinitely small, and therefore 

nr«' V m- /"——-^L—— - f ^^ ' f gin* d0 



and thence 



-^("■•^-'/ifl- 



COS ^ Vsm <l> ^J ^ ' ' coQif) sm<l> J^{k,d) 

The coefficients on the right-hand side are 

1/1 .A cos A J n ft)' 

:r(-r--7-smd>), =-T^ and — -r, = r: 

cos 9 \sm ^ ^/ sm 9 cos 9 cos <f> 

viz, writing cos ^ = g>» these each contain the factor a>, and the 
function on the left-hand side is thus = ; hence the equation 
becomes 

^if'^. n, (fi, i) * J^ + ?i^ F,k A {k\ 0) {k') Leg. p. 134. 
8macosj9 »^ ' ' ^ cos a * V ' ' N / ^ ^ 

+ i?;A;i?'(A?', ^ - FJcE{k\ 0) - ^,A:F(A:', ^, 

viz. we have thus an expression for the complete function 
IIj {n, k) in terms of the functions of the first and second 
kinds. 

179. If in this equation we write — in place of n, and 



Bin 
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assume also — = cot'X, so as to write \ in place of 0. we 

n r * 

have 

BinXcosX * \n / cosX * v » / 

•\-FJcF{k\ \yFJcE{k\ \yEJcFQc\ X). 

180. Adding the two equations together, we have 
tin d cos ^ *^ smXcosX * \n / 

■{■FJc{F{h', e)+F{k', \)-E(k', e)-E(]c', X)} 
-EJc{F{k'.e) + F{J<l,\)}. 

But in virtue of cot* cot' X = A*, or i tan d tan X = 1, we have 
i'(ifc', ^ + i^(ifc',X) = i?'Jfc', 

E{k', 0) + E(k', X) =^;fc' + FsinXsin ^, 

and further 

• %_ *^^^ ^ _ ^ sin ^ A/w \\— ^ 

A (K X) ^ A (y, g) ^^ 
sinXcosX sin^cos^' 

8inXA(A:',X) ,/-.,. 8ingA(A;^g) ,-.,>, 
; ^ = V a sin" X, -n — - = V a sin' ^ ; 

COSX ' C08^ * 

hence the equation becomes 

="7r + FJt{^/a (sin* + sin* X) - A"* sin ^ sin X} 
+ FJc (F^k' - EJe') - EJeFJ(f. 

181. But we have 

, . ,- . ,, .- 008*^ Psin'^cos*^ k'* 
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that is 

8m«^ + sm'\ = l + — or ^(8m'^ + sm»X) = Vi+ ^ , 

* va 

whence on the right-hand side the second term is FJc^a^ 
or the equation may be written 

Ji jn,(n, i)+n, i^, h^ -FA^ir-\-FJeFJc'^FJcEJc'^EJcFJ<f, 
which is in fact a consequence of two former results 

and 

FJcFJc' - FJcEJc' - EJcFJc' = - i^, 

viz. the equation is hereby reduced to the identity Jttstt — -J^. 

Second coMy n = — l + i'^sin*^. 

100 TT r Ar^sin^cos^ dn aja^nt a\ 

182. Here ^a = -"XOfc ~^)~" ' -z^=-2d0A(k, 0), 

and taking as before the integrals in regard to from the 
inferior limit 0, the general equation, ante No. 175, becomes 

fc'' sing cos g ^ rr./Rt t?\ [ ^^ i^ip f ^^ 

+ A sm 4 COS / — %,,!>%' tn ' tj^ ' 
^ ^ J cos ^ + fc sm' g sm" <f> 

We have 

dg 
A (&', g) 

*^^ i(l-rsin«g)t"^^^^' ^"i''- A(&',g)'' 



/a^=^(*'^' 
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moreover, writing 

we have 

^ . ^ ^f £i{k\0)d0 Asin^f A(y, e)d0 

A sin 9 cos 9 I — %-T^r~n — > ta - % j. » = t~ /i""; — / • » . 

^ ^ J cos 9 + A; sm^ sm 9 cos 9 J 1 + n sin 9 

sin^ V ' / sin 9 cos 9 ^ ' 

Making these substitutions, and writing also A (£, ^) instead 
of A, &c., the formula becomes 

(n=-.l+r8in»^, n' = Jk'Uan»(^,) 
^^|^[n (n, A:, <^) -F(fc, ^)] (0 Leg. p. 138. 

= ^^^^'^\ m [n\ k\ 0) -COS* A i^'Cfc', 0)-] 
sm ^ cos 9 "■ ^ ' ^ V ' /J 

+ i^'Cfc, <^) F {Jc\ 0)-E{h <!>) F{k\ 0) - F{k, <!>) E {k\ 0), 

the value of the constant C being here = 0, since the two sides 
each vanish for ^ = 0. 

183. Write ^ = i^ — o), o) being indefinitely small; it is 
to be shown that - 

which being so, the equation becomes 

^^-^-F^FiJc', ff)''Ej€F{k\0)^FJcE{k\ 0), 

giving the value of the complete function 11^ (w, k) for the form 
in hand n = — 1 + A'" sin' 0, 

184. As regards the subsidiary proposition, observe that 

(^ ss ^•ir — Q> gives n = A;'* tan' ^ (= ^" cot* w), that is —7= cot* ^, 

It 
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cBtan*(ki; so that from the first formula in No. 160, writing 
therein k' for k, and interchanging and ^, we have 

n (n', Jk', ^ + n (tan»fi), k\ 0) = F{k\ 0) 

sin ^ cos ^ _, A {ky <^) tan ^ 
■*■ A(ifc, </>) 8in</>co8(^A(ifc', e)' 

but tan » being indefinitely small, 

n (tan»a>, A?', ^ ^F{]c\ ^) +a>*if, 

where 3f is finite : the equation thus is 

TT/'i'/i\. 1 ir sin* cos A. .1 A(A:, d>)tan^ 
n(n, A, ^ + « -M^=— T-77— Tv^tan* .— -.^ — ^'. .., ^ :, 

that is 

simpcoaip ^ ' ' ' sm^cos9 sm^cos^A (A:,^ ' 



CO* 



or putting herein ^ = ^tt — cd, then since -r vanishes, and 

the function under the tan"^ becomes infinite, we have 

sm ^ COS ^ ^ ' * . 

whence the required relation. • 

Third case, n^ — If^ sin' 0. 

- dn 2)fc*sin*5 , , 

185. Here Ja-i^ (Jt, ^ cot ^, "^ = - ~^(V~ff) > ^^^ ^^^ 

general formula becomes 



Au0 ""^ ' ^ • ^* 'Jik{h0) jBm*0^{k,0) 

J;^sm^0d0 



+ Asin^oos^/7^ — ^ . ,^ . , 
^ ^ j (1 — At sm^ sin' 



(l-Jfc^sin"dsin'^)A(ifc,^' 

where as before the integrals in regard to may be taken from 
the inferior limit 0. Since in the present case the modulus as 
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regards both the if> and the functions is k, we may instead 
of A (k, ff) write simply A^ and so F0, Ed. We have 

and moreover writing n = — ]f sin* <^, then 

j (1 - A* 8in» ^ 8in» ^) A^ " J (1 + n' 8in» d) A^ 

whence the formula becomes (n — '^V sin* ^, n' = — i* sin* ^) , 
Qoi0L0\Jl (n, <^) - F^'\ =* (nO icgr. p. 141. 

cot (^ A<^ [n (n , 0) - F0] '\- E0 F<f> " F0 E<f>, 
the constant in this case being evidently = 0. 

186. Writing ^ = J-ir we have 
n.n -K = ^ {F,E0 - E.FS), (pO Leg. p. 141. 

which is the value of the complete function Iljti, or say of 
nj(n, A:), for the form w« — A;*sin*ft 

The formulae marked (i'), (A/), (Z'), (m'), (n'), (jp) are those 
given by Legendre, TraiU des Fonctiona EUiptiques, t. i. 
ch. xxin., in the pages severally referred to. 
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CHAPTER VI. 

THE FUNCTIONS 11 {u, a), Zu, ©U, Hu. 

The functions referred to all depend on the modulus k, 
which may be expressed when necessary: as regards 11 (u, a) 
this is seldom required, but the other functions will be fre* 
quently written Z{u,k), S(u,k), JS{u,k), so as to put the 
modulus in evidence. 

Introductory, Art No. 187. 
187. The function 11 (u, a) has already been defined as 

A;* sn a en a dn a sn' u c2u 



-/. 



i — A;*sn'asn'u 



and the several properties already obtained for the function 
n (n, kf ^) admit of being translated into this new notation. 
But in the present chapter the theory is established in a 
different manner, by expressing this function 11 (u, a) in terms 
of the new function ©u. This function 0w may be considered 
as originating from tHe function Zu, which has already been 
mentioned as introduced in place of the function E(k, <f>), viz. 
writing E to denote the complete function E^k, we have 

^M = M f 1 — -^j — &*/<, sn^udUf 

or, what is the same thing, 

E 

* — -j^ tt + Jo dn*u du. 
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The new function Bu is in fact 

where the exterior factor ^ is fixed upon for reasons 

which will appear: the original function Zu is thus expressible 

in terms of the new function Ou and its derived function, viz. 

&u 
we have Zu == ^— , but the employment of the symbol Z as 

a separate notation is nevertheless convenient. 

The function %u is one of a series of four functions, 611, 
%{u-\-iK), e(u + ^, e(w + ir + »ir'); but it is found con- 
venient instead of 6 (u + %K') to introduce a new function 
Eu, and write the four as ©w, J?u, © (w + K)^ H(u + K), 

The following article is in the nature of a lemma. 

Values q/* n (w + a, a) in the three cases a = J ilC^ a = \K, 
a = IK + ^iK' respectively. Art. Nos. 188 to 190. 

188. We have 

^ TT / . \ A:* sn a cn a dn a sn* (tt + a) 
au ^ ' ' 1 — Arsn'asn"(w + a) 

first if a = i iK', we have 

i VT+k 



Bn^iK',cn^iK\dniiK=^^, Z±ZJ!:, vT?^ 

wk vA 

sn" (u + i tK) = ^ ;■ , j( -, T — , (ante No. 103). 

^ A:(H-fc)8nw-tcnt*dnw^ ' 

The right-hand side of the foregoing equation is therefore 
a fraction, the numerator of which is 

ik (1 + k) [(1 + i) sn tt + 1 en tt dn u], 

its denominator being 

Ar[(l + A;)sntt — tcnwdntt] + A;[(l +k) snu + icnudnw]. 
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viz. this is = 2A; (1 + A;} sn u, a mere multiple of sn u: and we 
thus have 

d „ , . , .»rr , .T^.v ^ w, . »x L . » cnwdnul 
du 



n(«+Hir,j.x')=it(i4-i-){i + if,^-^}. 



. cn ti dn u d ^ , . 

or obsennng that = -r- log sn u, and mtegratmg so that 

the value may vanish for m = — ^ iK', we have 

n(u+ifjr', ifir) = 

ii(l+A:)(w+it2r')-ilogsnu + ilog(=^. 
189. Secondly a^^^K, 

sniJSr, cniiT, dniir=-===;, -7==^, VA:', 

Vl+A; Vl + A; 



« ^ 1 ?n — ^ dn w + (1 + fc') sn M CD w 
^ * ' "" 1 + A' dntt4- (1 — A;')snwcnw 



and then 



l-niu^^K.^K)^iil-k')\l^^l±^^:^], 



or ohserving that 



1/1 , ,v . 1 A:' sn M en w 



d , J — A*sn wen m 

J- log dn 1^ = 3 

du ^ dnw. 



and integrating so that the value may vanish for u^ — \K, 
we have 

n(u+iir, j^ = j(i-*')(^ + 4^)-iiogdnM + jiogVF. 

190. Thirdly a = i ^ + i iK\ 
sn (i iTf J iK'), en (i JST + i lA'O, dn {\ K^^tK') 

«/ 1 E^ 1 -Errx A;+ tV cnw+ (A: — tV) snwdnu 
sn (« + iZ + itir)^ F-cn« + (ifc + tifc>ii«dn«' 

C. 10 
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and then 






cnu 
whence observing that 

d . — sn 1^ dn u 

-T- log en tt = , 

du ^ cnu 

and integrating so that the value may vani^ for 
we have 



i(ik + iA:')(w + iir + it^Vilogcnu + ilogA/--^. 



Z%« ISinction Zu. Art. Nos. 191 to 196. 

191. We now proceed to consider the function Zu: it has 
already been, a/nte No. 131, seen that we have here the addition- 
equation 

Zu-^- Zv — Z(u + v) = A:* sn w sn v sn (u + v). 

192. Starting from the equation 

E 

Zw = — ^ tt + /o dnV du, 

and writing herein iu for u and k' for k, we have 

E' 

Z (m, &') = — -^ iw + 1 Jo dn' {iu, k') du, 

(which observing that dn (iu, k') = - — may also be written 



• jF . . . f dn*w , \ 

= - Tr7 «« + » I —1— du] ; 
A J „cn' u J 
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and it is to be shown that we have 

„ snudnu iru . ,„,. .^ 

I stop to remark that u being indefinitely small this equa- 
tion is 

which is true in virtue of 

E E - TT 



193. To prove the theorem, we verify without diflSculty 
that 

d snudnti , . . dn*u , 
du cnu en w 

we have therefore 

(Jsnudnu ,, ,ji/« t*\ n 

J = dn" u + dn* uu, fc ) — 1, 

au cnu ^ ' 

or integrating from u = 0, 
snudnu 



cnu 



= J^ dn*udu + /odn' (tu, i') du—u. 



But the integrals in this formula are 

=iZu-{--^u and — iZ(tu, ^')+ ^^ 

respectively, and substituting these values and reducing by 

E . E ^ IT 



-^+^-1= 



K' JC 2KK' ' 

we have the required formula 

^ snudnu irit . ._/. ,,. 

194. Writing in this equation u = iK', and observing that 

10—2 
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since Z{K', k) is what Z{K) becomes on writing therein K for 
A:, we have 

^ / • rrt\ _ sn %K' dn %K! iir 

^^*^^ 3^fF 2^' 

which is infinite, —kJ,i£Iia the infinite value of sntf . 
Writing in the addition-equation u = v = ^ i£^', we have 

2Z (JtiT') = Z{iK') + ifc» sn» i »^ Bin tiT', 

^STF— +*^««*i»^ «^»^ -25-' 

1. ~" cn %^L 
or substituting for sn' J iiT its value = =-3—5 — v^, , this is 

= ^''*^ t^STT"*" l + dntZf' j"2Z' 
where the first term is 

sintjr(diitjr+ycntx^-fy«) 

cntJr(l + dni2r) ' 

and substituting herein for sintjfiT', cntK', dniK' their values, 
= /, — 17, — iki respectively, and then making / infinite, the 
term is = t (1 + ^)* *^^ '''^ *^^^ obtain 

It will be recollected that 
and we thence by the addition-equation find 



195. Starting from 



E 

Zu=^ — — tt +/^ dn*w du, 
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we have 

E 

Z(u + a) = - -g-Ctt + a) +/^dii* (w + a) du, 



E 

= — ^ M + /^ dn* (tt + a) rfw + Za, 



that is 






And similarly, observing that Z{—a)=^ Za, we have 

E 

/^dn* (w - a) rfu=.^u + Z(ii — a) + Za, 



whence 

/. dn* (u + a) du-Zo dn* (w- a) du = Z(w + a) -Z(u- a) -2^ 

196. We find without difficulty 

d cntidnu cn'ti , , 

= = dn u, 

du snu sn u 

= dn* (u + fX') - dn* w, 
and thence 

^^^^5if = C+/dn* (u + liT') rf«^ - / dn*w da, 
snu ■' 

To determine the constant, write u == — ^ ifiT', we have 
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or substituting for the functions of \%K' their values, this is 



tTT 



t(l+&)«C+t(l + A:)-^, 
and therefore 






hence the equation is 



cnudnu »^ , ^/ , 'ir,\ ^ 

SUM 2K ^ ' ^ 



The Function eu. Art. Nos. 197 to 199. 

197. The definition has been given at the beginning of 
the present Chapter. 

%u is obviously an even function, O (- u) = Ou ; and we 
have eo 



V IT 



We have 






and therefore also 



e(.-„.i')-y?^e'^»'"-'^''-. 



198. From the equation 

^ snudnu ^m , .„., ,^ 
cnw 2KK ^ ' 

multiplyiDg by c2u and integrating from u s= (observing that 

sn ti dn u (2 , v ^ 

SB — -y- log en ML\y we have 

cnu du ^ ^ 

/o Zttdw = -logon u - :jj^ + ifo^iiu, U), 
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and taking the exponential of each side and expressing the 
values in terms of 6 we have 

199. From the equation 

^ cnudnw tV , «. , .^^ 

we deduce in like manner 

and, in order to determine the constant, writing herein 
ti = — JifiT', we find 

whence the equation is 

Vik snw ^ ' 

an equation which will presently be proved in a difierent 
manner. 

jSi^emon q/TI (w, a) wi ^/7W of%u. Art. No. 200. 

200. We have 

, . V . , V 2snucnadna 

sn (tt + a) + sn (u- a) = = — 75 — 3 r- , 

"< ' ^ ' 1— Arsnasn*w 

, . V , V 2^nacn^^dniA 

sn (w + a) - sn (li - a) = - — ^ — ^ p- , 

^ ^ 1 — At sn a sn' w 

* This is in effect Jaoobi's formula, Fund. Nova, p. 163 (5), viz. interchanging 
therein k and Ir^, it becomes 

^ . e(o,i') *°"e(o.*)' 

or snlMtitatiiig for 8 (0, kT), e<p, k) their Talnea, this ii the formnk of the text. 
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and tbence 

^ , . ,. . 4 8iiacnadnasDiicnt^dnu 
sn'(u+a)-8D. («-«)= (TTP Wasn'u)' ' 

Q (2 Ml a en a dn d sn' u 



du' 1 — A:" sn' a sn* 



u 



as is at once venfied from the relation :?- sn u = en u dn u. 

au 

The equation may be written 

- J dn* (w + a) + i dn* (u - a) 

^ d A' an a en a dn a sn* M _ ^ rj / % 
"dii- l-^'sn'asn'tt ' ""di? ^^'^^' 

whence multiplying by du and integrating from m = 0, 

or^ what is the same thing, 

^ n (m, a) = ^+ J Z(u-a) - i Z(w + a). 

Substituting herein for Z(tt — a), Z(m + a) their values 

e' (u - o) e^ (te -i- a) 

multiplying by du and integrating from u = 0, we have 

n (w, a) = uZa+ i logQ-g^ , 

where for Za we may of course substitute its value, = ^— . 

The Function ©m resumed. Art. Nos. 201 to 206. 
201. We have 
d rr / \ A^'sn a en a dn a sn't^ n d ^ .. i • t t \ 

that is 

2 fiT- + sr) ( - srr—, — ( = - 3- log ( 1 - at sn* a sn' w) , 

©a ©(tt — a) ©(w + a) da ** ^ ' 
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or what is the same thing, 

d d 

^loge(u-^a) + ^loge(u + a) 

= 2 ^ log 0a + J- log (1 — i* sn' a sn' t^) . 

Int^rating in regard to a we have 

%{u''a) S(u + a) = C&a (1 -i»sn'asn't^), 

where of course the constant of integration C may be a function 
of II. To determine it write a =s 0, we have 

TT 

and then the equation is 

e(u - a) e(u + a) = 21^®* ^ ®' ^ (^ " ** sn* a sn* u). 

202. Writing the differential formula under the form 
i'snacnadnasn'ti rw , ^ f^/ s i #7/ . x 

if we herein interchange a, u, this becomes 

A^'snucnudnusn'a « , «. n i ^/ . % 

and adding the two together we have 

Za-k-Za — Z(u + a) = i* sn w sn a sn {u + a), 
viz. we thus reproduce the addition-formula for the function Z^ 

203. Starting with 

n(u,a) = w2a-ilog^^j^-^^, 

and writing herein u + a in place of u, we have 

« / N / \ fT 1 1 (w + 2a) 
n(u + a, a) = (u + a) Za -J log —^^^ ^; 

we have in the present chapter found the values of 11 (u + a, a) 
in the several cases a = i iiT', a = J iT, a = i -K'+ i i^K"'. 



164 THE FOTJCTIONS 11 (tt, o), Zu, Su, Uu. [VI. 

204. First o = J iK, we have 
ii(H-A;)(a + itir)-ilog8ntt + ilog(^ 

that is 

log sn tt = {t (1 + A) - 2Z(i tX')} (u + i iX') 

+ log(J + log-L__Z, 



which substituting for Z^^iK*) its value ^becomes 



TT 



or writing the first term under the form — 2jp(^'— 2ni), and 
taking the exponentials of each side, 

sn'u = 6 ^ .-7= ^ ' '-. 

Nk ©w 

205. Secondly a = i jK) we have 

i (!-.&') (u+ iZ)- ilogdnw + i logVF 

that is 

logdnu={l-ifc'-2Z(iiiO}(u + iir) 

+ logVF + log— ^^g^, 

where the term in u-\-^K vanishes by reason of the value of 
Z{^ K)f and passing to the exponentials we have 

206. Thirdly o = i ^ + J iK', we have 

J (* + iAO (« + i /r+ J iiT') - J log en tt + J log ,y^ 

-z(iiir+j,-jr')(«+iA'+itA'')-iiog^^^i±^ti£}, 
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that 18 

log en tt = {ifc + 1&' - 2Z{\K+ \iK:)\ (tt + i^+ i iK') 

+ log^-^ + loff-i-^^j^ -' 

or substituting for Z{\K+ ^iK') it» value,- the first term is 
^ (tt + iiT + i fiT), which is = - ^{K' - 2t«) + ^ : hence 
passing to the exponentials uxd observing that 



we have 

en Use ** 






Recapitulation, Art. No. 207. 

207. We now see that the elliptic functions sn u, en u, dn u, 
that the elliptic function of the second kind considered as a 
function of u, and for convenience replaced by Jacobi's Zu, and 
that the function of the third kind considered under Jacobi's 
form II (u, a), are all of them expressed in terms of the single 
function 6 (u), and the A;-functions K, K', viz. that we have 

sn tf = 6 ^ • -1? © (u + tA ), (-r) 





-««) 

^ 


y|e(«+ir+,-2r'), 


(-) 


dntis 




VF ©(w + Z), 


(-) 


denom. » 




ew. 





viz. these are fractional functions having the common denomi- 
nator %Uy and having also 6-functions in their numerators; and 
farther that 

^w = -s-i II («*> ^) = w^- + ilogs-7 — : — (• 
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and conversely that 6u is a function derived from sn u by the 
equation 

(involving the i-function E, Legendre's E^k). 
And we have also proved the formula 

or as this may also be written 

e (lu) = >y/p e ^ en (f u. k') e (t^ *'; ; 
and the formula 

e (u + o) e (t»-o) = ^^^u&a (1 - jf 8n»«8n*o). 

The Function Hu. Art. Nos. 208, 209. 

208. If introducing for convenience a new function JjTu*, 
we writ« 

and therefore also 

* If instead of Jacobrs 6, H we nse the four fnnoiions 6u, O^ti, 8,fi, G^n, 

=ett,-y-Fti, w j-ir(tt+ir), Vifc'e(ti + jr) respectlTely, then Ojis e,ti, e,« 

are the nnmerators, and Gu the common denominator, for the three elliptio 
fonotions sn, on, dn u. The four fonotions 9^, 6„ 6,, 6 haye been tabolated 
under the Buperintendenoe of Mr J. W. L. Glaisher, and are in course of 
publication. 
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then the formulsB for the elliptic functions become 

cnu:^^^H(u + K), (-) 

dnw = V3Pe(u + ir), (^) 

where denom. = ©w. 

It hence appears that Hu is an odd function of u, which for 

u indefinitely small becomes =? a/ w. 

209. Combining with 

e(w + a)e(u-a) = 2|^e«we*a(l-A;*sn«tt8n»a), 

the equation 

, . ^ , . sn't* — sn'a 

sn (w + o) sn (w - a) = .; — ^ — 5 j- , 

'^ ^ ' 1 — At sn u sn' a 



and attending to the expressions of sn u, sn a in terms of H, S, 
we have ^ 



The Function II {u, a) resumed. Art. Nos. 210 to 215. 

210. We deduce the addition-equation for the function of 
the third kind II (ii, a), viz. we have first 

n (u, a) + n {v, a) - n (w + V, a) 

== i log Q/ . \Q/ , \Q/ . ( (= i log "* suppose), 

where the logarithmic term containing the functions may 
be in three different ways made to depend on the functions sn. 
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211. First we have 

e(u-.a)e(i;-.a) = ^e«i(t*-t^)«*(i(u + r)-a) 

{l-^^8n•iC^*-t?)8n•(Kw + t7)-a)}, 

e(tt + a)e(t^ + a) = ^e»i(u-.r)e*(i(u + t;)+a) 

ea e (w + t; - a) = ^e»i Ctt + t')®*(i (t^ + r) -a) 

{1 -i'sn'i (<* + «') sn* (^ (u + v) -a)), 

{l-A»8n«i(u + r)sii*(i(tt + i;) + a)J, 

and taking the product of the first and fourth expressions 
divided by that of the second and third, we have 

{l-y8n» K^-«^)sp'(K^+t.0-a)]{l-ysh»Ku+t?)8n»(KtH^)+a)} 

212. Secondly/ we have 

e'(u-a)e'(t;-a) = e»0.e(u-v)e(u + t;-2a) 

^ {1 -i»8n' (i^-a) sn«(»- a)}, 

e'(w+a) e»(t?+a) = e*o. e (m- t?) e (w+ 1?+ 2a) 

•T- {1 -i^sn' (u + a) sn* (v + a)}, 

e*a e* 0* + V - o) = e*o . e ( w + 1?) e (w + 1? - 2a) 

~ {1 — A*8n*asn*(i4 + t; — a)}, 
©•ae'(w + t;+a) =©*0.e (M + t;)0(w + t? + 2a) 

-r {1 — A:'8n'asn*(ti + t; + a)}, 
and then in like manner we obtain 



/ ll~Jfc'sn'(m-a)8n*(t?-f a)}{l-'y8n'a8n'(ti + t;-a)} 
V {l-fc*8n*(w-ajsn*(t;-a)j {1- A'sn"asn*(w + t;+a)] 



213. But, thirdly, from the form originally obtained for the 
addition-equation, the same quantity should be 

^ _ 1 — i' sn a sn tf sn v sn (u + r — a) 
" 1 + ^ sn a sn u sn r sn (u + r + a) ' 
The transformation is eflfected as follows : 
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We have 

{1 — it* sn* J (w + 1;) sn* J (tt — v)] snuBHv 

= sn' i (w + v) — sn' i (tt — v), 

{I — i-* sn' i (m + v) sn* (| (m + 1?) — a)} sn a sn (w + 1? — a) 

= sn' i (w + 1?) - sn' (i (w + v) - a), 

and taking the products of the two sides each multiplied by 
- l^, and adding a common term on each side, we have 

{l-A;»8n«i(tt+t;)8n«i(w-t;)}{l-A'sn'J(w+t?)sn«(i(w+v)-a)} 

X [1 — A:* sn a sn ti sn t; sn (tt + 1; — a)} 

= {l-i*snH(ti+t;)sn»i(w-v)}{l-*'sn'J(w+r)sn«(i(w+v)-a)} 
-A»{8n*i (^ + t^)-8n*J (u-v)} {sn'^ (u+t;)-8n*(i(w+t;)-a)}, 

-it'sn* J (m + v) - A^'sn'i (w- v) sn* (i (m + 1?) -a), 
= {l-A»sn*i(w+t?)l{l-A*8n»i(w-t;)8n'(i(w+t;)-a)}*. 

Changing the sign of a we have a second like equation, and 
dividing one by the other, we find the required equation 

{1 -y sn'^ (u+t?)sn*(^ (u+v) -a)] {l-fc'sn'^ (u-v) sn* (^ (u+v) + a) 



[1 -Jt»sn»i(w+t^)8n*(i(«*+v)+a)} {l-A'8n'i(ti-t;)8n*(i(ii+t;)-a) 

_l + A;*snasnu8nrsn(tt + r + a) 
"" 1 — A* sn a sn w sn v sn (u + v — a) * 

214. The conclusion is 

n (u, a) + n (t?, a)-n(M + t;, a) =i log ft, 

where fl is expressed in the three forms just obtained. 

213. In the equation 

n(».a) = «2a + ilog||^«j.. 

* The identity, writing therein 

M, a, vfor|(f*-r), l(u+r), i(t* + r)-a, 

beeomes 

, « / » / X / V / X {l-i*Bn*a}{l-i*Bn»fi8n«r} 
l-ik«Bn(a + ti)Bn(a-fi)8n(a + r)Bn(a-r) = rT— ^-rr — ; ^—m — u — i ?-t • 
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interchanging u and a, we obtain (observing that 6 is an even 
function) 

n(a,«)=aZ« + ilog|^, 

and thence 

n (w, a) — II (a, u) = uZa — aJZtt, 

which is the theorem for the interchange of amplitude and 
parameter. 

And we hence deduce 

n (w, a) + n (w, 6) - n (w, a + 6) « 

n(a, w) + n(5, w)-n(a + 6, w) + M{Za + ^-Z(a + 6)}. 

Here on the right-hand side by the addition- theorem the 
first term is = J log fl', where ft' is the same function of a, 6, n 
that n is of tiy V, a: we have thus A' in three forms one of 
which is 

^, __ 1 — A* sn a sn 6 sn (a + 6 — u) sn u 
1 + A;* sn a sn 6 sn (a + 6 + w) sn w ' 

and the second term is, by the addition-theorem for Z, 

= A;* sn a sn 6 sn (a 4- 6) w ; 
we have therefore 

n (u, a) + n {% 6) - n (m, a + 6) 

= A;* sn a sn 6 sn (a + 6) tt + i log Cl\ 

which is the theorem for the addition of parameters. 

Multiplication of the Functions Su, Hu, Art. Nos. 216, 217. 
216. From the equation 

©(u + r)©(tt-r) = — 7T8^(l-A'sn*Msn*t?), 
we deduce 

e(2«)= g^(l-A;«sn'«). 

e (3„) = ^'(Sf]^" (1 _ &• sn* « sn' 2«), 
e (4w) = ^^ (1 - Jf sn* 2m), 
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and it is hence easy to see that 6nu-s-6** (u) is a rational and 
integral function of sn*u of the degree ^* or | (n*— 1) (that is 
n* or n*— 1 in sn u) according as n is even or odd. More pre- 
cisely we may say that 8nu • 8**~^ -4- ©**tt is such a function, 
reducing itself to unity for snu = 0; and it thus appears that 
considering sn ntt, en fiu» dn nu as expressed in terms of sn u by 
the multiplication formulaB, in such wise that for u = the de- 
nominator is = 1, then this denominator will be 

217. And it hence of course follows that the three numera- 
tors are 

vib 

respectively. It will appear in fhe sequel how we thence 
obtain the expressions of these numerators and denominator. 



c. 



11 



CHAPTER VII. 



TRANSFORMATION. GENERAL OUTLINE. 

218. The theory of transformation is considered in the first 

dx f 
instance in regard to the differential expression -= (which, for 

dx \ 

the elliptic integrab, has the particular form , , ^ ,, , ) > 

and then to the elliptic functions sn, en, dn. 

Ca^e of a general quartic radical */X. Art Nos. 219 to 222. 

219. Consider the differential expression -^ where F is a 
given rational and integral quartic function of y. Write herein 

y^-y where U and V are rational and integral functions of a?, 

one of them of the order p, the other of the order ^ or ^ — 1 : 
such a fraction is said to be of the order p. It is to be shown 
that the coefficients oi U, V may be so determined as to lead 
to an equation 

Mdy ^ dx 

where X is a rational and integral quartic function of x, and 
if is a constant. We have 
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where considering F as a homogeneous quartic function of 
(1, y), then {V, 17)* is what this becomes on writing therein 
F, IT" in place of 1, y respectively: viz. ( V, U)* is a homogeneous 
quartic function of U, V, and therefor^ of the order 4p in a;; 
VW— VU, if V, U are of the same order jp, would at first sight 
appear to be of the order 2p — 1, but in this case the coefficient 
of a^ vanishes and the order is really = 2p — 2; viz. whether 
the orders of U, V are p, p or p, p — 1, the order of F77'— V'U 
is = 2p — 2. The foregoing values give 

dy ^ {VW- rU)dx 

VT V(l^^* 

220. It is at once seen that if ( F, IPf has a square factor 
(«-«)» then a;-a divides VXT- VU. Similarly if (F, Uy has 
2p - 2 such factors, or if it is = TX, where T* is of the order 
4p — 4 and therefore X of the order 4, then the product T of 
the roots of the square factors divides VU' — VU, and since 
FIT- VU and T are each of the order 2p-2 the quotient 
( FIT— VU)-^T must be an absolute constant M'^, But in this 
case we have 

Mdy _ dx 

an equation of the required form. 

221. Regarding [7, Fas being each of them of the order |), 

the expression -^ contains 2p + 1 constants, and in determining 

IT", F so as to satisfy the condition ( F, Uy = T^X we deter- 
mine 2p — 2 of these: there thus remain three arbitrary con- 
stants: this is as it should be, for if the required condition is 
satisfied by any particular values U, V, it will also be satisfied 

by the new values obtained by writing in the fraction p., in 

place of X, the function iv ^ ^th three arbitrary constants. 

We may by such linear transformation make either Z7 or F 
to be of the order ^ — 1, or if we please begin by assuming this 

11—2 
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to be 80. But we cannot have either tT or F of an order 
inferior to |) — 1 ; for if this were the case VV— VU would be 
of an order inferior to 2p — 2, while in fact it divides by T which 
is of the order 2p — 2. 

Considering Ybs a, given quartic function of y, the function 
X is obtained as an arbitrary linear transformation of a deter- 
minate quartic function of a;: or what is the same thing, it is a 
quartic function containing a single parameter which cannot be 
assumed at pleasure, but is a determinate function of the coeffi- 
cients of Y, different according to the different values of the 
number j?: which number is termed the order of the transform- 
ation. 

222. It is to be observed that we cannot have any other 

really distinct transformation of the differential expression -^ 

M'^dx , /— 

into the form — .—- with the same radical NX and a con- 

wX 
stant value of if : for suppose that such transformation existed; 

say by writing y = Function («) we could obtain ~l = — ■j=r- 

*s Y N Z 

where Z is the same quartic function of z that X is of 
X and jY is a constant: then -7^= — 7=- = — ;=-, that is 

V7 VX VZ 

—= = .— ; such an equation is integrable algebraically when 

M^ N are commensurable, that is proportional to integer 
numbers m, n ; and from the form of the integral we infer that 
the equation is not integrable algebraically unless M, N sjce 
commensurable : hence N, M must be commensurable or the 

last-mentioned equation must be of the form -7= = -7=r ; and 

^ VX VZ 

we have thus a known algebraical relation between the quanti- 
ties x^ z such that by means of it we can pass from one to the 

other of the transformations y =* t^ , y = Funct. («) : the two 

transformations would on this account be regarded as not 
essentially distinct the one irom the other. 
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The standard form -p====== . Art. No. 223. 

223. The theory applies in particular to the case of a diffe- 
rential expression of the form 

dy 

Vi-y-.i-xy' 

▼iz. this by a transformation of the form ^= t^> of the order 

n, can be converted into one of a like form in regard to x, that 
18 we obtain a relation 

Mdy dx 



Vl-y».l-xy Vl-a^.l-A^a?"' 

where, ib or X being given, the other of them and also the value 
of the multiplier M are each determined, not uniquely but 
by means of an equation called the modular equation, between 
k and X: more precisely, if A? or X be given, the other of them 
may be taken to be any particular root of the modular equation, 
and then the coefficients of U, F, and the multiplier My are 
determinate functions of k^ X. 

Distinction of cases according to the form of n. 

Art Nos. 224 and 225. 

224. In the case where n is a composite number = gr, the 
modular equation breaks up, and the transformation in fact 
decomposes into distinct transformations. That this may be 

the case is clear d, priori, viz. if we have z^^ bl rational 

function of x of the order q, giving rise to a relation 

M^de d^ 



Vl-^.l-f'5- Vl-a*.l-it"aj"' 
and y = y a rational function of z of the order r, giving rise 

to a relation 

M^dy dz 

vi-j^.i-xy"Vi^^.i-P^' 
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then for z substituting its value in terms of x, we liave clearly 
y = >^ a rational function of x of the order gr, giving 

■ 

M^M^dy __ dx 

but to show that the case is of necessity so would require 
further investigation, and the question is not entered upon in 
the present work. 

Assuming the property in question, it appears that the 
transformations belonging to the several prime numbers need 
alone be considered ; viz. the cases n = 2 and n an odd prime = p. 
The case n == 2 presents certain peculiarities. 

225. n = 2. There are in this case two distinct rational trans- 

qx 
formations, one of them of the form y = ~X7ir^ (^^' ^®^ V 

vanishes with x), for which the new modulus is X, s= ^ ^ , 

and the other of them of the form y = 5-^ , for which the 

^ c + dar 

new modulus is 7, = = — , : these will be considered. 

It is to be observed that for the case in question n^2, 

\ and 7 correspond respectively to the real moduli X and \ 

belonging to the case n, an odd prime, as presently mentioned : 

1 A' K' V 
viz. we have the equations 9 "a" ~ "^ ~ ^ r" P^^^^^^J corre- 

1 A/ TTf A / 

spending to the equations ""x^Tr"**"/^ afterwards men- 
tioned. But in the case of n an odd prime, X, X^ are roots of 
one and the same irreducible equation: moreover (as afterwards 

appears) y, = sn (jy, xj and y, = sn f jjjr , X, j are each given 
in terms of x, = sn u, by a rational transformation of the form 
y = -p. where y vanishes with x : whereas in the present case 
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corresponding functions 



y, = sn (1 + A?'u, X)> y, =8n(l + iju, 7) 

11 be seen) given in terms of x, = sn u, the former 
itional, the latter by a rational transformation, y in 
3m vanishing with x, 

d of at once proceeding to the case of n an odd prime, 
1 the first instance, n any odd number whatever. 

odd number: further development of the theory. 
Art. Nos. 226 to 231. 

We have here the formula 

_ a;(l,g^*<'>-^ 
y " (1, a?")*<"-« '. 

amerator is an odd function of the order n, and the 
tor an even function of the order n — 1. We may 
omewhat further in the determination of the form : 

.. purpose take P, Q even functions of x, such that 

P + QxiBot the degree i (w — 1) : for instance 

n = 3, F+Qx = a + fix, ord.P = 0, ord.Q==0, 

n=5, F+Qx^^a-^fix + ya?, ord.P=2, ord.O = 0, 

n = 7, P+0« = a + i8a? + 7a* + &B*, ord.P = 2, ord.0 = 2, 

n«9, F+Qx = a+l3x + ya? + Sa? + €x\ ord.P=4, ord.Q = 2, 

and so in general ; viz. n =s 4p — 1, the orders of P and Q are 
each = 2p — 2, but n = 4p + 1, order of P is =2p and that of 
Cis=2p-2. 

227. This being so, assuming 

1+y {P+Qxyi + x' 

we see that 

_ x(P'+2PQ+Q'a^ 
y* P-+2Pg^+(ya» ' 

is a function of the above-mentioned form ; and not only so, but 
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forming the equations 

l+y=(P+^)» (!+«), (-r) 
wnere 

denom. = P* + 2PQa? + (fa?, 

we see that 1 —y and 1 +y have each of them the required 
property of haying in the numerators a square fsuctoT of the 
proper order. 

228. It is next to be observed that the functions P, Q may 
be so determined that the expression for y remains unaltered 

when we simultaneously change x into 7- , and y into — . 

To see how this is, write for shortness 

«J^a. a?) 
^~ D{1, a?) ' 

N, D being as above functions each of the order ^ (n — 1) 
in a?. We have 



^0']^)=© ^(^«^'i)' 



and considering the coefficients, say of ^(1, a?), as given, 
we can at once determine those of D {1, x*) in such maimer 
that, n being a constant, we have identically 

In fact the coefficients of D will be those of i^ taken in the 
reverse order and multiplied each by the proper power of JGr. 
This being so, we have 

and this identical equation, writing r- for x, becomes 
whence identically 



VII.] TRANSFOBHATION. GENERAL OUTLINE. 169 

Suppose that writing t- for as, y is changed into y, then 



- kx 






or multiplying by y and reducing by means of the result just 
obtained, we have 

fi* 1 _ 1 

viz. writing -Tjr = r we haTey=r- ; and thus we may simul- 

KT A. Ay 

taneously change x, y into r~ > r- > the theorem in question. 

229. Or, in a somewhat different form, the theorem is 
at once seen to hold good provided we have 

^ ~ (l - if <^a^ (l - W<^).. . ' 
for then, making the change in question it becomes 

which is in fact the original equation provided only 

X = jri*(a6...)'.* 
We thus in effect determine X as a function of k (viz. these 
are connected by an equation called the modular equation), and 
then the coefficients of P, Q are determined in terms of k, \. 

230. The required condition being satisfied, we may in the 
formuldB which give 1 — y, 1 +y make the same change; and it 
is easy to see that the resulting formulae will be of the form 

l-Xy = (P'-e'aj)»(l-fcp), (-) 

l+\y^{F + Qfxy{l + kxl W . 

k* 1 

* CompAring with the former equation X « |^ t we haye ^ s if (a6. . . )'. 
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the denominator being of course the same as before: henoe the 
required condition as to the square fiEu^tor is also satisfied by 
each of the functions 1 - Xy, l+\y; and the integral relation 
between y, x leads thus to the required differential equation 

Mdy ^ dx 

231. Supposing that n is not a prime number it will be the 
product of two or more odd primes, and the transformation will 
break up into distinct transformations each of which may be 
separately considered. We therefore now assume n an odd 
prime: the modular equation is in this case an irreducible 
equation of the order n + 1| so that k being given we have 
n + 1 different values of X; and corresponding to each of them 
we have a distinct formula of transformation. This modular 
equation is conveniently expressed as an equation between the 

two quantities u = v A, and v = v X, viz. it is an equation of the 
form {u, t;)=0 where {u, v) is a rational function of the degree n+1 
as regards each of the quantities {u, v) separately. It is to be 
added that k^ being as usual positive and less than 1, there are 
two and only two real values of X' (which values are also posi- 
tive and less than 1) : and corresponding to them there are two 
real transformations: but this is a property which may in the 
first instance be disregarded. 

Application to the Elliptic Functions. Art. No. 232. 

232. We have in what precedes a purely algebraical theory 
of transformation: in particular^ in the case where the order 
n is an odd number, if in the formulae we write yssin;^ 

a; = sin A, the differential equation becomes . ,^^ : = . !/ ,v ; 

and further assuming sin ;^ = sn (v, X), sin ^ = sn (ti, A;), then 
it becomes Mdv = du, giving (since u and v vanish together) 

v = -p; whence a? = sn(w, A), y = sn(^, Xj: and the theory 
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is an algebraic theory of traDsformation, serving to express 
sn (-JJ7, \j in terms of sn {u, h). 

The theory may be completed algebraically without much 
difficulty in the cases n = 3, 5, 7; but there is great difficulty in 
doing this generally for larger values of n: and it is in fact 
completed by Jacobi, not algebraically but transcendentally, 
by expressing X and the coefficients of the transformation by 



means of the sn, en and dn of (w and m' integers), 

or say by means of the functions dependent on the n-division of 
the complete functions K^ K\ 



n an odd-^mme, the ulterior theory*. Art. Nos. 233 to 235. 

233. In particular when n is an odd-prime, there are as 
already mentioned two real transformations ; sl first transforma- 
tion from A; to a smaller modulus X, involving the functions of 

— ; and a second transformation from A; to a larger modulus X. 

iK' 
involving the functions of . And in these two cases (taking 

K, A, Aj, K\ A', A/ for the complete functions to the moduli 

jfc, X, Xj, k\ \\ \' respectively) the modular equation is replaced 

A' JT' K' A ' 
by the equations 'r = ^'^> 'W^^lt respectively: viz. these 

transcendental equations contain the relations between the 
original modulus k and the new moduli X and X^ respectively. 



* Observe that X, heretofore used to denote any one whatever of the n + 1 
roots of the modular equation, is in what immediately follows used to denote a 
particular root, and X| another particular root, the roots belonging to the first 
and second real transformations respectively. In Nos. 237 et ieq, X is again 
used at the beginning to denote any root, and (X) a determinate root correspond- 
ing thereto, these are taken to be first the particular roots (X, X,), and secondly 
the particular roots (X^, X). It would, abstractedly, be advantageous to reserve 
X as the qrmbol of any root whatever, using X^, X, for the particular roots : but 
this would have oeeasioiied a very frequent alteration of Jacobins notation. 
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234. The equations just referred to are obtained firom the 
following : 

A — — — A' — 
A — — A ' — ^' 

which present themselves in the theory. As regards these 
equations it may be observed here as follows : 

235. The first transformation is a relation between 

ssi(^,\], Bn{u,k), and it leads to the equation A = -^. 

Effecting on the transformation-equation Jacobi*s imaginary 
substitution, we obtain from it a complementary first transform- 
ation, giving sn [-^y X'j in terms of sn (u, A;'), and this leads 

to the equation A' = -^ . 

Similarly the second transformation is a relation between 
sn[^, Xj, sn (u, A;), and it leads to the equation Aj = — . 

Effecting on the transformation-equation Jacobins imaginary 
substitution, we obtain from it a complementary second trans- 
formation, giving sn f jj^, X'J in terms of sn(t^, i'), and this 

* IT' 
leads to the equation A/ = — jj^ , or recapitulating, 

K 

first transformation gives A == —jf, 

K' 

complementary first „ A'= -77, 

second „ A^ = -jj^ , 

complementary second „ A[ = -^ , 

the chief object of the complementary transformations being in 
fact the deduction of these second and fourth equations. 
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Connexion wUh MtdtipUcation. Art. Nos. 236 to 241. 

236. The theory of transformation is connected in a very 
remarkable maimer with that of multiplication. This is the 
case as well for an even as an order number n, and indeed 
the connexion will be exhibited in the case, 72 = 2, of the 
quadric transformation, but here one of the transformations is 
irrational : and it is convenient to restrict the attention to the 
case n an odd number, where the transformations are both 
rational; or rather (this being the only case which has been 
completely developed) we may at once take n to be an odd- 
prime. 

237. This being so, starting with the transformation-equa- 
tion y = -p, of the order ti, which gives 

Mdy _ dx 

we may imagine a new variable z connected with y by a 

p 

transformation-equation ^ = tj o{ the same order n (P, Q 

rational and integral functions of y) giving 

Ndz dy 

vi-«'.i-(x)v"vr^i-xy' 

where (X) is not of necessity the same function of X that X is of 
k, but a like function ; viz. X, k are connected by the modular 
equation, and changing herein k into X and X into (X) we have 
the relation between X, (X). And we have then z a fractional 
function of x such that 

MNdz ^ dx 

Vl-^.1-(X)V Vl-x'.l-ifc'aj** 

238. It is a property of the modular equation that we may 

bave (X) = A, and further that when this is so ifJV"= - : the last- 

mentioned equation then is 

dz ndx 

Vl-^M-ifc'^'Vl-aj'.l-A'a^' 
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viz. X being as before taken = sn (w, k), we have « = an (iiu, h) ; 
and the relation between Zy x then gives sn {nu, A;) 83 a function 
of sn (w, i), viz. the expression is a fraction, the numerator being 
an odd function of the order n* and the denominator an even 
function of the order n* — 1 ; this is in fact the expression of 
sn(nw, k) in terms of sn(u, k) given by the multiplication- 
equation. Observe that for obtaining in this manner the trans- 
formation 0? to JB (or sn {u^ k) to sn (nu, Tc)), the transformation 
a; to y may be any one at pleasure of the different trans- 
formations, but that regarding it as given we must combine 
with it a determinate transformation y to ^, the resulting 
transformation x \x> z being of course independent of the 
selected xioy transformation : there are thus as many ways of 
obtaining the final x to z transformation as there are trans- 
formations X to y. In the case n an odd-prime, this may be 
considered more in detail. 

239. Selecting the root X of the modular equation we have 

a real transformation (Jacobi's^r^^ transformation) y = «- giving 

(if real) 

Mdy dx 



Vl-y*. 1-Xy Vl-aj». 1-A^a^' 
and selecting the root \ of the modular equation we have a real 

transformation (Jacobi*8 second transformation) y = W giving 

{M^ real) ' 

M^dy dx 

Now X is in fact the same function of k that k is of X^: this 
at once appears from the before-mentioned relations 

a;_ -^ ^'_ a; 

Hence taking z such a function of y, X as —^ is of a:, ifc, the 

differential relation between z^ y is 

Ndz dy 

Vl-^V l-A^^^'Vl-y'.i-xy 
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and consequently, MN being s - , we have 

dz ndx 



240. Or again, taking z such a function of ^, X^ as y is of 

Xf kf the differential equation between z, y is 

N^dz dy^ 

and consequently, i/i-ATj being = -, we have in this case also 

dz ndx 



Vl-«M-A^«" Vl-a».l-A:V' 

so that in each case, x being = sn (i£, k), we obtain the same 
value i5 » sn (nu, A;) : viz. in the first case we pass by a first and 
then a seccnd transformation from k through X to A; ; and in the 
second case by a second and then a first transformation from k 
through \ to k. 

241. As r^ards the equations MN = - , MJf^ = - , these 

follow from the before-mentioned equations 

K^ .. K 
nA 



Jlf=^, JI/, = ^, 



1 

viz. N being what M^ becomes on changing therein i, X^ into 
X, ky and N^ what M becomes on changing k^ X into X^, k^ we 
derive from these 

and thence the equations in question. 

.A' K' 
Jacobi in connexion with the equations "t = ^ -^ and 

A ' 1 /T' 

-T-^ = - -^ remarks, Fundamenta Nova. p. 59, that if n be a 
Aj n Ji » r » 

composite number ^fin\ then, in the transformation of the 

order n, there is corresponding to each real root of the modular 
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A' n K' 
equation a relation of the form "T ~ ~ "^^ ^"^^^^^ ^ particular 

A' K* 

if n be a square number^ the equation is -r^ -^ $ viz. we then 

have \^k, showing that in the case where n is a square number 
there is among the transformations of the order n one which 

gives the multiplication by Vn. 

He further remarks, p. 75, that X being any root whcUever of 
the modular equation there exist equations of the form 

oA + tpA =- 



aA' + t)8'A = 



a' IT + ib'K 
nM 



where a, a , a, ol are odd numbers, &, 6', )9, p even numbers, 
such that ad + hV = 1, aa + )9^ = 1 : and (same page in a foot- 
note) as follows: "Accuratior numerorum a, a', &, &',&c. determi- 
natio pro singulis ejusdem ordinis transformationibus gravibua 
laborare difficultatibus videtur. Immo hsec determinatio, nisi 
egregie fallimur, maxime k limitibus pendet, inter quos modulus 
h versatur, ita ut pro limitibus diversis plane alia evadat. Id 
quod quam intricatam reddat qusestionem, expertus cognoscet. 
Ante omnia autem accuratius in naturam modulorum imagina- 
riorum inquirendum esse videtur, quae adhuc tota jacet qusestio." 
That some such equations exist may be inferred without difficulty 
from the general formulae of transformation, but the strict proof, 
and certainly thQ determination in question, would depend upon 
investigations out of the field of the Fundamenta Nova. The 
property is used by Jacobi to show that the proof which he 

gives of the equation M^ = - tt^ jtt , where X denotes in the 

first instance the real root, applies to the case of any root what- 
ever. 
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CHAPTER VIII. 

THE QUADRIC TRANSFOBMATION, n = 2; AND THE ODD-PRIME 

TRANSFOBMATIONS n = 3, 5, 7. PROPERTIES OF THE 

MODULAR EQUATION AND THE MULTIPLIER. 

242. The case n = 2, although very analogous to the case 
n an odd prime, presents, as remarked in the preceding 
Chapter, some essential differences ; there are analytically dis- 
tinct transformations relating to the two new moduli \ and 7 
respectively, viz. these are not roots of one and the same 
irreducible modular equation : and it is an irrational trans- 
formation which in some sort corresponds to one of the real 
transformations in the other case. There is an d priori 
necessity for this: viz. as sn2u is not a rational function of 
snu, we cannot have here two rational transformations leading 
to the duplication: the duplication must arise from the com- 
bination of a rational and an irrational transformation. It 
should be noticed that the case may be studied quite inde- 
pendently of, and in fact previous to, the general theory ex- 
plained in the preceding Chapter. 

The Quadric Transformation. Art. Nos. 243 to 258. 

243. It has been shown geometrically that, considering 

1 — k' 
a new modulus \ connected with k by the equation X = ^ , 

and establishing between ^, the relation \ sind = sin (20 — 0)y 
or, what is 'the same thing, 

. . J(l + ib')sin20 
sm V = * \ ' — -— ^ , 

Vl - *■ sin'c^ 
c. 12 
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we have between <f>, the differential equation 

{l + k')d<f> ^ d0 
A{k,<f>) ~A{\d)' 

Writing herein 8in^ = ar, 8in5 = y, the relation between y, x is 

this is in fact the first form of quadrie transformation, and 
(as is about to be shown) it is connected with a second 

Modular relations. 

244. From the original modulus k we derive two moduli 
7, X; these form a decreasing series 7, k, \ the relations 
between them being 

2^/k - 2 V\ 

I. _i-7 >_LzA' 

1+7" *" "! + *'' 

and the corresponding complete functions T, V, K, K', A, A', 
are connected by the equations 

(l^X)A=K=j-f^r, 

i(l+X)A' = K' = ^r, 

whence also i t- = tf = 2 ^r . 

A K 1 

First and Second Transformations. 

245. We pass by a quadrie transformation from the 

differential expression , to ^ or 
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dy 



, viz. in the former case the transformation is 



Vi-j^.i-tV 

from {x, k) to (y, X), in the latter case from (x, k) to (y, 7). 
The first form is 

^ Vl-Fa;* 

Here, taking throughout, denom. = 1 - A*«», we have 



1- ^ = {l_(H-i')x'}« 

i-xy={i-(i -&■)«»}' 

Vl-y».l-\y = l-2«» + Fa!« 






(-), 



and therefore 



(14-X)rfy 



2<?aj 



As d; passes from to . , y passes from to 1, and as 

a; continues to increase to 1, y diminishes from 1 to ; we thus 
obtain the relation 2.(1 + X)A = 2K, that is (1+X)A = K, 
which is one of the above-mentioned integral relations. 

246. The second form is 



_ (l4-fc)a ? 



Taking here. 



denom. = 1 + koi?^ we have 
1« y = (l-ar)(l-ib?) 

1+ y = (l+a?)(H-A;a:) 

consequently 

and rfy = (1 + ifc) (1 - Ara;^ cfcc (4-), 

12—2 



(-), 
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in which two fonnulae 

denom. = (1 + ka^\ 
and we have therefore 

rfy ^ (l-ft)cfe 

m 

Here x and y increase simultaneously from to 1 : hence 
taking the integrals between these limits we have another of 
the above-mentioned integral relations, F = (1 + A?) K. 

Complementan/ Transformations. 

247. If in the first form we effect Jacobi's imaginary trans- 
formation, that is write x = , and y = -y , then 

dy ^ JdY 
- d^ idX ^ 

and the differential relation is therefore changed into 

(14-X)rfr 2dX 

the integral equation is changed into 

Y ^ (i-fy)x 



viz. this is F= ^ . f./^« - » 



which integral form gives therefore the last-mentioned differ- 
rential relation : observe that this integral form is what the 
second form becomes on writing therein X, Y for a?, y, and for 
k the complementary modulus k\ 

Moreover since X, F increase simultaneously from to 1, 
the differential equation leads to (1 + X) A' = 2K', which is 
another of the above-mentioned integral relations. 
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248. Similarly, if in the second form we effect Jacobi's 
imaginary transformation, then the differential equation is 
changed into 

dY ^ OL+k)dX 

vi-r^.i-y-y Vi-x'.i-a?''jc*' 

the integral relation between x, y is changed into 

Y ^ (l4-fc)XVn^Z^ 
Vnry* 1-(1 + A;)Z' ' 

leading to j.^(l±^£V^^ 

which integral form gives rise therefore to the last-mentioned 
differential relation: observe that this integral form is what 
the first form becomes on writing therein X, F for a?, y, and 
for k the complementary modulus k'. Moreover as X passes 

from to -7-== , Y passes from to 1, and as X, continuing 
vl +A; 

to increase, passes to 1, F passes from 1 to 0: the differential 

equation gives therefore 2F = (1 4- &) K', which completes the 

set of integral relations. 

The Duplication Theory. 

249. We may in two different ways combine the two 
transformations, and. thus in two different ways obtain a 
"DupUcation by two quadric transformations." 

First duplication (through \). Writing 



i+xy' ' ^ vr^^ ' 

we have by what precedes 

djf 2 dx 1 dz ■ 

and therefore 

dz _ 3dx 
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where, firom the assumed integral equations, 

2x ^-r^ . Vl-ifcV 



» = 



1-l^a^ 



250. Second duplication (through 7). Writing 

,_ a+vOyvn^ .. _ (r-i- k) X 

we hare by what precedes 

{\-Vh)dz ^ 2dy 

Vl-«M-j^? VI -y». 1-7^2^' 

dy _ (l+k)dx 

Vl-y'.l-Vy* ~ Vl-a^.l-iyS* ' 

and therefore 

(22^ 2<fa; 



and the two integral equations ^to, as in the first duplication, 



_ 2Wl-^v'l -^ 

*" T- iV 

251. In the first duplication, assuming « » sn («, k), 
y = sn (», X), 2 = sn (w, A;), and observing that u, v, w vanish 
together, we obtain v = (1 + A;') u, w = 2u, and the formulae are 

a; =: sn (u, k), 

v-sn(\Tk'u X\ - (I + ^-O 8P («> ^) en (u. k) 
y-sn(l + A«,\), dn (u, k) 



^ ^ l + \sn'(l+ife «.>. 



viil] 
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and similarly in the second daplication the formulsd are 
a?s=8n(w, A?), 

,=— — r V (1 + A?) sn (u, h) 
^ ^ "1 +A;sn'(w, k) 



z^m{2u,k) ^ aH-y08n(l4- favy)cD(l + Aru,y)^ 

dn(l4-Ara, 7) 

2Vxirw/brt?ui^ian^ 0/ the Elliptic Functions sn, en, dn. 

252. Take the first and second y-formulae as they stand. 
In the first is-formula change hy \ into X', k\ and for u write 
J (1 + A:') u. In the second ;?-formula change k, y into 7', k\ 
and for u write i (1 + *) ^> observing that J (1 +7') (1 + i) = 1. 
We thus obtain the formulsB : 

sn (T?P«. X) = (^•^^')^°'>;^"°^"'^) (from first y-formula). 
sn (1 + A? u, 7) = ^= — , «/ 7,\ (from second y-formula), 

A "7" /c sn ( l^> fCj 

Ml^u.X')^ ^llP,^l::^^ (from first .-formula), 

(rnfcu,y)= (^^^)y],;°^"'^'^ (fro- second ..formula), 

and we may complete the system by adding the values of the 
functions en, dn. 

253. We have thus the formulsB : 



sn 



ens 



ens 



(1+fc'u.X) 



(l + *i*,7) 



(l + fc'tt,X') 



(l + *ti,y) 



{l-^Jtf)Biiucnu 


l-(l + ikOBn«« 


l-(l-ikOBn«H 


{l + k)tmu 


enwdnfi 


l-kSD^U 


(l + *0«ii« 


on^ u dn^ u 


. l-Jfe'sn^'i* 


(l+ii;)snitteDx« 


l-(l + *)8ni«« 


l-(l-jk)gni«u 



-hdnii 



•f-(l + *«n*H) 



-rCl+ik'BniH*) 



-^dn^fi 
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where in the first and second lines snti, &c. denote (as usual) 
sn(u^ k\ &c.: and in the third and fourth lines sn^u, &c. de- 
note sn(u, k'), &c. 

Third and Fourth Tra/nsformations. 

254. In what precedes we have a complete theory, or say 
" the standard theory/' of the quadric transformation, but we 
may add a third and fourth form. 

The third form is : 

_ l4-X-2a-' 

^"1+X-2X^* 
Here, denom. = 1 + X — 2\a?, we have 

1-y =2(1-X)a;» (^), 

1+y =2(l+X)(l-a?) (-), 

l-Xy = X'« (-), 

and thence, denom. = (1 + X — 2X0:*)', we have 



Vl-y".l-xy= 2V* (1 + X) « V 1 - a;" . 1 — A»iB», 

dy = — 4!\'^xdx, 

and consequently 

(l + \)dy 2dx 

Vl-y>.l-xy ^l^af.l-fd'a^' 

255. To connect with the stiuadard form, observe that 

2 

writing a; = sn {u, k)^ y = sn (v, X), we have dv = — , du, 

1 -f" X 

= — (1 + i') dw, that is, t;= G— (1 + &') u, or (since for a? = we 
have y = l, that is for u = we have t; = A) the value is 
t; = A — (1 + A?') M> and the integral equation is 

/A -, . If ^\ 1+X — 2 sn*(t*, A;) 

or, what is the same thing, 

_ 1 - (1 + A;') Bn'(u. k) 
1 - (1 - jfc') sn'K *) ' 
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but the left-hand side is = en (1 + k'u, X) -r dn (1 + A/ tf> X), and 
substituting herein the values of the two terms from the table 
No. 253 the formula is verified. 

256. The F(mrth form is 

Here 1- y«- (l-ajVJfc)* (-), 

1+ y= {\ + x^y (+), 

i-7y— 7(l-a^)(l-^) (-)> 

l + 7y= .7(l+a:)(l + fcc) H, 
where denom. = 2 Vfcp, 

and hence 

Vl-j^.l-7^y* = - 7 (1 - Jb;^ Vl - a^. 1 - A;«ai" (-i-), 

cfy =-2\/ifc(l-A;a?)dfl? (-^), 

where denom. = 4ifcaj*. 

Consequently 

^ (1 + i) etc 

VI -3^. 1 -yp" Vl - a^. 1 - A;*a? ' 

257. To connect with the standard form, putting a; » sn {u, k), 

y as sn (r, 7), we find v = C + {l+k)u, and then, since aj= 1 gives 

1 + A 1 
y= ,- , =-, we have r + »T'= (7+ (1 +A:) K, or since 

JU ^ tC § 

(l+Jfe)K = r, this gives O^iT^, and therefore v = in + 1 + A?t* 
and y = sn (iF + 1 + A; u, 7) : wherefore the equation is 

l4-A?sn"(ti, jfc) 



The left-hand side is 

1 _ l + A?sn*(u,A) 

76n (ITifctt, 7) ' " 7(1 + *) 8n(u, A?) ' 
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or, what is the same thing, = jt^^ , J , which is right. 

2 yk sn (u, k) 

258. Making in the third form Jacobi's imaginary trans- 

. ,. iX iY .,, iY 1+A:'X* 

formation x= -j-=-. — -, v= -; , it becomes , ,-. = = — p-vi » 

1 + k'X* 
giving F= — — — , viz. this is the/our^ form, writing therein 

2S y rC JL 
Xj Y for X, y, and for k the complementary modulus k\ 

And similarly making in the fourth form Jacobi's imaginary 

— F 1 — r+jb-y 

transformation, it becomes - j-— — ==g— _— -^.^=, giving 

1 + X' — 2-^ * 
^~i — \'^ — 9\'Y* f ^- *^^® ^ what the ^Aird form becomes 

on substituting therein X, Y for x, y, and for X the comple- 
mentary modulus X'. 

259. The cases w = 3, 5, 7 are worked out in accordance 
with the general algebraical theory explained in the preceding 
Chapter. In the case n = 3, it is to be observed, that the 
process introduces a single indeterminate quantity a, in terms 
of which the moduli k, X are expressed ; the resulting form, 
containing only this parameter, is an interesting and valuable 
one, but it is nevertheless proper to obtain the modular equa- 
tion, and express the formula in terms of the two quantities 
u, V connected by this modular equation. I have in regard to 
this same case ns=3 gone into some details to connect the 
formulae with the transcendental ones depending on the trisec- 
tion of the complete functions, as obtained from the general 
theory for the case of an odd-prime. 

The Cubic Transformation. Art. Nos. 260 to 262. 

260. We write 

1 — y _ /I — axV 1—x 
i+y" U + flur/ 1+a?' 

. . a?{2a + l + aVl 
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and then the conditions in order to the change x, y into 

1 1 

T— • — . are 
kx' \y* 

A;*(2a + l) = na(a + 2), 

It is moreover clear that -i^: = 2a + 1. 

M 

261. We have at once everything expressed in terms of a, 
viz. we have first Sl^cfy and thence 





■•- 2«+l • \.2a + i; ' 




and flien 








l-y=(l-our)»(l-a:). 


(-), 




H-y=(l + aa;)*(l+»), 


(-). 




l-\y = {\-\<i^ {l-Ux), 


(-), 




1+Xy=ri + *«;)' (1 + fcc), 


(-). 


where 


denom. = 1 + a (a + 2) a". 




and thence 







dy __ (2g + l)<fe 

Vl-.y*.l-Xy""Vr^.l-A;»aj"' 

the factor 2a + 1 being obtained directly fix)m the consideration 
that, X and y being small, y = (2a + 1) x. The modular equa- 
tion is here replaced by the two equations 

*^~ 2a + l ' ^ \2a + lJ ' 
which in fact determine X. in terms of k. We obtain 

(i-cO(i+«0! ^>, ^ (1 + g) (1 - «)' 

2a+l ' (20 + 1)' ' 
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[vm. 



and thence 






hence VfcX + VAV= 1, which is a form of the modular equation. 



or 



We have — = a*, that is writing i/k = u, i/\ = v, we have 

A» 

a = — . Moreover VAX= ^ . ^ , that is uV= ^ . ■. » 
t; 2a +1 2a + 1 

(substituting herein for a its value), 

or w (tt* + 2t;) = t;^ (2tt* + v), 

that is u*- v* + 2ut; (1 - w't/^ = 0, 

which is the modular equation, expressed as an equation be- 
tween u = ^k, and v = i/\, 

262. Introducing into the equations u, t; in place of a we 
have 

y = {(t; + 2tt') var + wV} 
lH-y = (t; + t/'a?)*(l+a?) 
1 — y = (v — u^xy (1 — a;) 

1 + t/*y = i;* (1+ WVa;)" (1 -f. w*a?) 

1 — t;*y = v" (1 — wva?)' (1 — u*x) 

where the denominator is in the first instance obtained in the 
form 1^ + u^ {u^ + 2t;) a' ; or, altering this by means of the 
modular equation, we have 



denom. = v" {1 + tm' (v 4- 2^*) a^} ; 



and then 



vdy 



_ (t; 4- ivT) dx 



Vi-y*.i-vy Vi-juM-uV" 
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The Quintic Thinsfbrmation, Art. Nos. 263 to 267. 

263. We write 

1+y (l+a)(l + aa? + /8«*)"' 

_ a?{(2a + l) + (2gi8 + 2i84-<0a^4-^a?*} 
giving y- l + (2/9 + 2a + cO^+08« + 2a/8)a* ' 

And then the conditions in order to the change x into 
^,yintol,are 

ifc'(2(^ + 2i8 + a') = ft(2a + 2)9 + a^, 

Jk*(2a + 1) = ft OS* + 2ai8), 

i* 1 

where ft* = - . It is moreover clear that -r>= 2a + 1. 

A, M 

264. Assuming A; = u*, X = v\ we have ft* = -^ , and thence 

/9=VJi = — • Substituting these values the last equation be- 
comes (2a + 1) uv^ = w* + 2av, that is 

2w(l-ttO=tt(t;*-u*), or2a= ^/y''*2 - 

The second equation becomes 
(r*-ti*) (2)9 + 0*) = tt* (1 -u*t;) 2a, 

^w" (t?*--u^)(l-u*t;) 

t? 1 — ttV* ' 

that is 2^ + a' = !g(^ + "')(^-"'^). 

whence ''-^f Y!iV"''^-^. 

^t£ (t;* - u*) (1 + u%) 

~ V 1 — ttl?' 
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And dividing this value by the value first obtained for 2a, 
we have 

t/' + w* ' "t>(l-i«t;»)' 
• whence -(t;*4-ti^(r*-tt*) + 4ttt;(l-i«t^(l +tt'») = 0, 
or, what is the same things 

u*-t/' + 5ttV(ii*-O+4ut;(l-i«V) = 0, 
the modular equation. 

265. We then have 
2«+l= "-"' 



r(l-a»»)' 

and hence 

or if we please 

l-y^lj-£ / ^ 2(l-ut;') ^"^ v^ \ 

leading to 

v (1 - wt?") dy (t? - u^) dx 



Vl -y», 1 -t;'^" Vl -a;*. 1 - wV* 

266. If from the original equations we eliminate h^ O, we 
obtain 

(a«+2a/8 + 2)9)»(2a + )9)-(a« + 22+2)9)»(2a + l)/9 = 0, 

viz. this is 

2a»(l-^/8){a»-2/3(l + a + /3)} = 0. 
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But a = gives simply y = x; 1-/8 = corresponds to 

k = \^l, and does not give a transformation; rejecting these 

fjBM^tors, we have 

a*-2/8(l + a + )8) = 0, 

viz. if 0, /3 are connected by this equation, and 

1-y ^ Ij:: ? / I - cue + I3 x\^ 
l+y''l+a?Vl + OLX+fis?) ' 

then there exist values oi M,k,\ such that 

Mdy _ dx 

Vl-2/«.l-xV""Vl-a'.l-A:*ic'' 

VIZ. we have -^=2a + l, Ar^ ^aVo . o^^ X^ ' ^^' '''^'^^* ^ ^^® 

same thing, A: = — a t-i — ^^^ S« • ^^ ^ course only 

another form of the theorem. 

267. It is worth while to consider the case /3 = 1 : as 
already mentioned this gives &* = X' = 1 : we have 

1 — y _ 1 — a; /I — aa? + a:^* 
l+y^l + icVl+oaj + W ' 

_ a;(2g + l + (3^ + 2a + 2)a;^ + a;*} 
giving y-l + (a» + 2a + 2)ai'+(2a+l)a?*' 

and calling the denominator D, we have thence 

l-y"= ^ (l-o;^ {1 + (2 -O ^+a^T. 

Moreover dy^j^ (1, a?)*dx, but the numerator (1, of)* con- 
tains, not the square, but only the first power of 1+ (2— a*)ai*+aj*; 
we in fact find 

d!y = ;^{2a+l + (-a'-4«+2)af+(2a+l)a;*}(l + (2-aV+«'i^, 

and consequently 

dy _ 2g + l + (~a'-42 + 2)a^+(2a + l)a;* dx 
l-y«"" l + (2-o')a' + x* -1-0^' 
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m 

viz. the factor which multiplies ^j — -^ is not a mere constant ; 
and we have thus no quintic transformation. 



The Septic Transformation. Art. Nos. 268 and 260. 

268. We write 

l+y"" 1+a; \l + aa? + /9a:' + 7W ' 
and thence the conditions in order to the change x, y into 

kx* \y 

y = «, 
A* 09* + 2/97 + 207) =n (2/9 + 27 + a*), 

** (2/9 + 2ai8 + 27 + a*) =n 08*+ 2a/8 + 27 + 207), 

A^(l + 2a)=n(7* + 2/97), 

where fl* = — . Writing as before k -u\ X = v\ we have 
n = — J-, and thence 7, = Vil , = — . Moreover, by taking x and 

V V 

y each indefinitely small we obtain at once 1 + 2a = -jr^ , and 

substituting these results in the last of the four equations we 

find 2/9 = ttVf-T^ — 4): and the second and third equations 

become 

t;»08» + 2^7 + 2a7) = M«(2^ + 27 + a*), 

MV(2^ + 2a/9 + 27 + a') = /8" + 2ai8 + 27 + 2a7, 

in which equations a, /9, 7 are to be considered as given 
functions of m, v, -If : the equations therefore determine the 
relation between u and v (the modular equation); and they 
also determine the multiplier if as a function of u, v. 

269. The final results are simple: but it is by no means 
easy to deduce them from the equations, or even to verify 
them, when known : we have 

(l-u•)(l-t;^ = (l-t^r)^ 
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or, as this may also be written, 

for the modular equation: and then M is given in either of the 
two forms 

Jl^ 7tt (1 — uv) (1 — UV + tt't;*) j^_ v{l—uv){l''uv + u%*) 



U — V 



V — tt 



values which are identical in virtue of the last-mentioned form 
of the modular equation. And then as above 

which are the values of the coefficients a, fi, 7. 

Forms of the Modular EquxUion in the Cvhic and Qwintic 
Transformations. Art. Nos. 270 to 273. 

270. In the cubic transformation, the modular equation is 
originally given as an equation of the fourth order between 
(u, v) : but we thence easily derive equations of the same order, 
4, between {u\ t;*) (u*, v*), and (u\ if) : the forms are 



u« 



u^ 











+ 1 




+ 2 
























-2 




-1 











=0. 



IL 



C. 






u' 



u< 



U' 



U" 









+ 1 




-4 












+ 6 




' 








-4 




+1 











=0. 
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m. 1 ti* «• »" tt" 



1 










+1 


w« 




-16 




+ 12 




r» 






+ 6 






»" 




+ 12 




-16 




ri» 


+ 1 











=0, 



IV. 





1 


«• 


«>• 


u«« 


ii» 


1 










+ 1 


r» 




-266 


+ 884 


-182 




r" 




+ 884 


-762 


+ 884 




r>* 




-182 


+ 884 


-266 




r» 


+ 1 











=0. 



271. Here I. is the original form u* — t^ + ^uv (1 — w't^ = 0. 

II. may be written (1 — t^ (1 - t^ = (1 — ti^i^)\ Jacobi ob- 
tains this. Fund. Nova, p. 68, as follows: we have 

{l^u*) (1 +r*) = 1 - i*V + 2ttr (1 -i»*«0 

= (l-t»V)(H-H'* = (l-w)(H-i«r)', 

(l+w*)(l-t;*) = l-nV-2i*v(l-u»0 

= (1 -tt»iO (1 - w)*, = (1 +tir) (1 - w)', 

whence the form. Writing 

the equation is A:'^" = (1 - VA:X)*, 

or, what is the same thing, 

V&X + ^/k\' = 1, 
the irrational form obtained ante, No. 261. 

III. may be written (u^-v^-iewV (l-w") (1-0 = 0: 
which form can be at once derived from IL under the form 

(1 - w®) (1 — t;") = (1 - u't;*)*, by writing therein 

1 -.uV = - (u*- V*) -r 2uv. 
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IV. may be written 
or say 

Fund. Nova^ p. 67^ viz. this is the modular equation expressed 
rationally in tenns of A*, 1^. Writing, with Jacobi, j = 1 — 2k\ 
Zs= 1 — 2X*, it becomes 

272. In the quintic transformation the modular equation 
is originally given as an equation of the order 6 between u, v : 
this may be expressed as an equation of the same order 6 
between (i^', v^, (t^, v*), {yp, tf), viz. the four forms are 





1 


u 


tt« 


tt» 


u* 


u» 


ii« 


1 














+ 1 


V 




+ 4 












r« 










+ 6 






r» 
















r* 






-6 










r* 












-4 




V* 


-1 















=0. 



n. 





1 


tt» 


u« 


u« 


1i8 


,^10 


u" 


1 














+ 1 


t7» 




-16 








+ 10 




r* 










+ 16 






r« 








-20 








r« 






+ 16 










t;10 




+ 10 








-16 




»" 

1 


+ 1 















=0, 
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lU 















+ 1 




-256 




+320 




- 70 








-640 




+ 655 








+ 820 




-660 




+320 








+ 655 




-640 








- 70 




+820 




-256 




+1 















=0. 



IV. 





1 


tt« 


ui« 


«>* 


tt» 


^40 


tt« 


1 












+ 1 


r« 


- 65536 


f 163840 


-138240 


+ 43520 


- 8590 




ri« 




+ 163840 


-133120 [-207360 


+ 133135 


+ 43520 




r«* 




-138240 


-207360 


+ 691180 


-207360 


-138240 




r" 




+ 43520 


+ 133135 


- 207360 


-183120 


+ 163840 




v^ 




- 3590 


+ 43520 


-138240 


+ 163840 


- 65536 




t7«^ 


+ 1 




• 











=0. 



273. Here I. is the original form 

«•-!;•+ 5ttV (m» - V*) + ^iiv (1 - i*V) = 0. 

II. may be written (?/» - vy - IGuV (1 - t6^ (1 - 1/*) = 0. 
This Jacobi obtains. Fund. Kova, p. 69, directly as follows: 
writing the modular equation in the form 

(a* - O (7/^ -h eiuV + V*) = - intv (1 - mV), 
from this we deduce 

(i^«- r') {u + v)\ = {u - v) (tt + v)*, = - 4w (1 - tt*) (1 + v^, 
(«» - r*) (« - v)^ = (w - t?)* {u + v), = - 4ut? (1 + u') (1 - r*). 



and thence the form in question. 
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The form IV. may be transformed into: 

(u«-t/»/ = 612ttVinto 



A* 



lU 



«» 



iM 



««* 



u»t 



+ 128 


-820 


+ 270 


- 86 


+ 7 


-820 


+ 260 


+ 406 


-260 


- 86 


+270 


+406 


-1860 


+ 406 


+ 270 


- 86 


-260 


+ 406 


+260 


-820 


+ 7 


- 86 


+ 270 


-820 


+ 128 



and thence into: 



(tt»-t/^« = 512uV(l-u')(l-Ointo. 



s 



tie 



uu 



I 



>it 



A* 



+ 128 


-192 


+ 78 


- 7 


-192 


-262 


+428 


+ 78 


+ 78 


+428 


-262 


-192 


- 7 


+ 78 


-192 


+ 128 



which is the modular equation expressed rationally in terms of 
tt*, t;*, = i*, X". If we herein write j = 1 - 2A:», Z = 1 -- 2X", this 
becomes: 

(j- ?)•=: 256 (1 -2») (1 - P> inta 
1 g g" g' 



I 



which is. equivalent to the form given Furkd. Nova, p. 67. The 
equation may also be written 

{q - Z)*= 256 (1 - 5*) (1 - P) (162? (^ - 20* + 9 (*5 - ql) [q - T)% 







+406 






+ 486 




- 9 


+406 




-270 






- 9 




+ 16 
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Properties of the Modular Eqitation for n an odd prime. 

Art. No8. 274 to 277. 

274. The cubic, quintic and septic transformations supply 
illustrations of certain properties of the modular equation for 
any odd prime value of n. It may be convenient to mention 
here that the equation has been further calculated for the odd 
prime values 11, 13, 17 and 19, by Sohnke, in the Memoir, 
Equationes modulares pro transformatione functionum ellipti- 
carum, Crelle, t xvi (1836)^ pp. 97 — 130 j the results are given 
in a tabular form in my Memoir on the transformation of 
elliptic functions, Phil Trans, t. 164 (1874), pp, 397—456. 

The degree in «, v respectively is = « + 1. 

275. The equation remains unaltered if for ti, v we write 
therein — u, — v respectively. 

Connected herewith we have an important property not 
explicitly noticed by Jacobi. In general an equation F{u, v) = 
of the order i; in ti and v respectively can be transformed into 
an equation of the order 2p, in w', t;* respectively: viz. the 
transformed equation is 

F{u,v) F(ru,v) F(tt,-v) J?'(-M,-v) = 0, 

where the left-hand side is a rational and integral function 
of u\ r* of the order 2i/ in these quantities respectively. But 
as regards the modular equation, since ^ (— w, — v) = F {u, r), and 
therefore also F{—u,v) = F{u, — v), the transformed equation 
may be written F(u, v) i^(u, — 1?) = 0, and it is thus an equa- 
tion in tt", v' of the order i/, = w + 1, only. It has just been 
seen how in the cases n= 3 and n = 5, we obtain equations 
not only in (u\ v*), but also in (w*, v*) and in {u\ if), of the 
same order, 4, 6, in these quantities respectively: and the same 
thing might easily be shown in the case w = 7. 

276. The modular equation remains unaltered when for 

t/, V we write therein v, (— ) u ; viz. ?j = 3 or 5, (r, — w), but 

n = 7, (y, u) in place of (w, r). Taking the equation in 
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(u*, t^, (u*, V*) or (u\ ff) this merely means that the equation 
is symmetrical as regards the two variables, but as regards 
the original form as an equation between (u, v), we have, as just 
stated, n = 3 or 5 (mod. 8) a skew synametry, but n = l or 7 
(mod. 8) a complete symmetry. 

The above change u, v into [v, (— ) u] changes the mul- 

tiplier M into ^— ^ — tf — , and it thus appears that, given the 

expression of the multiplier in terms of (u, t;), we can deduce 
the modular equation: thus, n = 3, 

,, V —1 — tt 



v + 2u*' SM -tt + 2t/»' 
whence (2tt' + v) (2©" - w) - 3uv = 0, 

the modular equation. And so* also, n^5, 

whence 5uv (1 - ui?') (1 + u*v) - (v - w') (t/* + w) = 0, 

the modular equation. 

277. The modular equation remains imaltered on changing 
therein ti, v into - , - respectively. 

The modular equation also remains unaltered on changing 
therein k, \ into k\ X' respectively, that is w*, tf into 1 — u^, 
1 — t^; this appears from the equations expressed in terms of 
J = 1 — 2i* and Z = 1 — 2X*; viz. by the change in question g, I 
are changed into ^q^ —l; and the equation remains unaltered. 

Two TransfamuUions leading to Multiplication. Art. No. 278. 

278. It appears from the property stated in No. 276 that 
we can by a twice-repeated transformation obtain a multiplica- 
tion, thus, n = S, 
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gives 

^ _ v + 2u* dx 

aud writing (v, — w) for (w, v), and (-?, jf) for (y, a?), 

_ u (tf - 2t;') y + t/^y* 
^■■tt' + uV(w-20y* 

givea 

C&F tt — 2w^ ffy 






:=-3 



Vl-a^. 1-ttV' 



279. Similarly, n = 5, 



gives 



V 1 - y M - t/'/ v ( 1 - ut/*) Vl-aM-uV ' 
and 



-? = 



_ u (m 4- 1/^) y - 1/' (u* 4- tp (m + vQ y' + 1;^^ (1 + u^v) / 



tt' (1 + tt't;) - u'v (u* + 1;*) (w + v*) y' + uV (t* + t/") y* 
gives 

rfe __ w + 1;" dy 



wlience 






Vl - ^\ 1 -mV Vl-a;*. 1 -uV' 
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The MuUiplier M. Art. Nos. 280 to 284. 

280. The aboye-mentioned values of M. -=> lead to con- 

M 

venient expressions of nif *; thus 

u (2«' + v) 

It will be shown that we have in general 

or, what is the same thing, if ^ = be the modular equation, 
then 

a formula which is here to be verified in the three cases n = 3, 
n = 5 and n = 7. 

281. In the case n = 3, we have 

■y_ t; _ 2ti' — tt 
■'t; + 2tt»" 3u ' 

also 

du_ 2t^'-u + 3t£ V 

S;"2ti*-f t;-3i*V' 

and the equation becomes 

2i;'-u ^ 1-tf 2t^ - ti + 3 ^ V 
au* + t;~l-u» • 2tt»-f t;-3uV 

But writing 3 = , then in the last fraction 

ttv 

the numerator becomes = (2i;' — u) (1 + m'v' -f 2tt*y), and the 
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denominator =s (2u' + v) {1 + uV — 2ut^) : and the equation 
thus is 

l-u» • H-ttV-2ut;'' 

But we have 

l-u*=(l + u*) {l-t^+2Mt;(l-ttV)}, 

= 1 - ttV+ tt*- 1;*+ 2uv (1 + u*) (1 - u*0, 
= l-ttV + 2M*t;(l-uV), 
= (l-tt*t^(l + uV-f-2tt't;), 
and similarly 

l-t/* = (l-tt«tO(l + uV-2Mi;''), 
which proves the theorem. 

282. In the case n = 5 we have 

and the equation becomes 

(1 - uv^) {u + v') ^ l-t?* ^ du 
lv-u'){l + u'v) ■" 1 -u* dv' 

The modular equation may be written (by No. 273) 
(u« -«;«)• = 16 tiV (1 -u*) (1 -t/*), 

whence dififerentiating and multiplying by m* — v*, and reducing, 
we have 

Quv (1 - w*) (1 - v^ (udu - t?(f t?) 

or, as this may be written, 

t; (1 -O (5u" - u** + v" - 5u^*) du 

that is 

t; d^ 1 - t?' ^ 5t?' - y'^ -f u' - ou^v ' ^ 
ttde;l-tt*"5u*-tt*' + t;»-5uV' 
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or, observiDg that from the modular equation, we obtain 

5t;*-t;** + 1»'- 5uV= (1 -ttV) (tt*+ 5t;»- 4Mt;'), 

this is 

V du 1 — t^ _ u* + 5t;* — 4fuv^ 

and the equation to be verified is 

u{v-u^) (1 + tt'v) "" r* + 5tt" + 4i*'t> ' 

283. Write 

A^u + rf", 5 = w(l + w't?), C=v-u\ jD = v (1 - ut/*), 

then we have 

w* + 5t;" - 4mv* -uA + 5vD, 

v* + 5tt* + 4u"t; = vC + 5uB, 

and the equation becomes 

AD _ Uil + 5 vD 
BG" vC+buB* 

or, what is the same thing, 

vACD-^5uABD = uABC+5vCBD: 

but from the modular equation 5BD = AC, and substituting 
this value and throwing out the factor AC^ the equation 
becomes vD + uA = uB i-vC, which is true since each side is 

284, In the case n = 7, we have 

• , _ y (1 — uv) (1 — tit; + ttV) u — v' 

"" v-tt' 7u (1 - tit?) (1 - uv + mV) ' 

and the formula is 

v — u? ~" 1 — ti* ju ' 
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Starting from the modular equation 

^, =(1-„«)(1 _!,»)- (!_«»)•, =0, 
we have 

and thence 

= -e*(l-H'+(l-tO«(l-«»)'. 

= (1 - uvy (u - »*). 

And similarly 

whence 

the formula in question. 

Further theory of the Cvbie TtansfornuUion. 
Art. Nos. 285 to 294. 

285. The cubic transformation may be considered from 
a converse point of view. Writing a: » sn (w^ k), * = sn (3i*, k), 
we have 

where 

a = sn-g-, p = sn— j-, 



• ry » 



7 » sn g , « = sn ^ 
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these being the roots of 

aod it is to be shown that this relation between z, x may be 
decomposed into two transformation equations between {i/,x) 
and (z, y) respectively. 

286. We take these to be 



sO-S M'-^ 



giving respectively 

Mdy _ dx 

and 

dz SMdy 

»Jl^z\ 1 - A»? " VI r-y". 1 -xy ' 

where observe that a, which enters into the relation between 

y, Xy being as above the real root sn -^ , the equation between 

y, a; is a first transformation, and consequently that the relation 
between g, y ought to come out a second transformation. 

287. Writing 



we have 






'8K I,,. 4K\ *K 



that is 



and similarly 

2 Vr^/y Vl-Ar'/8'=- (1 - i'/S*). 
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Also 

78 = gn g sn g = 1~F?^' 



''■'"* 1 - Jfc'a'/S' l^k^J^' 

and tbence 

^ + (7 + 8) — rrjPo^' 

that is 

78 + S/8 + /37 = -o*, 
or, what is the same thing, 

/9^7^S /378' 
and, moreover, since 

»('-?) ('-D('-?)('-^ 

= 3 - 4 (1 + jfc*) »• + eifa:* - ifcV, 
we have 

^ =:-A:^ ora*/3*7'8»=-l. 






MV aV 



288. Determination of y— , leading to 

l—lraCar 

Mdy dx 



Vi-y.i-xy Vl-**.!-^'*' 
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We determine M so that x^l^y^l shall be correspond- 
ing values, yiz. we have 



i('-a 



1-0* 



and then (denom. = 1 — k^aV), writing 

the term in { } is taken to be a perfect square, = [l~7-) 
suppose, viz. this being so we have 

2 1-lfu* f 1 Vl - i'a'X 

1 1_ l-^a' 

f*~ MJ' " 1-a" 

which agree; and then 

whence also 

l+y = (l + x)(l + ?y H. 

We next determine X, so that x being changed into r- 
y shall be changed into — : we thus have 

1 1 l-li?oFa? 

XL • 2f~» 



Xy " if A^«*« • - «• 
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or, multiplying by y, 

1 1 



that is 

Observe that, a being real, we have 1 — a* < 1 — i*a*, and hence 
X < £*, viz. we pass from a modulus ib to a smaller modulus X 

And then the expressions for 1 — y and 1 +y lead to 

1 - Xy = (1 - fee) (1 - kfx)* (-5-), 

1 + Xy = (1 + Jbr) (1 + kfx)* (-4-), 

so that we have the required equation 

Mdy _ dx 

Vl-y'.l-xy ~ ^\-a?.l-1^*' 

289. Modular equation. 

Next, for finding the modular equation, we have 
- _ A ;* (1 - tt*) ' ./C7._ A:'(l-tt') 

^"= inW ^^^ ~ **''*^* " *' ^^ "'^''' 

where the term in { } is 

1 - 4iV + 6iV - 4JfcV + kfa* 

- *:• + 4A;V - 6AV + 4)fcV - AV, 

= (1 -Jfc') {1 + Jfc* + jfc* - 4 (Jfc" + ifc*) a* + 6ikV - iV}, 

= (1 - ^••) {(1 - *»)' + ifc» [3 - 4 (1 + Jfc*) a' + 6AV- Jfc'a*]}, 

= (!-*•)'; 
that is 

(1- k\y' ^' ^** ~ r^Av ' 



yiil] further theory of the cubic transformation. 209 
and hence 

that is 

the required equation. 

290. We have next {0 being arbitrary) 

(denom. as before = 1 — A^aV). 

And taking 

a 1 /3y8 ., . . 1 a* 
° — ~t£^'t that 18 — n3= — 



M a' ' M0 fiyB' 

then l-| = l-*.aV+|i3(l-g (-.). 

-M)('-?)M) «• 

and similarly 

also, changing a;,y into t- * 7- , 

1 - Xtfy = (1 _ kfix) (1 - A^yar) (1 - kSx) (-=-), 

1 + X^y = (1 + iySa;) (1 + kyx) (1 + kBx) (-r) ; 

consequently 



(^-^ ^(•-?)('-D(-?)(>-?) 



1 - X'^2^ (1 - li>a'ar) (1 - F/^y') (1 - iV**) (1 - ^•**'^) 
We have 

c. 14 
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but X - jrA»a*, hence X^ = - jp and X"^= - ^Wl^of ; whence, 
putting for shortness if, = — » n — ^» "^ ' ~ — ^ ' ^® have 

291. It is to be shown that d is connected with X as a is 
with k\ viz. that we have 

3-4(l + X*)^ + 6X«^-X*fl»=0. 

Substituting for ^, XV and X^ their values, the expression on 
the left-hand side is 

(-4 = 1 — a*, -B = 1 - Jb'a"), viz. the term in { } is a function (1, a*)* 
the coefficients of which are 

27. 
- 64 - 54ft», 

27 + OOJfc* + 27**, 
_ 4-18i'-18A;*- 4A;*, 
- 2Jfc»-46Jk*- 2**. 
\W + 14Jfc», 
- A;* + 10Aj»- If, 
- 2k*-2l(?. 
- **, 

and this is equal to the product of 3 — 4 (1 + A") a* + 6iV - ArV 
by a function (1, a*)*, the coefiScients of which are 

9. 
-6-GJt», 
l-4ifc'+ k*, 
2k' + 2k\ 
k\ 
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viz. this other factor is = {3- (1 +i")(2»- ifc»a*}\ The first 
fiEU^r vanishes and we have thus the required relation 

3 - 4 ( 1 + X*) ^ + 6X*^ - X^fl* = 0. 

We have = —rr ^-ir > where M, a, 78 are all real but fl is a 

M cC 

pure imaginary, hence also is a pure imaginary. Now the 

equation in ^, y corresponds with the differential relation 

dz _ 3Jfd y 

Vl-^.l-A;»?"'Vl-jM-xy' 

and we thence see that 6 must denote one of the quantities 



4A 4iA' 4A + 4iA' -4A+4iA' 
8R-3-|8n-^,sn g ,8n g ; 

and, being as just shown, a pure imaginary, it clearly denotes 

4tA' 

sn , viz. the transformation from ^ to y is a second trans- 

«> 

formation. 



Writing now 



z = 



ve may determine N so that corresponding values shall be 
« s 1, y = — 1 (or 2 = — 1, y = 1), viz. this will be the case if 

and the value of N thus determined will be = ^ . To verify 

this we have to prove the equation 

^(l-X«^ = 3Jf(l-^. 
Substituting for 0^, Xfl" and M their values, the equation is 

(^ = 1 - a", £ = 1 - ifc'a', as before). 

14—2 
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We have B — l^A = 1 — A*, and the term 5* — k^A* contains 
this same factor. Omitting the factor in question, 1 — &*, the 
term in { } is 

= -a•(l + ^'-3^V + ik*a•)+3{l-(l + ^^a• + ^•a*}, 

viz. this is 

= 3-4(1 + *^a« + 6A;*a*-*V, 

vhich is = 0, and the theorem is thus proved. 
292. Starting from the equation 

where 1,-1 are corresponding values of z, y, and 

3 - 4 (1 +X*) ^ + 6X«^-X«^= 0, 
we have 

i+^=(i-y)(i-|y (H-), 

l-. = (l+y)(l+|)' (^), 

1 - A-^ = (1 + \y) (1 + \gyy (-). 

wlicrc denom. = 1 — X^B'y*, 

viz. in obtaining the above wc have 

1 + * = 1 - X'^y* + 3% (l - ^) (^). 



that is 



= (i-y)(i-fy H. 



9 
2 ,,,^. 1-XV 

1 3iA _ l-\*0' 
ff '(f ' ~ 1-0" 
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which agree. We have therefore 

dz SMdy 



and the proof is thus completed. 

293. The investigation would have been very similar if, in 
the formula 

a had denoted any other root of the modular equation, or, what 
is the same thing, if a were replaced by any other root ^9, 7 or 8: 
there would have been in each case a corresponding equation 
in («, y) giving by its combination with the assumed equation 
the triplication. In particular if the root had been /8, then the 
equation in x, y would have been a second transformation and 
the corresponding equation in {z, y) a first transformation. But 
if the root had been 7 or 8, then in either case the equation in 
(a?, y) and the corresponding equation in (y, z) would have been 
each an imaginary transformation. 

294. Returning to the quantities a, fi, 7, 8, which denote 
iK 4i7r ^K^-MK' ^^K+^K* 

^"T' ^"~^' ®^ — 3 ' ^ 3 ' 

respectively the two equations obtained in No. 287 belong to 
a system which may be written 



(^= . . . -/»y-i88-7S, 
/3"= . — a7 + a8 . +78, 

7*= afi . -aS . +/38 . , 
8* = -ai9+a7 . +^87 . . , 



ifc'a"i»y8=. -^-7-8, 
k^a/S^yB = a . +7 — 8, 
ifa/?7*8 = a-/3 . +8, 



But a*/8*yS* = - p , or if for shortness 5 = iV3, then we may 

write 3^78 = — p or k^afiyB = - *, and the last set of equations 
becomes 
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«~ /3- 7- 8 = 0, 

a + 8fi-\- 7- 8 = 0, 
a- i9 + 37+ 8 = 0, 
a+ /8- 7 + «S = 0, 

which must be equivalent to two equations only: in fact the 
equations may also be written 

22 +(«-i)ry+(5 + i)8 = o, 

2/3-(« + l)7+(«-l)8 = 0, 
-(«-l)a +C« + l)i9+ 27 . =0, 

-(«+l)a -(«-l)i9 +28 = 0, 

which linearly determine any two of the quantities in terms ot 
the remaining two, for instance a and /3 in terms of 7 and 8 : 
but then, substituting for a and /3 their values, the third and 
fourth equations are satisfied identically. 

A General Form of the Cubic TraiisformcUdon. 

Art. Nos. 293, 296. 

293. Consider the two quartic functions 

-X'= (a, 6, c, d, e) (x, 1)*, X' = (a , V, c, d\ e') (x, 1)*, 

we may imagine the variables x, x connected by a cubic 
transformation so as to give rise to a differential relation 

Mdx _ dx 

and this being so the modular equation will be given as a 
relation between the absolute invariants of these two quartic 
functions, viz. writing as usual /, J 

(= ae — 4 Jrf + Sc*, ace-ad^ — Ve 4- 26crf — c', respectively) 

for the invariants of A'', and similarly /', J' for those of 

jt 
X\ then the absolute invariants are fl = 1 — 27 -5^ , and 

ft'=l-27^. 
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Supposing the function U linearly transformed into 
1 — a^ . 1 — Va?f and similarly U* linearly transformed into 
1— jf*. 1— xy: then it has been seen that the relation be- 
tween Jf, X* can be obtained by the elimination of a from the 
equations 

'^- l + 2a ' ^""(l + 2a)»' 

or, what is the same thing, writing — i9 = = — «- , we have a, fi 

connected by the equation 

2a^ + a + i8 + 2 = 0, 

and then ifc" = -a"/8, X" = -a^. 

The theoiy of linear transformations gives 

108^ (1 - IT f ^,_ 108X'(l-Xy 
""(jfc* + 14ifc»+l)»' " "(X^ + UX^+l)" 

the question therefore is between these equations to eliminate 
a, P, If, X* so as to obtain a relation between 12, il\ 

296. By considerations which I cannot now recall I was 
led to assume 

. , (l + 2a)(2+a)(l-a)« ^_ (1 + 2)8) (2 + /3)(l-ffy 
""* (l + 4a + a»)» '^"^ (l + ^yg + zS*/ 

The equation between a, /9 gives 

1 + 2^= -3-i-(l + 2a), 

2 + ^8= 32H-(l + 2a), 

1-/9= 3(l+a)H-(l + 2a), 

l+4i8 + /3' = -3(l + 4a + a*)H-(l + 2a)»; 

and we thence have 

^ 27g(l+ar 
'^ 2(l + 4a+tf')" 

viz. in virtue of the identity 

(l+2a)(2+a)(l-a/+27a(l+a)* = 2(l + 4a+a»)', 
wcfind a' + /9' = l. 
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We then hare 

J^=a'(2+a)-5-(l + 2«), 

Jfc'-l = (et-l)(« + l)*-i-(l+2a). 

k*+ 14*'+l=a*(2+a)«+14a*(2+a) (2a+l)+(2a+l)«, ) 

= (a» + 4« + l) ((^ + 3a*+16a» + 3a* + l) J * ^'■'*'^J' 

and consequently 

108g*(H-2g)(2+a)(g-l)«(a + l)" 
(a* + 4a + 1)' (fli' + 3a* + 16a? + Sa* + 1)» ' 

But 

a' = i(l + 2a)(2+a)(l-a)* ^(a»+4,+ l)», 

and thence 
l-a'=(H-4a + a»)»-i(l + 2a)(2 + a)(l-a)*1_ 

=ya(i+a)* r 

1 + 8a'-(l +4a + <0*+4(l + 2a) (2+a) (1 -a)'l 
=9(a* + 3a* + 16a» + 3a» + l) J* 

whence 

64a:(l-tty 
"- (l + 8aT ' 

and similarly 

where a' + /S' = 1. Writing a = J + ^, and therefore iS* = J - ^, 
we have 

(5 + 8^» 11 = 4 (1+2^(1-2^*, 
(5-.8^'n' = 4(H-2^)'(l-2^), 

and the elimination of from these equations gives the required 
relation between SI, ft'. 

Proof of the Equation nAT = ^ ^ • Art. Noa 297 to 299. 

297. The proof depends on the formukd for the differentiation 
of the complete functions referred to at the end of Chap. IV. 
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We dedaoe 

dkK~ K*klc" 

and similarly, if A, A' are the complete functions in the first 
transformation, we have 

d A' _ ^ 



dK A A*XX' 

^ . A' JT' 

But A = ":^' 

and we thus obtain 

dk ndk dK K* _ dk 

But we have also A = — rj-, that is — -r-i =wJf*, and conse- 

flM tlA 

qnently 

,,, dk dk ,-^ XK!^ dk 

or writing Jfc = i/*, X = t^, this is 

w (1 — ia'*) c?y 

298. JIf is given as a rational function of (u, v), the same 
function in the first and in every other transformation; and if we 

imagine -r- expressed from the modular equation as a rational 

n/tL 

function of (u, v), and substitute these values of if and -p , the 

resulting equation must be true in virtue of the modular equa- 
tion, viz. it must contain as a factor the modular equation. 
And this being so, it follows conversely that the expression of 
if, viz. 

^ XX'" dk 
""^^WdK' 

holds good, not for the first transformation only, but for every 
transformation of the order n. 
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299. Jacobi, Fund, Nova, p. 74, effects the generalisation 

from different considerations. Writing in the first instance 

Q= aK -f bK\ Of = a'K + b'K\ where a, 6, a', V are constants^ 

he finds 

£q_ ^{aV-ab) 

and similarly if i = oA + jSA', JJ = a'A + iS'A', where a, A a', iS' 
are constants, then 

viz. these correspond to the formulae of the last No. with only 
Q, Q\ L, L in place of K^ K\ A, A' respectively. But then 
using the equations 

.^.^., aK + ibK' 



a'A' + i/3'A = 



nM ' 



where aa' + W = 1, az' -^130 = 1, (see end of Chap. VII.), the 
equations become 

or since -^ = -y , ^ = wJlf, we have as before niP = ,-, ,v >r . 

Differential Equation satisfied by the midtiplier if. 

Art. No. 300. 

300. We have, No. 76, writing K instead of F, 

and similarly if X, A belong to the first transformation, 

XX'«^ + (l-3X')f-XA = 0. 
These equations may be written 
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But lf=f . that is ir= 3£A. or substituting in the first 
equation 



A{«-g+(l-i«,f-«J 



which multiplied by Jf may be written 

But iP = ,.,a^ , whence the second term is 

1 d AXVA \ ^IdKd / XK'^dA \ 
ndk\ dk /' ndkdK\ d\ J' 

viz. this is = — 77 XA: the whole equation thus divides by A, and 

ndk ^ 

it becomes 

We have M* = ,,,,-^ , and if we use this equation to eliminate 
TT , we obtain 

a differential equation of the second order satisfied by the mul- 
tiplier M considered as a function of k, {Fund. Nova, p. 77.) 
Observe that this equation contains n, viz. it depends on the 
order of the transformation. 

It is in the proof assumed that X belongs to the first 
transformation : but it may be seen as in No. 298, (or we may 
as in No. 299 by using Qy L in place of K, A respectively 
show) that the theorem is true for any root whatever of the 
modular equation. 
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Differential Equation of the third order satisfied by the modvlus X. 

Art, Nos. 301 to 305. 

301. If we use the same equation ^'^'~nuij^ to elimi- 
nate M from the foregoing differential equation, then since the 
terms of 

all contain the factor -, which occurs also in the remaining 

1 \jT\ 

term - -jr of the equation, this factor divides out, and we ob- 

nt die 

tain an equation involving k^ X, but independent of n: viz. 
observing that the equation in M may be written 

aud putting for convenience M* = - fl*, that is 

"~V jfcifc^' 
the equation in question is 

or, what is the same thing, 

where fl is a given function of t, X, and X is any root whatever 
of the modular equation. 

302. In this form die is taken to be constant (that is, k 
to be the independent variable), but taking dk, c?X to be each 
variable (in effect A:, X to be functions of a new variable), the 
equation may be written 

py, [dJc d (JcmO.) - cPk . kk'^dil] - kD* + ^J^^] ^. = 0. 
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and after all reductions we arrive at Jacobi's form 
3 [{dky (<P\)' - (dX)» ((?jfc)*} - 2dk d\ (dSfc <fX - (iX cPk) 

303. It may be remarked that if 

j^, = (^, that i8.jp = logp , 

and therefore ** = j— 5, k'^^^j;^' ^^^1 + ^' 

^, = rfj, that is f«log-,, 

e" 1 ^ 

and therefore \*== =. X'*== s, , XX' = 



we have 



"Vl- 



and the equation then is 
which is readily converted into 

where p', p", p'" and y , j", j", are the derived functions of p, j 
with respect to the independent variable. 

304. The equation in No. 301 is easily verified in the case 

1 — k' 
of the quadric transformation : we have here X = z — r? ; and we 

thence find H = . . ., , -,= = -^ -/-. , and the equation takes 

1 + *' dk &'(! + &')•' ^ 

the form 

^2 \tL\vi.' '^ Z' ^ "il V2^-) ■ 2(l-t')» _» 

1 +"Jb' t&' (ft' r *" 5F \\Tk')\ T+X-'j "^ fc'(i+fc')» " 
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viz. dividing by 2, and reducing, this ia 

1 fib d f -k' + k'* \ k \ (l-if) ^ f. 

T+W\k'dk'[ 1+k' ) 1 + *')*'(!+*';* 

But the first term is 



_!_(& -l + 2k' + k'* k_\ 
l+k'\k" {l + ky l/ffc'j' 



I 



-*'(i+ir^ ^' ~k-(i+k')i 

and the equation is verified. 

In the case of the cubic transformation, the equation in 
Jacobi's form No. 302, might be verified (although not without 
some difficulty) by means of the expressions, No. 261, 



a'(2 + a) .t^^/2+aY 
^■" l + 2a ' ^ ~'^Vl+22r 



of the moduli Ar, X in terms of a parameter a : but the verifica- 
tion in the next following case of the quintic equation would 
apparently be very difficult. Jacobi remarks that if a method 
existed for finding the algebraical solutions of a dififerential 
equation, then, by means of the foregoing differential equation 
alone, it would be possible to obtain the modular equation in 
the transformation of any order n whatever: but, the mere 
verifications being so difficult, it does not appear that anjrthing 
can be done in this manner in regard to the modular equations. 

A relation involving Jf, K, A, E^ G. Art. No. 305. 

305. Immediately connected with what precedes we have 
a result which will be useful in the sequel: we have 



that is 



"^"JfcF^^-*'*^' 



dk E_,, dK 
k kk'*K'^^~K~^' 



VIII.] RELATION BETWEEN if, K, A, E, O. 223 

and similarly if A, 6^ are the complete functions to the modulus 
X (A = F^ as before, = ^^X), then 

X"XX-A^+A=^^- 
Hence establishing the equation 

d\ GdX dA dk Edk dK 
X XX"'A'*"A"ifc kV^K^ K' 

and observing that Jf = - -r and therefore -vy- = -^ — r- , we 

obtain 

dK_ OdX, ^dM_dk^ Edk 
X XX'*A M' k kk"K' 
viz. this is 

rfXf „ 7CX:*dM\_dkf ,^ E\ 

XX'«r ■'A"""S"rfXJ"ifcA;'«r JS^/' 

. (fX 1 cZA; . . 
or, eliminating dk, d\ by the relation — -7^ = —rp j-jrt , this is 



1 r ^ G XX'VJfl ,,, ^ 



nif ^ 

which is the result in question. Observe that -^r- is the total 

differential coefficient, viz. if if is taken to be a function of k, \, 
then in the differentiation, k must be treated as a function 
of X The equation, as involving not only K, A but also E, 0, 
is in its actual form only true for the first transformation, and 
it does not readily appear how it should be modified in the 
case where X is any root whatever. 
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CHAPTER IX. 

JACOBl'S PARTIAL DIFFERENTIAL EQUATIONS FOR THE FUNCTIONS 
Hy 6, AND FOR THE NUMERATORS AND DENOMINATORS IN 
THE MULTIPLICATION AND TRANSFORMATION OF THE ELLIP- 
TIC FUNCTIONS an u, cn w, dn u. 

OuiXine of the Besults. Art. Nos. 306 to 309. 

306. The functions Su, Hu have an important application 
to the theory of multiplication, and theoretically a like one to 
the theory of transformation. To explain this, recalling the 
formula 

Vft sn u = Hu (-r), 



V, 



~cntt = fi^(u + ^ H, 



^dnu = e(tt + Z) (4-); 



■where denom. = ®ti, 

and considering first the case of multiplication, it has already 
been seen that considering the expressions of 

\/k sn nuy a/ -r, cn nu, jp dn nu, 

in terms of sn u, the three numerators and the denominator of 
these functions are respectively 

^Enue'^'\ H{nu-{-K) &^'\ e(nti+ir) 6*^-^0, %nu&^''\ 

each divided by ©* w: where for shortness 00 is written instead 

of its value = a/ . 
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307. The corresponding formulae in the transformation of 
the order n are that considering the expressions of 

^^(f'^)' \/|«°(f'^)' ^'^[h^' 

in terms of sn «, the three numerators and the denominator are 
respectively = 

and e(|.,x)e;-'o, 

each divided by 8"t^; where for shortness 6^0 is written in- 
stead of its value = a/ : the proof need not be at present 

considered. Observe that for le = the denominator is 

Now the functions Ou, Hu^ ©(m + ^K'), fl'(w + -K^, each 
satisfy as will be shown a certain partial differential equation 

which in its most simple form is 37 — * j~ = 0, where the 

variables are a>, = -^ , and v, = ^^, Jacobi, GreUe, t. ni. (1828) 

p. 306. And we hence deduce a partial differential equation 
satisfied by the foregoing numerator- and denominator-functions, 
as well in the case of transformation as in that of multiplica- 
tion: viz. if, in the case of multiplication by n, we write v^n\ 
but in the case of the transformation of the n^ order v^n, 
then (in one of several forms) this equation is (Jacobi, CreUe, 
1 IV (1829) p. 185) 

+ i^(i^-l)ar*s-2i.(a*-4)^=0, 

in which equation the variables are x, = V^snu, and a, sA;+7. 
c. 15 



vl 
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308. The form is specially applicable to the denominator 
of the three functions of nu^ for this is a rational and integral 
function of k and sn' u, which when we introduce therein or, 

sV^snu, becomes a function of x and h, which is unaltered 
when k is changed into t» and is therefore a rational and 

integral function of x and a : and it is for the like reason 

specially applicable to the numerator of Vi sn nu when n is 
an odd number. But the form is not in other cases the most 
convenient one; for instance as regards the numerators of 

I' 1 

27 en u, -jp dn u, these do not thus become rational in 

regard to a, and it would be better to have A? as a variable 
in place of a ; and in the case where the numerator contains 
as a factor an irrational function cnu, dn ti or en u dn u of 
8n Uy it is proper instead of z to consider z divided by such 
irrational factor, that is the other factor, rational in regard to 
sn u. But making the suitable modifications the formula is for 
multiplication a very convenient one : viz. we can by means 
of it actually determine the numerator- and denominator- 
functions. 

309. But for transformation the formula is practically use- 
less; for observe that X is therein regarded as a function of i, that 
is of a; viz. the modular equation must be taken to be known. 
Supposing that it is known, we cannot even then determine by 
means of it the numerator- and denominator-functions; for in 
seeking a solution by the method of indeterminate coefficients 
the coefficients of the several powers of x would be functions of 
(w, v) not only unknown, but in form indetenninate (as admit- 
ting of modification by means of the modular equation): — and 
even when the actual expression of 2f as a function of (a;, w, v) 
is known, as of course it is for the cubic, quintic, &c, transforma- 
tions, it is, from the complexity of the modular equations, by no 
means easy to verify the formula: the process is in fact one of 
difficulty even in the case of the cubic transformation n = 3. 
This of course in no wise diminishes the interest of the result; 
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and the investigation of it being substantially identical in the 
two cases of transformation and multiplication, it is proper not 
to separate them. 

ParHal Differential Equation satisfied hy 0tA. 

Art Nos. 310 to 312. 

310. It is to be shown that the function 

satisfies the differential equation 

We have 

^ = (/,di.dn«u-^u)cr, 

= Wa;'* - 1) + i'/ociu cn» u| cr, 
^= dn*t«-^ + |ttfA;'*--^j+A:*/orfMcn*wl <r, 

311. The success of the process depends on a transfor- 
mation of the double integral 

f^duj.du^dn^u. 
We have, see No. 128, 



whence 



d 1^ k 

-j7 dn u = pi sn u en u /p en* udu— rr^^v? uAtlu, 



d 2k ( 1 

TT dn* u = — pi jsn'u dn*tt — A'sn u en w dn uj^ du cn't/j- , 

Bs — 7^ ]8n*tidn*w + J A'f-T- cn'uj/^rfwcn'uk 

15—2 
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and thence 

+ i I^^Jq du (en* uj^ du cn'u — /, du cn*tt) k 

k ( 
= — T7i ]/o rfw/o rfw (2 sn* u dn* u — A^cn* u) 

+ ift^(/o^wcn«t*)j. 



But we have 

-p,8n*u = 2 (en* u dn*u — sn'u dn*tt -ifc*sn*ttcn' w), 

= 2(P-2 8n«Mdn*u + Jfc'cn*tt), 
or multiplying by du* and integrating twice 

sn* u = ^'' V — 2 /j dtt /g dtt (2 sn* w dn* w — ^ en* u) , 

whence at length 

d k 1^ 

/,rfw/,dw^dn»w=-iArM" + ipsn»t»-2p(/^(/Mcn*tt)*, - 

the required value of the integral. 

312. Resuming the investigation, we have 

dk^''^ kk' ' dkK^kk'X \^ J ^i' 
and hence 

Substituting the foregoing values ^f j »* 3~> jI i^ t^^® 

differential equation, the several terms destroy each other, and 
we thus have the equation in question. 
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Same Equation satisfied by Hu^ ©(tt + ^K"), Hiu^-K). 

Art. Nos. 313, 314. 

313. The equation 

is satisfied by a == Bu ; write for a moment u + %K = v^ then the 
equation 

is satisfied by a^ = 0v, = © (tt + ijK") ; and transforming to the 
variable u, we have 

da^ __ da^ d^<r^ _ ^V da^ __ da^ da^ dv 
du " dv ' du* " dt^' dk " dk dv dk * 
that is 

dv^ du* dv* "" du* ' "dk^ dk^ 'dv dk ' 
whence the equation is 

which is at once reduced to 



^-H*'-f)-5]^*» 



dk 



It is easy to show that this equation is satisfied by a^^e ^ , 
SB Q suppose. 

Hence, assuming a-^ = Q<r, we find 

or observing that tj t^ == "" "jf > ^Ws is the original equation 
in a : hence this equation is satisfied by 

that is by <T s J7u^ 
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314. Write for a moment tf+^^^^^t^f the equation 



^-^"(**-S^+« 



'S-o 



is satisfied by o-j = 6t? or Hv^ that is = © (u + iT) or B'(u + K), 
But transforming to the new variable u, we have 

da^ _ dcr^ iPa^ _ ei*(r, <?<r^ do. dcTj dw 
that is 

dt; "" du ' flto" du* * dk " dk du dk 



dk'^kk'^V Kj du 



as the values to be substituted in the differential equation: 
viz. this becomes 

dV, 
du' 

the original equation with a-^ for <r. We thus see that the 
equation in a is satisfied not only by the values Su, Hu, but 
also by the values 0(i4 + jK'), H{u + K), or, what is the 
same thing, by the denominator (6it) and the numerators of 



^-{2(. + ^)(l/--|)-2Z(i--g}J + 2H-§ = a 



/k 1 

tjksnu, a/ 77 en li and -^ dn 



u. 



Differential Equation satisfied by ® (-td > ^)> &c. 

Art. Nos. 315, 316. 
315. Considering now the new modulus X and the multi- 
plier M in the first transformation (of order n) write t^ = t7 > 
and consider the equation 

(0 = E^ (X), the same function of X that E is of k) satisfied of 
course by 

cr, = e(r, X), jETCv, X), e(t; + A, X), Jff(v + A, X). 
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Transforming to the new variables u, k, we have 

(ZcTj __ 1 da^ cP<7j _ J_ (PcTj dcr, u^ dMda^ d<r^ dX 

dH'Mdi' du'^M^'W dk Wdkm^'dkdk' 

and thence 

^t^M—^ ^V,_,,,^Vj da\ ^ /da^ u dM d<r\ dk 
dv ^ du* dtf dxjf ' dK \dk M dk du) rf\' 

da^ ^ , J^ dM d<r^ 
^ dk dK M ~dK 1m * 

and the equation thus becomes 

^1-^" lA ^ Q\ XV' dM \ da^ 2XX'' rfjfc d<r^ 
rfti« if* Iv A/ M dx] du^ M* d\ dk """• 

316. We have 

_ 0\ XX* dM) _ /, „ E' 

W^dk 



^{(^'-D-^l?}-(*'*-i)' 



^nkk", 



and the equation thus is 

Hence, writing <r for o-,, the equation 

dw' V A/ au dk 

is satisfied by 

a=e(J. x). h[^, x). e (J+A, x). ^(J+a, x). 

iTi^w /arm of the two Differential Equdtions. 

Art. Nos. 317, 318. 

317. The connexion of the two equations 

^-2u fr-f)^ + 2itA:- ^ = 0, 
du* \ K) du dk 

and 

$1 - 2n« f Jfc" - f) ^ + 2n;fcF ^ = 0, 
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may be established in a diflferent manner thus: writing in 
the first equation 

irK' ITU 

then observing that 



we have 

da IT d<r cPc i^ JPa 



da- _ V fj^ E\da^ m* da 



and the equation becomes 

^-4— =0 
du* dfo ' 

satisfied by a^%u, &c. 

318. Writing in the second equation 

fiirK mru 

"^ — r~' ''^ 2Z' 

this is in like manner transformed into the same equation 
^ — 4-^ = 0. Hence whatever function of -j^ and -^ satisfies 

til/ n JC* 

the first equation^ the same function of -^ and -^ satisfies 

the second equation. Let X be the modulus in the first trans- 
formation of the n"* order, and A, A' the complete functions, 

a: nK! J . -K' XI. X • wZ' A' . nu u ^, 

-T- = -7^ and A = — y>, that is -tf- = -r- and -^ =» -r>> or *he 
A K nM A A K M 

second equation is satisfied by the same function of -^, -j-. 

-Hence the first equation being satisfied by a^^u, &c., the 
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Becond equation is satisBed by 

Fartial Differential Equations eatisfied by the Nv/nieratora 
and Denominator. Art Nos. 319 to 327« 



319. Start now with the equation 



-»»"(«^-DS+**''i-»- 



satisfied by 2 = © f -jjt , X j , &c. 
And assume 

say for shortness this is 

(where a denotes 6« and consequently satisfies the equation 

We find 

(Per 
where in the coefficient of z we write for ^ its value 
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thereby changing this coefficient into 

or in the term ^ -^ substituting for H its value = {Kk'y^^^'^\ 
this is 

.n»..„(,-i,a0-..(.^-gl^ 



^**'*^rfA~ii:d)fc^-^'))' 



Hence dividing the whole equation by Ho-* it becomes 

du* 
dz 



du 



l-^"K-«(*^-D} 



+ '■•(»- M?©'-^^''-!)^^ 



dk 



a dk K dk j 



320. Recurring to the investigation in regard to the func- 
tion cr, = 0tt, we have 

adu \ K) •'• ' 

whence 

?©'-^''(*"-l)^S-«'(*--D"+*'tf>-'«)- 

Also 
2M'» ^ ^1 = f - dn' « + «• (*" - ly - ** 0, <?» cn» «)», 

"^dk K' 
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Adding these several quantities, the coe£Scient of n (n — 1) ^ 

dz 
is 1 — dn*t<^ ssA'sn^tt; the coeflScient of 3- has also been 

au 

found; and the equation thus becomes 

-^ + 2ni-» (/.cn* tt dw) ^ + n (n - 1) A:* sn* tt . « + 2nJfcfc'*^ = 0, 
which equation is consequently satisfied hy 



(^ e=^®(¥'^)'*''' 



321. It is to be further remarked that if we had started 
with 



-^•••C'-SS^^'^'S-o- 



which equation is obviously satisfied by S = 6 {jmjl)^ &c, and had 
then assumed 

2 = (Jtt)* <•*•"'> (Zibv* ^*'-^^ e*^ (u) . «, 

we should at every step of the investigation have had n* in 
place of n, and should finally have arrived at the equation 

J,+ 2n'Ai»(/,cn«wdtt)^ + n«(n«-l)Jfc«sn*w.« 



+ 2n«ifcjfc''^ = 0, 



which equation is consequently satisfied by 

^2ifc'ir\*<'*'-^> 1 



z 



-CW Vm«<""''^ 



322. It will be convenient to include the two equations in 
the common form 

^, + 2i;il^(/,cn*uiu)^ + i;(i;-l)Jfc«sn«u.;: + 2j;itr~ = 0, 



2 
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where for the transformation equation y = n, and for the multi- 
plication equation v ^ n\ 

S23. Write in this equation a; = V£ sn tf. 
We have 

dx = V^cn udnudu + ndk, 
if for a moment 

^ = ^(V^sntt), 

= — ^8ntt + VSjni{isnttcn*u — Acnadntt/^cn'ttJu}, 

1 /, 2i» , \ k^ A r t J 

-y^snttf 1 + -p5-cn'ttl — pf-cnudnuJ^cn'ticRf^ 

= ;- 8nu(l + A*- 2A:*sn*tt) - -p- en udn u J^cn'ticb, 

and hence 

dz fT y dz 
-r = wk cnu anu J- , 
du da 

dz _ dz ^ dz 
dk dk dx* 

dz 
where on the right-hand side -jr is the new value of this 

differential coefficient, viz. that belonging to the assumption 
« = a function of a?, k, or (as we may express this) z^z{x, k). 
And thence also 

T-, = Acn'u dn*u^ "^ ^ S Z" ^^^ ^^^ 

«= A cn*u dn'tt ^3 
- Wk snw (1 + A?*- 2Jfc* sn*u) ^- 
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Substituting, the equation becomes 
-tm • ^ cn*u dn'ti 

+ ^ . - VA snw (1 +ifc* - 2jfc* 8n*u) 

+ ^ . 2vA* vS cnu dnu/o on^udu 
+ «.v(v — l)A;*8n*u 

+ T- {i' Vjfc 8nu(l + Ai'- 2A*8n*u) -2i/Ai' VA cnu dntt/^cn'ttdt*} 

where the term involving the integral disappears, and two 
other terms combine together; viz. the result is 

-T-51 . k cn*u dn*M 

+^(v-l) V3fc8nu(l+A^-2Jfc»sn»w) 
+ «. v(v — l)A*8n*tt 

in which equation snu should be replaced by its value -j=. 
Introducing at the same time in place of k the quantity 
a^ ^le + T9 the equation becomes 

(l-«ur' + «*)g + (.-l)(ax-ar»)^ 

+ j;(i»-l)«»^-2i;(a*-4)^ = 0, 

'where I recall that the variables are x — ^sau and a»A;4-T . 
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The equation is satisfied by the numerators and the denomi- 
nator of Vx8n(J, x), // ^^cn(j, \), ;;^dn(^, x) 
in the transformation of the order n, or (i^ = n*) by the nume- 
rators and denominator of ^Tc snnu, \/ 1-, en nu, --r^, dnnu. 

324. As already remarked, the formula is not practically 
useful in the transformation-theory, but it is so for multipli- 
cation. As regards this last theory it has been observed that 
although with respect to the denominator-function, and the 
numerator of sn nu when n is an odd number, there is great 

elegance in taking as above the variable to be V& snti, and 
in introducing a in place of k, yet that for the other functions, 
this is not the case, and it seems better to have as the variables 
f, = snu, and k. The transformation is of course easily effected, 

OS 

viz. writing f = -=, we find 

dz __ 1 dz 
dx VJfc ^f ' 

dz _dz ^ J^ dz^ 
dk^dk 2k df ' 

dz 
where on the right-hand side -rr is the value belonging to 

the assumption « = « (f , k). Hence also ^ = j jpf » *^d 
the equation, finally restoring therein x in place of f, becomes 

£t(l-a;«.l-Ara:0+^[(2''**-l-*')«-2(i;-l)Jfc*a;'J 

+ ^ . 1/ (i; - 1 ) iV + 2 j/i (1 - *0 J- = ; 

viz. X is here =8nw, and the equation is satisfied by the 

/Ik 1 

numerators and denominator of VA sn nu, a/ jj cnnu, -.-— dniiu. 
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We may of course get rid of the exterior factors, and thus 
obtain a system of four equations, viz. 

^(1 -«• . 1 -ifaO + JciarA^- 1 - A^ «- 2 (v- 1) A'^l 

+ «{(!/»- v) iV + ul} + ^ . 2*'Jfc (1 - A») = 0; 

where ^ = i> (1 — V), equation satisfied by numerator of sn nu, 
A = p , „ „ „ cnnu, 

J = vli? , „ „ „ dnnw, 

^ = , t, » denom. of each function. 

325. For instance n = 2, !> = 4, the equations are 
^(l-a».l-A»aO + J{(7A^-l)a;-6^V} 

+ «jl2ifc»a:»+*^ 'U^.8Ar(l-ifcO=0, 

!' 



satisfied by « = x Vl - a;'.! — l^a?, 

= 1- 2a;» + ifa;*, 

= l-2itV+A!V, 

s= 1 — l^x*, respectively. 

As to the first equation, observe that writing for the moment 
X= (1 - a^ . 1 — If 3?), we have z = x VX, and thence 

dz _ \-2{\-¥l<?)a? + Zlfx* 
dx VZ 

^ = -^ {(-3-3Jfc*)a?+(2+14Jfc»+2A;0**+(-9iS^-9Jt*)«'+6iVj, 
dz 1 



dh VJC 



(- he* + ks?). 
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327. But we may further develope the system of formulae. 
When n is even the numerator of snnu contains the factor 

Vl — a^.l — A;*aj'; and when n is odd the numerator of cnnu 

contains the factor Vl — a^^ and that of dn nu the factor 

Vl — 1^0? : and we may in the several cases find the differen- 
tial equation satisfied by the other, or rational, factor. There 
is no difficulty in the investigation : the results are, n even, 

-2(l-a?.l-ifc'^ + ^{(-3+(2i;-3)Jfc^a:+(-2y+6)Jfc^^} 

+ «{(^-l)«(,; + l)ifc»+(,;-2)(i^-3)A'aj^} + 2i/(ifc-P)^=0, 

satisfied by numerator of sn nu omitting the factor 
Vl - a^ . 1 — A;V: for example, n = 2 (i/ = 4) the equation is 

^(l-a^.l-*»aO + ^{(5A»-3)a:-2Jfc»aj»} 

+ «{(3-5A») + 2A;^a^} + 8(ifc-ifc»)^ = 0, 
satisfied hy z^xi 
and, n odd, 

^(l-a^.l-i'a^)+^{(-3 + (2,.-l)*0aj + (-2,. + 4)ifa^} 



satisfied by numerator of en nu omitting the factor Vl—a^; for 
example, n = 1 (i; = 1) the equation is satisfied by « = 1 ; 



satisfied by numerator of dn nu omitting the factor VI — Ar*^ ; 
for example, n = 1 (i; = 1) the equation is satisfied by « = 1. 
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Verification for the Cubic Trarisf(ynnxUiork 
ArL Nos, 328 to 335. 

328. To show how the formulae apply to the case of trans- 
formation, suppose n = 3 ; then writing 

a? = V^sn(tt,i), y=VXsnf 7j^, Xj., 



X 

we have y = — 



|.(t; + 2iO + ^} 



Hence multiplying numerator and denominator by a factor A^ 
the denominator is 

writing x = 0, and observing that in this case the denominator 
should be ^tJ itk^ or what is the same thing =a/ v oif f 

we find A^^^, or say ^-^>^. 
329. We have 

_x* _ 1 - t i* <p + aK*)* 

or observing that the modular equation may be written 

(«• - m) (t> + 2tt*) = It (» - u*), 

this is 

X** \—f vf (t> - uy _ (1 + ttV - 2m>') u* (t> - tt') « 
Jb^JT ~ 1 -«••«•(»•- u)« ' ~ (1 + «V + 2«»t») e^ (t;* -«)* ' 

but from the same equation we have 

(1 + «V - 2HtO «• = (!*•- «)•, 

(1 + vf^ + 2tt»») «• = (« + u*)*, 



whence the fraction is = ( — ; — -, ) , 



16—2 
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or we have 

V — U 



-. , and therefore J. = a / — - . . 



It thus appears that we have the functioD 



y v+H [ u ' ) 



satisfying the equation 

6^z + 2 (o X - 2^) ^^ + (1 - aaj^ + X*) 2 - 6 (a* " *) ^ = 0, 

or, what is tlie same thing, the equation 

Writing the foregoing value of z in the form A + Bx*, the 
equations to be satisfied by the coefficients A, B are 

330. We have k = u*, k* = 1 — u', aud in general, for any 
function fi of («, v) 

. ., rfn _ Ij- »<• f rfn (Wl 1 - d' 2m' 4^>] 
</^ ~ 4a" I Jtt ■*" Tu 1 - u" 2i;' - u) ' 

+ (1 + t«V - 2uw*) (2tt' + v) ^l , 
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or if, as will be convenient, we write 

tt* = a, t;*=/8, t*t; = 5, then 

da 



*''^=ci^,{<'*^'«^''H^-«« 



du 



+ (l-2y8d + ^(22 + d)v^"l. 



331. In particular if fl, * -4, = a/ — — ^ , 

then log -4 = i log (r - w') - i log (v + u'), 

and thence 

-4 rfi* V - u* r + w" ~ i/* - w* * 



-4 dy v — u' v + M* ' V* — ti* ' 



Hence 



+ (1-2)3^ + ^ (2a + 5)}^. 
But - , — i = "4 g-5 = ^ 7,- , and the modular equation 

i3a-;3 + 25-2^ = 0; whence /8 - a^ = (a + 25) (1 - ^ : hence 

l-g* uy f 

4a (2)8 - 0) i' -V " 4a (2/3 - 5) (a + 20) ' 

and consequently 

+ (1 - 2^0 + e*) {2a + 0)} A. 
Also 

J?=*(» + 2tt')^,=f(2a + ^)A 
u a 

332. Hence the first equation to be verified is 

4(2^ + ^ + p— ^^^^2^^(-3(l + 2a5 + 0(2^-^) 

+ {l-2fi0 + 0^{2a + 0)]=O. 
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We have 

by the modular equation; hence the equation is 

4(a+2^-3(l + 2a5 + ^(2/3-^ + (l-2/35 + ^(2a + ^, 

viz. this is 

62-6^8+ (12-lftai8) 5+ (8a-8/3) ^ + 4^ = 0. 

But from the modular equation ^ = a + 2d — 2^, on substi- 
tuting for P this value the equation becomes 

- IQoFe - 322^ + 322^ + 16^ = 0, 

viz. this i& -a*-22d + 2a^ + ^ = 0', 

which is in fact the equation 0^ = (xfi, = a (a + 25 — 2^). 

333. For the second equation, writing for convenience 
-B=:QAthisis 

dA 
or if for the term 3A'* . Q -^, we substitute its value from the 

first equation, = — QB, that is = — (^A, then throwing out the 
factor A, the equation becomes 



3 + (A:^l)Q-QV3^-f==0. 



which should therefore be satisfied by ^ = -j + 2t«; : viz. this is 






dQ 
du 



+ (1-2)9^ + ^ (22 + d)»^^l=0, 
or, what is the same thing, it ia 

+ (1 - 2fi0+ (T) (2a+ 0) (1 + ^)} = 0. 
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We have Q = ^+20, and then 

viz. this will be the case if 

3^*+ (a' + a) (^ + 2^) -cf(^ + 26j ^(1-0^* (2a + 0)\ 

or since a(^ + 2d\^0' + 230itia 

3a» + (a» + 1) (^ + 2i0) - (^ + 2i0)* = (1 - ^* (2i + ff)\ 
which is to be verified. 

334. The equation ^ + 2 ifl* - 2ad - a* = gives 

3a* = (-^ + 2i)(d + 2a), 
thereby reducing the identity to 

-^ + 2a + (a* + l)«-^(22 + 5) = (l-^V2a + ^, 

that is 

^(a«-^ + (l«^(2a + d) = (l-0«(2a + ^, 

or af-^ =(-^ + ^)(2a + ^, 

viz. this IS a* = — 2a^ + 225" + ^, the equation in question. 

The equation is thus 
(l-^(2a + (?)*+2(-2|^){(l + 2a<? + ^(2)9-d)(-|+^) 

+ (l-2/3d + ^(2a + ^ (1 + ^)1 = 0, 

or multiplying by 2 (2/8 — ff) and observing as before that 
(2a + ^) (2/3 - 5) = 3^, this is 

2^(l-^(2a + ^ + a|(l + 2a^ + ^(2y8-d)(-| + d) 

+ (1 -2/3^ + ^ (2a+ ^) (1+^)} = 0, 
or, what is the same thing, it is 
26 (1 -^ (2a+ 6) + {(1 + 2ad + ^) {20-0) {a-0) 

■¥ (1 -200 + 0^ (22 + 0){a-\-0)]^O. 
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Multiplying out, this is 

(2^» + 22)8) + 5 (Ca- 2)8) + ^(4-82)S) -4)8^ = 0, 

or, what is the same thing, 

a' + 3.5 + 2^-t-i8(a-d-4afl»-.2^)=0, 

viz. substituting for y8 its value, this is 

a' + 325 + 2^+(a-5-4a^-2^)(a + 25-2^)=0, 

or working out it is 

22« + 4.^ - 42*^ - 122^ - 2^ + Safi* + 4^ = 0, 

viz. this is 

(a* + 22^- 2a^- ^) (2 - 4^) = 0, 

which is right. 

335. The foregoing differential equation, written in the form 

3 + (A.- + J)<2-<? + 3(l-i*)^^=0, 

is further considered in my two papers " On a differential equa- 
tion in the theory of Elliptic Functions," Messenger of Mathe- 
viaiics, voL IV. (1874) pp. C9 and 110, and in the last of them 
it is shown that the equation can be integrated generally : the 
process is, by the assumption 

to transform the equation into a linear equation of the second 
order 

we have a particular solution of the original equation in Q^ 
and therefore a particular solution of this equation in z\ whence 
by a known method, the general solution can be obtained. 
The result is expressed in terras of a variable 



sja. 
where a is given in terms of k by the equation, ante No. 260, 

a»(2 + a) 
^ " 1 + 22 ' 
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CHAPTER X. 

TRANSFORMATION FOR AN ODD AND IN PARTICULAR AN ODD- 
PRIME ORDER: DEVELOPMENT OF THE THEORY BY MEANS 
OF THE n-DIVISION OF THE COMPLETE FUNCTIONS. 

The algebraical theory of the transformation has been 
explained : in the present Chapter it is shown how, by means 
of formulae depending on the w-division of the complete 
functions, the prescribed algebraical conditions are satisfied ; 
and that we thus obtain the actual expressions of the trans- 



formed functions sn 



(J,x),&c. 



The gemral Theory. Art. Nos. 336 to 341. 

336. We have n an odd number; m, m any positive 
intesrers having no common divisor which also divides n : 

mK •\- mxK' 



0) = 



n 



8 a positive integer extending from 1 to J(n— 1); and when 
any expression depending on 8 is enclosed within [], this 
signifies that the product of the J (fi — 1) terms is to be taken. 
The formula3 for the new modulus \ and multiplier M are 
assumed to be 

X= Jfc* [sn (if - 45ft>)]*, 

Jf = H*^*"** [sn {K - 450))]' -4- [sn 45a>]*, 
and we tlien assume between y and x a relation expressed in 
the several forms; 
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l-3r = (l-x)[l-— ^^-^J (.). 

l-Xy=(l-Air)[l-fccsn(ir-4j»)]* (-=-), 

H-Xy = (l+;b;)[l + i*sa(Jir-4»o))]» (-5-), 

where denom. = [1 — A* sn* 4m» . aj*]. 

It has of course to be shown that the different expressions of 
y as a function of x are consistent with each other: but as- 
suming that this is so, it at once follows that 

rfy _ 1 ix 

and consequently that, writing a; = sn (u, it), we have 

y = sn(j,x). 

337. We start from the equation 



-(l+^)[ 



^ sn (iT- •*««) J • 



and show that, X and M being assumed as above, this value of 
y leads to the other equations of the system. 

In the first place, it is clear that the assumed expression of 
\- gives for y a value of the form 

^ (l,a;')4<-^' 
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and if we show that y is = for a? = ± sn 4te), and = oo for 

X = . ~ , [t any integer from 1 to \{n — 1),) then writing s 
ht sn 4vC0 

in place of t, clearly the actual value will be 

Moreover, if in the assumed expression of - - ' we write 

« = 1, we find y = 1 : hence the last-mentioned value of y must 
for 0?= 1 reduce itself to y = 1 ; and we thus find 

viz. C = (— ) [en . 4«a)]' -5- [sn i^co . dn 4«g)]' ; 

or^ what is the same thing, 

C = (-)*^""'* [sn {K - 4«a))]« -- [sn isco]* ; 

viz. (7= if; and the required expression of y is thus shown to 

1 -- V 
be true. Combining it with the assumed expression of - ^ , 

we at once obtain the required expressions of 1 — y and 1 +y. 

338. It then appears that the change of x into j— changes 
y into — : viz, writing r- for x the expression for y becomes 

_l.ri 1 -| . r 8D* 4,0,1 

viz. this is 

_ J p-ife' 8D*4aa>.a!»] r a? l 
~ if A^ [_ AV sn' 4»ft) J |_sn' 48a> — ar'J ' 

or, what is the same thing, 

~ if Ax [Jfc* sn' 4»«] [sn' 4sa,] r x' 1 ' 

|_ sn* law J 
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or finally it is 

= Trirf:jrr — a — Ti-P-^'sn'isw.a^-j-Xf 1 77— h 

Jlf Jfc* [an 4*«]* ^ -^ iz L sn 4«a>J 

viz. observiug that X = Jf "i* [sn 4«a>]* , 
this is = r— . 

Lastly, in the expressions for 1 - y and 1 + y, making the 

above changes x into j— and y into — , and combining with 

the value of y, we obtain the required expressions for 1 — Xy, 
1 + \y ; and the system of formulae is thus completed. 

339. We have to prove the subsidiary theorem, viz. that, 

starting with the assumed value of , the values of x for 

which y becomes = and = 00 respectively are as stated above. 
And for this purpose it is to be shown that, w being taken 
= sn M, the formula may be written 

1 — y __ [1 — sn (1/ + its'ta)] ^ 
1 + y ~ [1 + sn (u + Wo))] ' 

8 being any positive integer from to n — 1, and the [ ]'s de- 
noting the product of the n — 1 terms accordingly. 

For suppose this proved, then changing u into u + 4», each 
factor is changed into that which immediately follows it ; except 
only the last factor 1 + sn(w + 4(n — I)©), which is changed into 
1 +8n(u+4wa)) ; but, g) being as above, we have sn(w+4n«)=snu; 
or the last factor becomes 1 T sn u, viz. this is the first factor : 
hence the value of the product is unaltered. 

340. Now for u = we have a: = 0, and therefore (from the 

original assumed value of - )» y = 0: hence also y=0 for 

u = 4a), 8a) ... 4 (n — 1) o), that is for a? = sn 4a), sn 80), ... 
sn 4 (n — 1) o) : or since in general sn 4(7i — <) o) = — sn 4to, we 
have y = for a; = ± sn 4a), ± sn 8a), ... + sn 2 (n - 1)q). 
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Similarly for u = iK' we have « = go , and therefore y = x : 
hence also y = x for w = iir'-f-4a), iif'+Sw.. 1^'+ 4(n— l)a), 
that is a; = sn(i-S" + 4(o), ... sn(iir' + 4j (n — I)©) ; or, what is 
the same thing, a? = sn (iK' ± 4a)) ... sn (iK' + 2 (/i — 1) oi) say 

for a = sn (tX' ± 4«a>), which is =r-^^T — • hence y = 0, and 

y = « , respectively for the required series of values. 

341. To prove the formula 

1 — y _ [1 — sn (w + 4«'a))] 
1 + y "" [1 -1- sn (u + 45'a))] ' 

we have in general 

{1 + sn (u + a)} {1 +8n (u - a)l - cn«a = |l + g^J^^J H, 

{sn u 1 

where denom. = 1 — i* sn' m sn* a. 

Hence 

{ 1 -8n(m-g)l (l-sn(u-a ) } ^ 
]l + sn (tt + a)j jl i- sn (m + a)} 

t sn (A"- a) j • r "^ ^(iT -Ta)! • 

Write herein successively a = 4a), 8a>,...2 (n — 1) o) : take on each 
ride the product of all the terms, and multiply each side of the 

resulting equation by ;: : then observing that 

J. "|- sn u 

sn (u — 4s(k)) = sn (u + 4 (n — «) o)), 

and supposing as before that s has every integer value from 
to w — 1, the equation becomes 

[1 — sn (li + 4c8'a})] H- [1 + sn (m + 45'a))] 

„ X fi Sl^^* 1* /I X r, SUM 1* 

= (l-8o«)[l-— ^— ^^-^J^(l + sn«)[_l+^^-^J, 

viz. writing sn w = x, the right-hand side is (1 — y) -r- (1 hy) : and 
the equation in question is thus proved. 



254 TRANSFORKATION FOR AK ODD OBDER. [x« 



Addttumal Formulce. Art No& 342 to 347. 
342. We may in addition to the foregoing formnlse write 

Vl«xy=Vl-ifc»a?[l-ifc»a^sn* (JT- 4sG>)] (^), 
whese as before 

denom. = [1 — J^a? sn* 4«ft)]. 

And of course writing a; = sn u, the values of y, Vl — y", VI— it*y* 

Are8n(j^.x),cn(^,x).dn(J.\). 



343. The expressions for y, Vl — y*, Vl — if y", imting 
therein x = buu, may be transformed in the same manner as 
the expression for (1 — y) -5- (1 +y). We have for instance 

8n(M + a)sn(tt-a) = -sn*ari 5-j-r (1— i*sn*asn*tt), 

and hence writing successively a = 4ai, 8a>,...2 (n — 1) », and 
proceeding as before we find («' = to n — 1 as before, or, what 
is the same thing but is rather more convenient, «' = — ^ (n — 1) 
to + i(n-l),) 

y = -T> [sn (m + 4«'a))] -r [sn 4t8a>]\ 

And similarly 

Vl-y* = [en (tt + 4«'<»)] -=- [en 4«a)]*, 

vT^y = [dn (w + 45'a>)] h- [dn 4^a)]\ 

344. From the former expression of VI — xy putting 
therein y = 1, we deduce a value of \', which {observing that 

dnfif— 4«G)) fc' . , 

— 3 —J = T-j-j — ) may be wntten 

dn 45<» an 45a> ' "^ 

X' = Jfc'"-r[dn4«o)]*, 
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and combining herewith the values of \, M we obtain various 
formulaB in regard to the new modulus and the multiplier: 

f^ -, = [dn 4sa)]*. 
>y/^ = [sn(^-4»a,)]^ 

345. We may now write down the system of formulae 
X = A:"[sn(^-4s»)]*, 

\' = k" ^ [dn *«»]«, 

JI/= (-)*'""" [sn (K-isw)]* ^ [sn 45«]», 



sn 



/ « ^\ _ sn M r sn' M "I , . 

Utf ' y ~ IT [^ " sn* isw] ^ ^' 






en 



(^. x) = en « [l - ^!^^J (^X 



^ V XA'" f^*'" ^" ■*" ** ®^^' 



dn ( J, x) = dn « [1 - A' sn* (K - 4so>) sn' u] (^), 



= y ^1 [dn (« + 4«'«)], 
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l-sn(^,x) = (l- «n«)[l-^|'_"^jM. 

1 - X sn (j^ , Xj = (1 — A sn m) [1 — Jfc sn (^ — 4?*©) sn t/]' (-^), 

1 +X8n r^, Xj = (1 + A an u) [1 + A: 811 {K-^al) sn tif (h-), 
Denom. = [1 — A;* sn* 4}5ft> sn' u]. 

346. To obtain a different group of formulae, observe that 
the equation between y, x may be written 

which is of the form x [a?, 1) — {a?^ 1) =0, where the co- 
efficient of the highest power a;" is = 1 ; 

and that the roots of this equation are 

a; = sn w, sn (w + 4g)) . . . , sn (w + 4- (n — 1) o)) ; 

whence we have the identity 

a: [0^ - SD« 4««] - >^ sn (^^. x) p - ^-J^] 

= [a; — sn (u + 4«'tt>)] ; 
and comparing the terms in oT'^ we have 

2 sn (« + 4,'a,) = ^ «°(J''^)5 
and similarly 

J(n-l) 

2 en (w + 45 o)) = — j^ ji en ^^, XJ , 

4(n-l) 

2dn(u + 4s'a,) = tL- dn(j,x), 
2tn(u + 4.'a,)= ^ tn(^,x). 
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in all which formulae s' extends from to n — 1, or, what is the 
same thing, from — J (n — 1) to + \{n — 1). 

In the first equation the left-hand side may be written 
= snM + 2{sn(u-f 4«a)) + sn (u — 4f«<»)} ; « = ! to J(n— 1), 

viz. this is 

-^ 2 en 4t8m dn 4tf» . sn u 



«-. » 



1— A;'sn*4«(».8n*tt 
and making the like changes in the other equations we find 



X (u ^\ fi . «x? cn4»(»dn4*<» ) 

347. The last formula, which is of a different form from, 
the others, depends on 

x^/ . N . X / N sn(u + a)cn(M-a)+sn(u-a)cn(u + a) 

tn(ii + a) + tn(u — a), = — ^ ^7 — r-^^-^ -r ^ — ^ ^, 

^ / • V >" en (tt + a) en (m — a) 

where the numerator, = sin {am (m + a) + am [u — o)}, is 

=s 2 sn ti en u dn a, (-r-) 

and the denominator is 

=3 en* a — dn*a sn'u, (-r) 

the common denominator, 

=sl — JE^sn*asn*u, disappearing. 

c. 17 
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The 2a>-formuUB. Art. Nob. 348 to 351. 

348. The above may be called 4i»-formulae : we may change 
them into 2<»-formulae. For this purpose observe that the 
series of values 



sn (m + 4a>), sn {u + Sm) ... sn (u + 2n — 1) © 
is in a different order 



s=(-)*sn(u-2G)), sn(M+4a)), (-)*sn(M-6G))... ± sn (u ± w - lo), 



where the last term is sn(M + n — loi) or (— )"8n(M — n — 1«), 
according as n — 1 is evenly even or oddly even. 

To prove this, write 4ft + 2t' = 2n, then 

w + 4te) - (u - 2^0)) = 2m», = 2mK + 2m iK', 

whence sn (u + 4fG>) = (— )"• sn (m — 2^'g)). If n — 1 be evenly 
even, = 4^, then giving ^ every value from 1 to J (n — 1), 4^ is 
less than n, and the term is retained in its original form ; but 
giving t the remaining values from i(wH-3) to Jt(n — 1), the 
corresponding values of i are from 1 to ^ (n — 3), and the term 
sn(aH-4to) is changed into (— )"'sn (u — 2^'©). So if n — 1 be 
oddly even, = 4i/ — 2, then giving t every value from 1 to 
J(n— 3), 4it is less than n, and the term is retained in its original 
form ; but giving t the remaining values from \ (n+1) to J (n— 1) 
the corresponding values of t* are from 1 to ^ (n — 1), and the 
term sn {u + 4^©) is changed into (— )" sn (u — 2t'o>). We have 
thus the theorem. 

349. Repeating the result, and writing down the analogous 
results for en and dn, 



series sn(M + 4(o), 8n(u + 8G))... sn (u + 2fi— Icd) 
is in a different order 

= (-)•" sn (w — 2g)), sn (w + 4a)), (— )•* sn (t* — 6ft)) . . . 



±8n(tt±n-la)); 
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series cn(u + 4tt)), cn(u + 8o))... en (m + 2n — lo)) 
is in a different order 
= (-)*^' <^^ {^ - 2a)), en (u + 4a)), (-)-'^ en (u - 6g)). . . 



icn(u± ^ — lo)); 



series dn(w + 4f6)), dn(u + 8(o)... dn(tt + 2n— 1©) 
is in a different order 

H"^ dn (u ~ 2©), dn(u + 4a>),(-.)-'dn(w-6a))... 



±dn(ti + n — Icd). 



350. It will be at once seen that these formulae, on writing 
therein w = 0, give for the series of sn, en, dn of 4a), 8a), &c. 
the several values 



(—)*** sn2a), sn46), (-)"^* sn6a)..« 
(-)"^cn2a>, en 4a), (-)"**" en 6a)... 
H"' dn 2a), dn 4a), H"^ dn6a)... 



T sn (n 
± en (n 
± dn(n 



l)a), 

1)0), 
1)0). 



The results are also required for u = JT: as to this, observe 
that in general 



sn (ir+ a) = - sn (- ^+ a) = 
en {K+a) = — en (— K+a) = 
dn{K+a)= dn(-Z + a) = 



sn(^. 
cn(Jr- 
dn(7r- 



«); 

a); 

a). 



Hence we see that 



series sn (-fir+ 4a)), sn {K-^- 8o))... 
is in a different order 

(-)" sn {K + 2a)), sn (A" + 4a)), (-)"• sn («' + 6a)) . . . 



sn (^+ 2n - lo)) 1 



± sn {K+ n — lo)) ;^ 



series en (5"+ 4a)), en (if + 8o)) ... en {K+ 2n — lo)) 
is in a different order 
(-)«^'+»cn(A'+2a)), cn(ir + 4a)), H^^-^^^cnCA^+ea))... 

± en (^+ n-lo)) ; 
17—2 
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series dii(A''+ 4a)), dn(Z+8tt))... dn (5'+ 2w - lew) 
is in a different order 

(-rdn(ir + 2«), dn(/r+4ai), (-)"' dn(ir+ 6«ki)... 

± dn {K+ n-lw) ; 

in each of which formuIsB we may for oi write — ©. 

351. It will be observed that in the formulas which con- 
tain only snu, cnu, dnu (i.e. which do not contain sn(u + 4fs'(d) 
&c) and squared functions such as sn^43o>, &c., the change of 
form is effected simply by writing 2q> instead of 4^ : in the 
other formulse there are signs to be changed, and it is safer to 
retain the 4aHfonnul8e, making the change of form only if and 
when it is required. 

We have thus : 

X =: *^ [sn (^ - 28<oy]\ 

V = k"" -^ [dn ZatoY, 

M = [sn {K- 2««)]* -4- [sn 2^', 



sn 



en 



fu \ snuf- sn*tt 1 , . 



dn(~, x)=dntt[l-i'sn«(Jr-2«a))sn«u] (-), 

denom. = [1 — i* sn' 2«o> sn*t«] ; 

but I do not write down the other formulse in their 2a)-form. 

The change from the 4o>- to the 2c»-formul8e is, as will 
appear, a very essential one, and it is important to take notice 
of it 
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n an odd-prime; the Real Transformations, First and 

Second. Art. No. 352 to 359. 

352. We have © = , where m and m' are 

n 

positive and negative integers having no common divisor which 

also divides n. It is convenient to take n an odd-prime: there 

are here n + 1 distinct transformations corresponding to n + 1 

values of a> which may be taken to be 



K iK' 

n' n ' 


K+xK' 

n ' 


K+2iK' 

n ' 


K+{n-\)iK' 
n 


or to be 








K iK' 
n n 


K + iK' 

n ' 


2K+ iK' 
n 


(n - 1) K+ iK' 
n 


or again to be 








K ilC 
n' n ' 


K+ilC 

n ' 


1 • • 


E±^(n-l)iK' 
n 



Two of these transformations are real: the former of them 
corresponding to the value cd = — , and called the first trans- 
formation, is a transformation to a modulus \ which is less 
than k; the latter of them corresponding to the value 

iK' 
« = — , and called the second transformation, is a transfor- 

mation to a modulus X, which is greater than k. 



K 

First Transformation, a> = — (to a smaller modulus \). 

353. The general formulae apply at once to this case, but 
it is convenient to slightly alter them by omitting the factor 

(—)**"** which presents itself in M. This comes to writing 

(— )^*~"y in place of y: so that in the new formulae aj = l, in 

place of giving y = l, gives y = (—)***"" 1, or say y=±l, the 
upper sign answering to an evenly even value of n — 1 and the 
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lower sign to an oddly even value of n — 1. It will be convenient 
to give the formulse as well in the 4g>- as in the 2q>- form. 

In the formulae which contain + or + the upper sign is to 
be taken when n — 1 is evenly even, the lower sign when it 
is oddly even. 

354. For the conversion of io)- into 2(k)'formulae, observe 
that the series 

/ 4:K\ ( SK\ f . 2(n-l)Z\ 
snlwH I, snIttH J... snfwH — ^ — I 

is in a dififerent order 



/ . (n-l)K\ 



the series 

/ 4ir\ / B,K\ ( . ^{n-V\K\ 
cn[« + J, cnf«+ — J... cn(«H 1 

is in a different order 

= _cn^u-— j, cn^M + — j. -cn(^u-— j... 

and the series 

is in a dififerent order 

In all the formula) 8 has the dififerent integer values from 
1 to i (»*— l)i and 8 the dififerent integer values from — ^(n— 1) 
to+i(n — 1); or as regards the 4a)-formulaB, we may consider 
8 as having the dififerent integer values from to (n — 1). 
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Second TranaformcUion, od = — (to a larger modulus Xj. 

356. Write in the general formulae to = : the formulae 

in the first instance present themselves in an imaginary form : 
these are given as well in the 4a>- as in the 2a>- form. For the 
conversion observe that the series 

/ . 4iX'\ / SilCx ( 2(n-l)f'ir\ 
8nfw+ j, snfttH 1... snfuH — ^= ) 

is in a different order 

/ 2/A''\ / MK\ ( 6tK\ 

= sn^u- ^-j, 8n^u+— j, sn^u- — j... 



sn(u ± 
the series 



h'^^y 



( *iK'\ / 8iK'\ f . 2(n-l)i'ir\ 



en 
is in a different order 



/ 2tif'\ / . MK\ ( %xK\ 

= _cn^«-— j, cn^« + — j.-cn^«-— j... 

±cn(„±^_^j; 
and the series 

dn(« + i^). dn(« + ?^)... dn(u + ?^rLzl)i^) 
is in a different order 

= _dn(u-?^). dn(u + M:).-dn(«-^)... 

357. There is a further change of form to be made in some 

of the formulae. We have A: sn v = — -, ^^3^ , and thence 

sn ( t; -h lA ) 

, ^8iK' 1 1 

— A: sn = 



sn I xK I sn ^^ 

\ n I n 
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Putting for a moment n — 2^ = 2^ — 1, we see that s having 
the positive integer values 1 to J (w — 1), < has the same series 
of values in a reverse order ; whence finally writing 8 instead 

of t, — isn has the same values as ,^ .,, jyy. , or say 



sn 



n 



the series 

— Arsn , — A:sn ,... — ^'sn^ 

n n n 

is in the reverse order 

1 1 1 

TIT* SiK'"" («-2)/iir'' 

sn sn sn ^ 

n n n 

and similarly k sn (K ) has the same values as 

We have moreover 

ken = tdn^^ -^sn^^ 

n n n 

, 28iK' (n^2*)tX' (n-2«)tX' 

dn =: en ^ 5- sn ^^ , 

n- ti fi 

which may be similarly transformed by putting therein 

n-2«= 2<-l, 

and finally 8 instead of t, as above. 

In all the formulae 8 ha» the different integer values from 
1 to ^{n— 1), and «' the different integer values from — ^(n— 1) 
to +^(w— 1) : or we may in the 4Q)-formula9 consider s' as 
having the different integer values from to (n — 1). 
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The Second Transformation under a real form. 

359. The formulae may be presented in a real form by 
means of the transformations, 

8nitu,A:;-^^^^^,j , 
en (tu, k) = 



cn(u,ik')' 



,p. .J. cn{iu,k) 1 

sn{K-tu,k)= ^^^^y ^^^^^y 

Writing for shortness sn', en', dn', to denote the functions 
to the modulus k\ we have for instance 

/ tt ^ \ sn M f- . sn* w "I 



n 



-ri+ifc^tn'«^'sn«ul, &c.; 



but I do not think it worth while to give the entire series of 
equations. 

Two relations of the Complete Functions. 
Art. Nos. 360 and 361. 

360. In the first transformation, taken in the 2a>-fonn| 
(observe that this is essential) 

/u . \ snw f- sn*w 1 , v 



n 
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On the left-hand side the least real and positive value for 
which snf-vvyX] vanishes is ^=2 A, and on the right-hand 

side it is ti = — : hence we have M\ = — or — ry = A. 

n n nM 

361. In the second transformation 

f u ^\ sn w f- sn' u "I , . 

n 
On the left-hand side the least real and positive value for 

which sn [ ^ir, Xj vanishes is -¥7-= 2A,, and on the right-hand 

side (since here the only factor which can vanish is sn u) it is 

11 = 25": hence JfjAj = IT or ^=A,. 

K K 

Observe these equations, -i--=A and-i^=A,. 

The Complementary and Supplementary Transformations. 

Art. Nos. 362 to 367. 
The first complementary transformation, 

362. Start from the first transformation : this may be pre- 
sented in the form 

*^U'^J = H^ Vvhr-*-"^;]- to+Kn-1). 

Writing herein iu instead of m, and recollecting that 

tn (iw, k) = i sn (m, k'\ 
the equation becomes 



sn 



«= 1 to i(»— 1); 
C. 18 
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')Tv/?-[-;^] 



or, since clearly the outside multiplier must be = jv,* 
this is 



sn 



fu ^,\ SD (% k') p., . Bn* (u, Jc) 1 



^ Fl + Ptn*(^,it) sn*(w,Jfc')l . 

This is the first complementary transformation giving 
sn[v^,X'j in terms of sn(w, &'). Observe that its form is 
analogous to the second transformation. 

Hie second complementary transformation. 
363. Start from the second transformation ; this is 

♦ The formula is ^ = ( -)***"**! en' | a/ -rj t which of oonne nuij be 



tsn 



yerifled direoUy : we have sn' ( j = ^i-, and thenoe 

on 

n 

whence the f ormnla becomes 

which is right 
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Writing herein iu instead of u, and recollecting that, as 
before, 

tn {lu, k) = t sn (w, k'), 
the equation becomes 



= H y^8n(w,A:) 

X snft^ + -^,*jsn^w ^, kj \, 

« = 1 to i (n — 1) ; 

- fl - r sn* (^', *') sn* (u, if)] ; 

where the outside multiplier must be = v,- . The formula 
is therefore 




sn 






- fl - fc'« 8i^"(^ » *') sn* («, *')! ; 



which is the second complementary transformation giving 
8n{^,X/j in terms of sn(w, fc'): observe that its form is 
analogous to the first transformation. 

364. Writing the first complementary transformation in 
the form • 

and considering the least real positive value of u for which the 
two sides respectively vanish: these are on the left-hand side 

18—2 
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U 



Y^= 2A', and on the right-hand side u = 2K': hence we have 

MM^E: or A' = 5- 

M 

Similarly from the second complementary transformation, 
/ u ^ A sn (u, k') f- sn* (u, k') "1 . . 

the least real positive values for which the two sides vanish are 
-i^=2A,' and u=^ , whence Jlf,A/ = — or A,' = -^7 . 

365. We have thus obtained the equations 

to be taken along with the foregoing equations, No. 361, 

A = —77 and A,= -f7-. 
nM * Jfj 

Eliminating IT and M^, we obtain 

A' iT K' A/ 



-^ = nTF-, -:=^ — n— *- 



A "'K' K '^A/ 

the first of which is an equation between \ and &, and the 
second is the same equation between k and \: and it thus 
appears that \ is the same function of k that A; is of Xj. The 
equations show that \ is less than k, and \ greater than k. 

The first supplementary transformation. 
366. In the second transformation 



sn 



(— \ \ — ^5-?f fi en*u 1 _^ f- sn'u "] 



sn *- sn 

n n 



change fc into X, and therefore X^ into k : writing for a moment 
N^ as the new value of -If, the formula becomes 



sn 



/_w ,\ _ sn {u, X) r sn' {u, X) "1 
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7/ 

Change also u into j^ ; then observing that 

if. = ^, and therefore -^^i = 5^= ^ o'f « = :|^^. 

the equation becomes 

8nM-^,XJ 
sn (ntt, A) = Tiif sn {-7k ^ ^^ ^ 






which is the first supplementary transformation. 
Combining herewith the first transformation, 

*- sn" -■ *- ^ 

n 

we see that the two together lead to an expression of sn {nuy k) 
in terms of sn {uy k). 

The second supplementary transformation. 
367. In the first transformation 

n 

change k into \, and therefore X into k: writing for a 
moment N as the new value of M, the formula becomes 



sn 



/ tt ,\ sn ( n, \) r ' sn' (t^, \) "] 



H-[l-V8n'(?^,\.)sn'(«,Xj]; 
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change also « into -^; then observing that 

K' A ' 1 1 

M^-T-,f and therefore N^-fh, =-— ^, that is n = 



the equation becomes 

sn (««.*) = nif. sn (I . X.) [l —-^-1-] 

*['-v-'(^.n)--(fa)]. 

which is the second supplementary transformation. 
Combining herewith the seoond transformation. 



U'N — STL rra^j^'J 



n 



-[i--:t^w]' 



sn 

fi 



we see that the two together lead to an expression of sn (nu^ h) 
in terms of sn (m, k). 

The Multtplication-formulce. Art. No. 368. 

368. For the actual determination of the multiplication- 
formulae, observe that the first supplementary transformation 
may be written in the form 

sn(nu,A;) = >^^[sn(^ + -^,XJJ, to+i(Ul); 

or, what is the same thing, 

, ,, /x-r /u 2m'tA' \"| m'=-i(n-l) 

But the first transformation gives 

/« ^\ , ,i(.-» /Fr / ^2«'if\"| «' i(n-l) 

»n(^.x)=(-) ;^-|_sn(« + — jj. to+j(„_i). 
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or say 



sn 



(b .^) - H*-"^/! [" h'-^)] ■ Zllt'-l 



J ... , . . 2mt£i , tt , 

and ^mting herein u H for a, -jf becomes 



u 2m'iK' u 2m'iA' 

and the formula is 

4(1.-1) /„ 2m'tA' ,\ /¥r / imK im'iK'V] 

where on the right-hand side m has the last-mentioned values. 

Giving herein to m the different values from — ^(n — 1) to 
+ i (n — 1) and multiplying the results together, observing that 

we obtain 

or, the left-hand side being = (— ) a/vS^^C^***^)* *^® 

formula is 

2w7r . 2miK\) 



sn nu 



.un n i'«ji 1 J / . 2^^- . 2mii!:'\l 



where on the right-hand side the { } denote the double product 
obtained by giving to m, m! respectively the values -^{n-l) 
to+J(n-l), or say the values 0, ±1, ±2, ...±i(^-l)- 

And in the same way 

and dnnu= (j.) |dn^u + -^ + — ^J|, 

which are the formulae obtained Chap. IV. 
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CHAPTER XI. 



THE J-FUNCTIONS: FURTHER THEORY OF THE 

FUNCTIONS H, 6. 



369. In the present Chapter we start with the transforma- 
tion of the order n in the form of the first supplementary 
transformation, wherehy the functions sn {nu. A:), &c. are given 

in terms of snf -jj^, xj : writing first - for n, we make n = «, 

and (as will appear) we thus obtain the elliptic fimctions sn (u, i), 
&c., as fractions, the numerators and denominators being re- 

spectively obtained in terms of the circular functions of ^^, 

viz. as products depending on these functions, and involving 

also the quantity e ^ , which is put = q : the elliptic func- 
tions have been already in Chapter vi. expressed as fractions 
by means of the functions H, : and identifying the two ex- 
pressions, we obtain the expressions of these functions as series 
involving powers of j, or say as j-series. 

Derivation of the q-formulcB. Art. Nos. 370 to 378. 

370. The first supplementary transformation is 



sn (nw, k) = nM sn (-y., \ j 



sn 



1- 



sn' 



1- 



sn" 






,/(2»-l)tA' 



( 



n 



.x)J 
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we write herein - for u, and make n infinite. This gives 

in virtue of As=— 7> 



and A 



, K' 



MJ' 



nM= 



2K A' _ irK' 

ir ' n ~2K ' 



and the equation becomes 



2K . -iru 



1- 



sin-g^j 



sin 



1- 






. A28-\)tirK' 



This is one of a group of formulae obtained in the same 
manner. 

371. The formulae are 



snu = 



2K . nru 
V ^^^ 2K 



nru 1 



1- 



^'""^K 



Sin 



^miir 



wF 



K J 



w. 



cni« = 



cos 



TTU 



sin' 



1- 



ini t 
2K 



cos 



2 WITT 



^nr 



K 



(-). 



dnt£ = 



.:«v« 



TTU 



1- 



sm ^ 



cos 



,(2»i-l)t7rir' 



21: 



w. 



1 — snu 



=(^-^°S) 



sn 



■iru ^ 



1- 



cos 



2ir 

mivK' 



K J 



(-). 



=0 



1 + sn u = ( 1 + sn 



TTU 

2Z. 



) 



sn 



TTW n 



1 + 



cos 



2iir 

mvirK' 



K 



(-). 
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1 — ifc8nu = 



sn 



1- 



irtt 
2K 



cos 



(2OT-l)wriC ' 
2K 



W. 



1 + it sn u 



sn 



1 + 



2k 



,« 



cos 



(2»w-l)t7r^ ' 
2K 



(-). 



denoxxL 



sn' 



1- 



TTU 



sn 



, (2m~l)tVg" 
2K 



372. We obtain in like manner another group of formulae, 
in which also m has the values 1, 2, 3... to infinity, 



(2m-l)fVZ' 



IT , TTU -» 

Bn«=--^8in^2 



/ ^ 2g 

I . ,(2m-l)t7rA:' . , 



TTU 



cn«= ^^cos^ll(-) 



. {im-VjiirK' 
2K 






. , TTtt I' 

-«^2Z/ 



(2m - 1) tViT 



dn u = 1 + -g^ 25" 



I . , (27/1 - 1) iTT-ftT' TT 

\sin'-^^ ^^^1?^ sm' 



TTU 

2? 




The deduction of this last formula presents some peciJiarity: 
writing ± instead of (— )*^'*~^^, the formula originally presents 
itself in the form 



±dnu = 



JLa- ^ ^ 



(-)"• sm -^^ :fi cos ^ ' 



K 

. ,(2m-l)i7riC' 
sm ^ j^ 



-sm 2^ / 
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viz. the upper or lower sign must here be taken according as 
the number of terms in the series is even or odd. To get rid 
of this variable sign, write in the equation u = 0, the equation 
becomes 

{2m-l)iirK' (2m - 1) iirK' 



(— )*• sin 



K ^^^ K \ 

. , (2m - 1) iwR.^ I ' 



K 



and subtracting this from the general formula, each side of the 
equation is affected with the same sign ±, which sign may 
therefore be omitted : whence, observing that in general 

sin a cos a sin a cos a 
8in*a— sin^aj sin^a 

sin* a? cot a sin' a? 

= smacosa 



sin* a (sin* a — sin* x) sin* a — sin* x * 

it is at once seen that we thus obtain the result first written 
down. 

All the formulae assume a more convenient form by writing 
therein w= , viz. we have thus sin ^-i>= sin a?, and conse- 

quently the elliptic functions sn , &c. expressed in terms 

of sino;. 

373. Introducing now the quantity 






we have 



«"^-g^ = 2l(2--2-)=-4^. 

cos— g.-=2(2"* + 2-«)=-2^, 

sin* X ^ 4^'^sin*a; _ 1 - 2g*'* cos 2a; + g*** „ 

^ . , miVif ' "■ "^(1 - (?*-)" (1 - O' ^ 

sm' — j^ — \ 1 / \ I • 
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and in the resulting formulae the right-hand sides contain as 
factors certain functions of q, which functions are afterwards 
determined as will presently appear. Supposing this done, the 
formulae of the first group $tre 

1 ,- 
= 2 -7= Jq sin x [1 — 2g^ cos 2a5 + j*"], (^ 

= 2a/ j^^^cosa; [1 + 22*" cos2a? + j**], (4- 





2Kx 
sn 

TT 




2Kx 
en 

IT 




, 2Kx 

dn 

TT 


1 


2Kx 

-sn 

7r 


- 2Kx 
l + sn 

TT 


1- 


, 2Kx 

-A:sn 

TT 


1 J 


, 2Kx 



= ja [l + 22"--*cos2x + ?*^. (^; 

= 2y ^^j(l-sina?)[l-2j- sina?-!-/-]*, (--; 

= 2Y 5^^2(1 + sinj:)[l + 2j"» sinir + 2'"]** (-S"! 
= Jk' [1-22"^* sin a: + 3^7, (-5-; 



^ = ^/A' [l + 22'^sina;+/-'T> (t 

where 



denom. = [1 - 22**"* cos 2a? + 2**^] ; 
and the formulae of the second group are 
2ifa; 27r . ^ f c/*"* 



«^-^=^^^^ 



2J5ra? 27r 

en = T^> cos X 

IT kK 



° ^-^ |l _ 22*--' cos 2a; + j-"^; ' 

l*^ -' 1 - 29"^' COS 2a; + g*"-j ' 



l-dn^-^ 



TT 



"Z^'°^^tl-22^"^cos2a; + 2M' 



2.Ka; 

and to these Jacobi has joined an expression for am , that 

IT 

is sin""* sn : viz. the equation is 

sin- (sa 24-) = ± . + 2S (-)"- tan- ^O^. 
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where the sign is — or +, according as in the calculation of 
the series the numher of terms taken is odd or even. Writing 
herein k=0, the formula becomes 

a? = ± a? + 22 (-)""* tan"* (t^n x\ 

where the sign is — or + as before, a particular formula, the 
truth of which is evident at sight : and subtracting this from 
the general formula, we convert it into 



sin sn 



= a; + 22 ((-)"*"* ^^""(l^^i *an x\ - tan'^tan A , 

or, what is the same thing, 

. ^/ 2Kx\ ^^^, .^. _,/ j**-'sin2a: \ 

a form of the formula, free from the discontinuity, and in which 
the series is convergent. Differentiating in regard to x and 

using a formula — = 1 + 42 , _ l^y^ , which will be proved 

^Kx 
further on, we obtain the foregoing expression for 1 — dn ; 

TT 

and conversely by the integration of this we obtain the last- 



mentioned formula for sin"*(sn 



in (sn— j. 



374. In completion of the investigation of the formulsB 
of No. 372, observe that writing 

5 = [1 + n*. (-) 

l = [l + 2— ]«. H 

where denom. = [1 - j*"'']* ; 

the formulae obtained in the first instance are 

8n^^f = ?^sinar[l-22*cos2a; + 2n H 

TT IT 

en— = B cos X [1 + 22*" cos 2a: + .y*"], M 

TT 
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dn — = C [1+22*^' COB 2« + g*^, (-5-) 

where denom. = [1 — 2g^ cos 2x + 9**^. 

Writing in the first and third of these x = ^w, we find 

- 2AK G J, n n 
1 = -— .-g; k^G.C\ 

whence G = ^^, and J? = . 

TT 

375. To determine A, write for a moment U in place of 
ef*, then we have 

2Kx_AK U-W [\^q^TP][l''q^U^] 

which, observing that 

may be written 

^^ IT ~ iri [1 -^'IP] [1 - j»-'£7-'] • 

For X write a; + -lii^, sn becomes 

2A IT 



r-?^^). -r^. 



IT 



{T is changed into q'U, and taking the second formula we have 
1 _ AK 1 [l-g'-' CP] [l-7'^'^"*] 

TT 

Hence multiplying, we find 

1 fAK\* 1 ^ AK l/q 
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and therefore 

and substituting we have the foregoing formulse for sn, en, and 
an of . 

IT 

376. We also obtain various other j-formulaB. 
Multiplying the expressions for B, C we have 

VJb [1+?-]' ' 

and observing that 

Ll + 2 J- |-l_j--]. -[l_2»--']' 
we find 

and thence, using the foregoing value of A, 
which two formulae give 

[i-2^']«[i-2-]=y^. 



and to these may be joined 



T*^ 



4. — 






[1 + 2-]* 
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377. If for shortness we write : 

a = [l+f^], whence a/9=[l + j-], 78 = 11-2-], 
fi==[l+fl anda/fty=l»; 

8=[l-j-]; 
then the foregoing formulae give 



-.7i(f)*. 



2K_ 


/asy 


T 


W' 


2kK , r 


(0' 


2k'K 


/7sy 


V 


l^i' 


IT ^ 


©■■ 


2 JJc'K _ 


/'iV 



TT 



The equation l^ + k'*^! gives 7'' + 162'/8* = a', or written 
at length 

{(1 -?)(1 -2')(1 -!Z")-1'+ 16d(l +2^(1 +?0(1 + 2')-.}' 

= {a+2)(i + 2')(i + 3')-l''; 

a remarkable identity. 



* This is in fact the formula [l + g"*]= ^ proved No. 876: it ocean 
in Euler's Memoir, De Partitione Numerorum (1750), Op. Min. ColL p. 93. 
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378. It will be noticed that we have obtained expressions 

. 2,Kx 2Kx , 2Kx ^. i r ^- u • 

for sn , en , dn , as rational fractions having a 

TT TT TT 

common denominator, the three numerators and the denomi* 

nator being each of them a y-function, \q = e ^ ), involving 
circular functions of x respectively. Imagining x replaced by 

its value ^j^, we have snu, cnu, dnu expressed as rational 

fractions, the three numerators and the denominator being 

each of them a j-function involving circular functions of ^ . 

We have already obtained for sn u, en u, dn u fractional ex- 
pressions having a common denominator Su, and in their 
numerators Hu, H(u+K), S{u-^K) respectively; and it thus 
appears that these functions must be, to proper factors pr^s, 

multiples of the j-functions of ^r^ respectively: viz. the 

factors to multiply the ^-functions must be of the form 
-4J7, BU, CUy DU where U is an unknown function of w, 
but A, B, C, D are known constants or exponential factors ; 
and the theorem at once suggests itself, that the two sets 
of functions differ only by these factors -4, B, C, D, or 
what is the same thing, that ET is a mere constant, which 
may be taken =1. But Jacobi in fact directly identifies 

© with a j-function of x [that is, 0w with a j-function of 

5-j^j , by an investigation of some complexity but of very great 
interest. 

0, H expressed as q-functions. Art. Nos. 379 to 383. 

379. We have 



y 



/ 



1 — fcm 



w _ [1 - 2q^'^ sin x + g*^"^] 
2lCx [1 + 22"*-* sin X + q^"^'^] ' 



1 + ifcsn 

TT 

c. 1» 
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Taking the logarithm of each side, and expanding the loga- 
rithms of the factors on the right-hand side, after some obvious 
reductions we obtain 

1 — ^• sn 




1 +&sn 






2Kx ^ ' (2m-.l)(l-j2~-») 

or, writing the series at full length, 

_ 4iJqBmx _ 4ijg^ sin 8j? 4^/5^ sin 5a? 
~~T^ 8(1 -3») "^ SCl-j*) -••• 

Differentiating each side in regard to a;, we find without 
difficulty 

2Kx 

en - •«, _^ __ 

2W^ TT _ 4s/y cos a? ^ 4!jq* cos Sag 4^y* cos ox . 
'•^ 7I^~ l-J 1-3* 1-2* " ''•• 

TT 

or, observing that the left hand Is 



sn 



/„ 2Kx\ 'ikK 2Kfir \ 



IT 

and writing ^tt — a; in place of a?, this is 

2,kK 2Kx __ 4s Jq sin x . 4^/ sin 3a? 4^^sin5x 

380. It is this formula which leads to the identification 
just spoken of; viz. squaring the two sides we obtain after all 
reductions 

/2iAV ,^Kx 4K,^ ^, 



_ A, (2? COS 2x iq'coaix 6^* cos 6x \ 
~ \ 1-3" ■*■ 1-2* + i_j* +••}• 



or, multiplying by (2a; and integrating from a; = 0, 






X 



I i-(z* 1^*" 1-7" ■*■•••}' 
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whence, from the definition of Zw, ante, No. 131, 

^K ^/2Kx\ _a(9 sin 2a? g*8in4i? g'gin 6x 1 

and if we again multiply by dx and integrate from x^O, 

2K[ /2Kx\, , (1- 2g cos ar + g')(l- 23*008 23? + ;*)... 
izV^)"^^^'^ {(l-3)(l-3-)...r ' 



that is, 



K 



^ f2Kx\ V TT 

"^,,rV {(1-5)11-3')...)' 

(1 - 2^ cos 2a! + g*) (1 - 2^* cos 2a; + q*)...; 
or say 

/WE 

e(^)=^-^:^[l-22-'cosar + 2--]; 

2^^ 
viz. we have obtained this value of from the definition 

TT 



e„ = /2i;^^-i|«»+/.<«»/.*.dn.„ 



381. We have to proveCthe theorem for the squaring of the 
right-hand side of the equation 



2kK 2Kx i'/q sin X ^ 4vg'sin3a? , 4 vg^ sin 5a ? 

Sn — ^ r t « • i A "F • • • 

TT TT 1 — ? 1^2 ^""2^ 

Forming the square and reducing by the substitution 
2 sin mx sin nx = cos {m'-n)X'- cos (m + n) a?, 
the square is 

= A + A' cos 2a? + -4" cos 4a? + -4'" cos 6a? ... , 
where 

A- »^ , %' , . 

and moreover 

^w = 8 {25<"» -(?"'), 

19—2 
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where 
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[xw. 



Jt*l 



M** 



£»>= 



(l-q)(l-^)-^l-^.l-i^-^ 1-^.1-^ 






+ ... 



1-3- 



9*^* 



+ . 



_ ?■ 



1-2' 



1-2*** l-j»"*» l-2»- 
(-2- +^^ +-2^^l 



and 



5 + 



l_g.l_j«-»^l_j».l_g»-«^l_g».l_j«-* 



... + 



l-2^M-3 



1-2' 



... + . '^ _ 



l+l +1 ...+1 

= _!!2L+_22:_(_i_ + _2!_ I g*"' 1- 



whence 






viz. each coefficient (except A, which is an infinite series) has 
this finite expression, and we have 

/2kK\* , 2Kx . . (2q cos 2a; 4o* cos 4a; 6g cos 6a; 1 
382. To find the value of 
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aultiply by dx and integrate from to ^ir, we have 
T "what is the same thing, 

iz. from the equation 

ZK' = 0=;ir(l-J)-A?p8n*uc?t*, 

re have A^^{K^E), 

the proof is thus completed. 
383. Write for shortness 



v/ 



-where, ante, No. 357, 



2ifcX 



then the relation obtained is 

which is the required expression for &, leading as mentioned 
above to the corresponding expressions for the other functions. 
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d 
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03 
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or omittiDg the second and fourth equations which are in- 
cluded in the first and third respectively, 

ir ^?^) = ff . 2^2 sin 0? [1 - 22*» cos 2a? + J*"*], 



e 



f2Kx 



(^^ ^O. [1 - 2q'^" cos 2x + j*'*^. 



New developments of the functions H, ©. 
Art. Nos. 384 to 388. 

384. We have identically 

[1 - 2 J*-"' cos 2x + j*~T 

1 

~ ri _ «mi { 1 "■ 2 J COS 2x + 22* cos ix — 2^* cos 6a? + . . . }, 

2^2 sin a? [1 - 2j** cos 2ir + 2*"] 

= p. ^ ^-j {2is^sinag — 2iyg^sin3a? + 2^g"sin5a?— ...); 
and hence observing that 

G V IT . 

we find 

e[ — ?] = l-2jcos2x + 22*cos4a?-2g'co8 6a:+..., 



H i^-^\ « 2^2 sin a? - 272* si^^ 3^ + 2^^ sin hx - &c., 



'2Zic\ 

which are the expressions of these two functions developed in 
cosines and sines of multiples of x. 



386. For the direct proof of the identities we require the 

development of [l+3*^*«], that is of (l+2-?)(l+2*^)(l+3*^)--- 
in powers of z. Assuming it 

if for z we write ^z, and multiply by 1 + g«, the result is 
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a 1+^5 into (1 + $*«)(! + $^«}...; Tix. this is the original 
function. We thus have 

= (1 + g«)(l +^j"^ + 53V + CiV+ ...) ; 

thatis, -4(1-2') = ?, 5(1-2*) = 2M, C(l-2')=j'-ff, ... 
and thence 

In a very similar manner it is shown that 



[1 — q'^z] 1— jl — J2 1-g.l — j*l— jz.l — g^r 

I g £ + 

^l-g.l-jM-j* l-jz.l-j'a.l-j**^ 
386. Starting with the equation 



[1 + 2-'.] = 1 + j^. + j-^ri-*+ i-r^^riZT.+ -- 



2» ^ l-q\ 1-2* 1-2'. 1-2". 1-2" 
we have similarly 



.-I 



and these two are to be multiplied together ; the product will 
be an infinite series of the form 

5, + 5,(£ + 0+A(«' + 0+-» 
where B^, B^, B^,.. are functions of j given in the first instance 
as infinite series, which however admit of summation by 
means of the last formula in 14 o. 385, viz. 

_-J__=i+_? ?_+ I ^ 

[1 — 2'"«] 1 — 2I — 2* 1 — 2-1 — 2l~2*«l — 2*» 



^ 1 -2- 1 -2*- 1 -?* 1 -J«.l -9*«- 1 -2*« ' 
this, putting therein 2' instead of 2 and 'i=<f, becomes 
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[l-g-***] *l-j»l-2"** l-2*.l-2*l-2"**. 1-2*** 

, g" g" , 

^ 1 - 2». 1 - 3*.! - 2* 1 - 2»^. 1 - J-**. 1 - J*"** ^ •••' 

where of course [1 — 2*"**"] denotes 1 — 2**. 1 — 2*"**- 1 — 2****- • •• 

387. Effecting the multiplication of the first-mentioned 
two expressions, we have 

[1 - 2*" (2 + O + 2"'T = 5. + 5,(2 + O + 5,(^ + + &c., 
where in general 

s g" 

• 1-2*. 1-2* •1-2*' 

f ^ 2" 2* 2** ] 

t ■'■r-2* l-2*^'''l-2M-2* 1 - 2"". 1 - S*"** J * 
that is hy the last formula 

2^ 1 g"' 

~l-2*.l-2*-l-2*''[l-2""*"]' [1-2*"]' 
and we have consequently 

[l-2»-'(z + 0+2*^ 

= P^{l+2(« + + 2>' + + 2V + + ...l. 

388. This equation, writing therein — e*** for z, becomeg 
[1 - 2j*"""' cos 2aj + 2*-"*] 

= p^ _ ft,-. {1 - 2y cos 2a: + 2^* cos 4a?- 22* cos 6a?+ ...} ; 

and if in the same equation we write qz for z it becomes 

viz. putting here — c"* for «, or say «i = -.c*", we have 
sin a [1 — 2^*" cos 2a? + 2**] 

s= P^ ^ ^^-j {sin a? — J* sin 3;e + j* sin 54? — j** sin 5a? + ...}; 
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[XI 



or what is the same thing, 
2^ sin ic [1 — 22** cos ic + J*"] 

~ fl— »*l {2-^sin» — 24^8in3a: + 2-^j"sin5a? 



""" • • • J • 



Double factorial expressions of H,S. General theory. 

Art Nos. 389 to 395. 

389. Reverting to the expressions of 6[ J , JSf- — J 



as 



TTU 



j-products^ and writing « = o^> the j-products thus identified 

with the functions Hu and 6u respectively, presented them- 
selves at the commencement of this Chapter as mere constant 
multiples of the expressions 



sm 



TTU 

2K 



Birr 



mi n 



1- 



2K 



. ^siirK' 



sin 



1- 



TTU 



sm' ^— ^ 



K 



(5 »= 1 to 00 ), 

80 that Hu, %u, are constant multiples of these expressions 

respectively; and since 00 = a/ , it follows that the com- 
plete values are 



„ ,j [WK 2K . m 



2k 



sm" 



ITU n 



1- 



2K 



. -*MrA 
sm 



K J 



«»= /-^ 



sm' 



1- 



2K 






2K 



It is important to examine the meaning of these formulae 
Consider the function which enters into the expression of Hu ; 
or writing for greater convenience w! in place of s, saj 
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8in 



ITU 



8in 



ITU n 



1- 



2K 



siir 



WITT 



5;f 



K J 



(m' = 1 to X ). 



390. Observing that in general % 

sin*!* — Bin*a = 8in(ti + a) 8in(ti — a), 
^liis (disregarding for the moment a constant factor) is 

r . /ttu miTrlCV] 



[• 

= [sin ^(u + WtJT)] , 



"vrhere m' has every positive or negative integer value (zero in- 
cluded) from — 00 to + 00 ; say from — /a' to + /it', /a' = oo . 



Now we have 
sin 



ina; = a;jl-p^J, («=1 to x), 



TTU 



^hich writing ^^ for x, becomes 



sm 



ITU 



''2K^\}''WK^y 



or disregarding a constant factor, 

sin 2^ = [m + 2mK], 

where m has every positive or negative integer value, zero in- 
cluded, from — X to + X ; say from —fitofi, /it = x • 

Assuming for a moment that it is allowable to write herein 
tt + 2m'%K in place of u, we have 

sin ^ (u + 2m'%K') = [u + imK + 2m'iZ'], 
m as above, and consequently the numerator is 
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m, w! each extending from — oo to + oo as above. As regards 
the omitted constant factor, it is clear that snu-rii reduces 
itself to unity for u indefinitely small, and the formula thus 
becomes 






sin 



ira -t 



1- 



sm 






stv 



K J 



= «|l + 



2.m,K+ 



^ I 

2m xK')' 



m, in' as before, excepting that the set of values m = 0, m' = 
(having been taken asccount of in the factor u) is to be omitted. 

391. But when in the sine-formula we write u-k-imiK' 
in place of u, we assume that u + 2m' iK' is indefinitely small in 
regard to the extreme values ±fio{ m (viz. the infinite product 

[1 — -|) (1 " 7^) ••• ^^^^ ^o *^® ^rm 1 — -j-ji approximates 



X 



X 



to sin X only on the assumption that — is indefinitely small) : 



STC 



of course this is so when m' is finite, but m acquires the values 
j: /It' ; in order to sustain the assumption we must suppose that 
^ is indefinitely small as regards ^k ; or say that /a' -i- /x = 0. 

Hence in the last-mentioned equation the limits of the 
doubly-infinite product are m = — /itto iii = + /ia; iii' = — /4'to 
m'= + /Lt'; /LA, /a' each infinite; but fi-r-fJL^O. Putting for 
shortness 2mK + 2m'iK* ^ (m, m) the equation is 



2K . iru 
V ^^ 2K 



sm' 



1- 



2K 



. , siirK 
sin 



ri 



=«h(ijjJ^}' 



K J 
which is one of a group of foiir formulas. 

392. Writing for shortness as in Nos. 39 and 117, 
(to, m') = 2inK + 2m'iK", 

(to, to') = (2m + l)ir + 2TO'tA", 
(to, to') = tmK + (2to' + 1) tK', 

(TO, to') = (2m + l)ir + (2m' + l)iK', 
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these are 



2ir . ITU 



sin' 



iru n 



1- 



2K 



Bin' 



sin' 



1- 



K J 

iru 
2K 



cos 



, siirK' 



K J 

. . mi 



sin 



1- 



2ir 



, {^8 - 1) ITtK 



1- 



C08 j^ 

xL 

_J!!J£_ 

. ,(2a-l)i7r^' 



= »{l+(;^}' 



I (m, m') j ' 






- f + ^)}' 



where on the right-hand side the limits are to be taken so that 
{mywl^ &c. may have equal positive and negative values, or 
say, as regards 

m, from 7W = — /A to + /Lt, 

viz. m, m' have all positive and negative integer values between 
these limits (both inclusive) respectively : but as regards (m, m!) 
the combination (0, 0), (which is separately taken account of in 
the exterior factor u), is to be omitted : fi, fi are each infinite, 
but fjL -i-fi^O. 

393. The values of the Jacobian functions H, 6 thus are, 
as mentioned No. 39, 

y IT [ (tn,m))' 



6u 



/WE ( u_\ 
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limits as just mentioned. It is on account of the unsTmmetrica. 
condition /a' -^ /ia = in regard to the limits that H^ 6 have 
perfect periodicity as regards AtK^ but only an imperfect 
periodicity as regards ^%K' ; viz. as regards this quantity the ^ 
functions are only periodic to an exponential factor pr^ The ^ 
resulting expressions of the elliptic functions are» as mentioned J 
No. 129, 



sn 



en 



u = u ll + , -r\ , (-^) 

( (m,m)j 
denom. = Jl + -. — =^^ \ \ 

where as regards 4dK\ although the numerators and denomi- 
nator are not separately periodic, they acquire by the change 
equal factors, and thus the quotients are periodic as well in re- 
gard to 4iiK' as to 4ir. 

394. We may state the general theory thus : consider the 
doubly infinite product 

where m, m have within infinite limits every positive or negative 
integer value whatever. 

To avoid diflSculties, it is assumed first that H, fl' are in- 
commensurable, (for if they had a greatest common measure 
A the function would be an infinite power of the single product 

1 ^ — 'ZJK P ^ ^ positive or negative integer; secondly, that 

the ratio ft : ft' is imaginary, for if it were real there would be 
an infinity of factors for which mil + m'Sl' is indefinitely near to 
any given real value whatever. The function a + mfl + m'fl' 
can at most vanish for a single set of values of m, m ; viz. it 
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"Will do this if a =5 — Xfl — X'fl', X, X' being positive or negative 
integers; and we must in this case replace the product by 



^[^"^a + mn + m'n'J' 



and exclude from the product the combination of values m = X, 
•m' = X' ; but this makes no real difference in the theory, and we 
need only attend to the other case, that in which a+mfl+m'fl' 
does not vanish for any integer values of m, m\ Thirdly ^ that 
the limits are such that to each given value of a + 'mil + wi'fl' 
there corresponds an equal and opposite value ; or what is the 
same thing, regarding m, m! as rectangular co-ordinates, then 
that the product is extended to all integer values of m, m lying 
within a closed curve having a centre at the real point given by 
the equation a + mil + m'fl'= 0, (viz. if a = — XQ -X'fl', then the 
co-ordinates of the centre are m = X, m' = X'). Say this is the 
" bounding curve," we may regard the linear magnitude of this 
curve as proportional to a parameter C, in such wise that C 
being indefinitely large, each radius vector of the curve (mea- 
sured from the centre) is indefinitely large. Upon the foregoing 
suppositions, regarding the bounding curve as given in its form 
(for instance, if it be a circle, or a square, or again a rectangle 
with its sides in a given ratio, &c.), then as C increases and 
ultimately- becomes infinite, the product in question 



\}'^ a^mil^mn'y 



tends to and ultimately attains a certain definite value; but 
this value is dependent on the form of the bounding curve. 

395. There is, however, a relation between the values of 
the product for different forms of the bounding curve; viz. 
this is 

where A^, A^ denote the values of the integral 

dm dm 



Ik 



(a + mil + m 11 )" 
taken for the two forms of the bounding curve respectively. 
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[ 



In particular let the bounding curve be the rectangle 
m^\±fA, m'^\'±fA, and let the product, when /4'H-ft=0, 
be called 11^, and when /a'-5-/a = oo be called n« ; then if 11 
be the product for any other given form of the bounding curve, 
we have 

where B^, B^ are constants depending on the form of the 
bounding curve ; and observing that 11^ has the period 2fl, or 
say nj(M + 2fl) = n^tt, while II. has the period 2fl', or say 
n« {u + 2X1') = n«u, we obtain 

n(u+ 2n) = 6i«.(«+w n, = e*w(«+o)nu, 
n (tt+2n') = eJ»-(-*»')«n.= 6^-o'(-+oonu', 

which shows that the function IIu is not perfectly, but to an 
exponential factor prfes, periodic in regard to the two quantities 
2n and 2fl' respectively. See as to this theory my papers, 
Camh. and Dub, Math. Jour. t. rv. 1845, pp. 257 — 277, and 
Ltouville, t. X. 1845, pp. 385 — 420. 

Transformation of the function H, 6. {Only the first trans-' 
formation is here considered.) Art. No. 396. 

396. The equation 



ew 



/2k'K 



sm 



1- 



TTU 

2K 



. ,(2m-l)i7r^' 

sm ^— ^ 



2K 



(m = 1 to 00 ), 



u 



putting therein -179 ^ for u, k, and attending to the relations 



M 

A =-ii>, A' = ^r^, becomes 
nM M 



e 



a.^)V^ 



sin 



1- 



2K 



. .(2m-l)ni'7rK' 
sin -i — ' 



2K 



, (m = 1 to 00 ), 



and we may hence deduce an equation of the form 

e (^ , \) = ^ [© (« + 28'K)]. (.' = - Kn - 1) to + Kn - 1).) 
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In fact, dii^regarding constant factors we have 

or, what is the same thing, 

© (^ a) = [sin g (« + 2^^^! ,-jr)] . 

if m has now all positive or negative integer values from 
— 00 to X : and similarly 

%u = rsin^(u + 2i^r=liir')l 1 

and if in this last equation, we write for w, w + ^K, giving 
to / all the values from — J(n — 1) to + i(n — 1), and multiply 
the resulting expressions ; then by aid of a known trigonometri- 
cal formula, we see that Qfif Aj has a value of the form in 

question. Writing m = 0, we obtain at once the value of A, 
and the equation becomes 

and similarly 

^(J.x).[4.?^)].-^^e(o,x).eo[-^(-^)]. 

which are formulaB for the transformation of the functions 

H, e. 

396*. The theory of the transformation of the functions 
2/w, 0a might be derived from the double factorial expressions 
given in No. 393: it is, however, somewhat diflScult to carry 
out the process, and I propose only to give a general idea of it. 
Disregarding a constant factor we have 

® \M' >-j = |l + 2wi/A+(2m'TT)tWA'J ' 
c. 20 
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which, substituting for If A and ifA' their values — and K\ 
and writing for convenience I in place of m> becomes 




where on the right-hand side I, m have every integer value 
whatever from — oo to + oo : grouping these according to the 
remainder of the division I by w, we separate the right-hand 
side into n factors, each of which is a ©-function with the 
original periods K, K' ; thus writing I = mn + s, where s' has 
any one of the values 0, 1, ...n- 1, and m has any integer 
value whatever from — oo to + oo , the factor corresponding to 
a given value of «' is 

2s'K 
w + 

=n + 



2rnK 



w+ 1 

— IL_l 

+ (2m' + l)firj 



28'K 



viz. disregarding the constant divisor, the factor is 

^/ _^28'K\ 

and we thus have ^[Tf*'^] expressed as a constant multiple of 



manner 



the product of the n factors (w H j : and in like 

// (l? * ^ ) ^8 a constant multiple of the product of the n factors 
If III + J ; 8 having in each case the values 0, l,2,...n-l. 



as above. 
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NwmeraJUjT and Den(ymmaior functicma. 
Art No8. 397 and 398. 

397. The results obtained No. 396 may be written 

e(^..).e.[e(..?^)e(.-?^)] 

into constant factor as above, 

into constant factor as above. 
We then have 

n 
and 



n 
6'a/, sn'w \ 

sn 



n 
and we thence obtain 






sn — 
n 



20—2 



> 
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398. Now in the function, see No. 355, 



sn 
n 



multiplying the original numerator and denominator each by 

O*f0 X^ 

"■siTT-^f 80 that the denominator shall for u = reduce itself 
HO 

to ^' , ~ iZT^i > ^^® numerator and denominator are 
e (^,x) , ^(^'^) • ^^1^ multipUed by e^\0, X) and divided 
by 6*u; and in like manner the numerators of ^/Xsn [-?%., Xj , 

V v"' ^^ V If * ^) ' "S^ ^ (if ' ^) ' ^'^^ *'^® common denominator 
(constant factor as just mentioned) are 

each multiplied by 0*"*(O,X) and divided by 6*w ; viz. writing 
6^0 in place of 6(0,X) we have thus tiie theorem stated 
Chap. IX. No. 306. 
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CHAPTER XII. 



Rdx 

REDUCTION OF A DIFFERENTIAL EXPRESSION -7=. 



399. In the present Chapter^ working out the steps of the 
processes referred to, Art. Nos. 1 to 11, we show how the dif- 
ferential expression -t=- is by the substitutions ^ — — for «, 

and , « for a?, reduced successively to the forms 

Rdx Rdx 



^ ±[l±m3f)0.±na?y Vl-a?*. l-ifc*a?*' 
but for greater clearness we consider the substitutions under 

the forms a;= % .^^ , and a:^ = ^. 

1+y c + a/ 



Reduction to the form 



^ ±{l±ma?) (1 ± na?) 
Art. Nos. 400 to 407. 

400. We start with an expression 

Rdx 

where jB is a rational function of a?, X a quartic function with 
real coefficients, and which is therefore the product of two 
factors f + 2i;a? + ^a;^, X + 2/ia? -f vpi?, with real coefficients : the 
values of x arc real, and such that X is positive or ^IY real. 
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401. Writing x = ■ , . > "^^ h&ve 

(i + y)* ' 

and the two factors of X become respectively 

(j^. {? (1 + y)* + 21? (1 + y) (;> + jy) + ^ (P + yy)*}. 

^ r.{'^(i+y)*+2A*(i+y)(i>+jy) + i'(i>+2y)*}, 



(i+y)' 

80 tbat representing for a moment the functions in []hj M, N 
respectively, the differential expression becomes 

where MN is a quartic function of y. 

402. To make the odd powers of y disappear in the func- 
tion MN, we write 

for p, q being thus determined, then 

-M^. = ?+ 2i7p + ^/+ (?+ 217? + 52»)y«, 
N, = X+ 2/ip + jy" + (X + 2/ij + vg^y", 
will be functions of y" only. 

The two equations give p + q and pq rationally, but in 
order that the resulting values of p, q may be real, the values 
o{ p + q and pq must be such that (p + j)' — 4py, = (p — j)*, is 
positive. 

403. If the roots of the equation X=0 are not all real, 
that is, if they are either all imaginary or else two real and two 
imaginary, we may take the equation X + 2fix + va? = to have 
its two roots imaginary, ani write therefore \v > fj?. But this 



i 
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being so, the second of the two equations in />, q written in the 
form 



*^-^^-^ip+i) + (p+q)*-ip-if=^. 



gives 



80 that p + J being real, (p — j)' is positive, or p and q are real. 

404. If the roots of the equation X=0 are all real, let 
their values be a, 13, y, B; then assuming 

^•¥2rfx + 0a?^0{x'-a){x—fi), and X+ 2/LUC+i'a?«i^(aj— 7)(aj— 8), 

the equations in p, j^ become 

a/8-i(a + /8)(i) + y)+i?j = 0, 
78-i(7 + 8)(j) + j) +|?j = 0; 



whence 



2(a)8-78) 
P + 2 



a + /3-7-8' 



and thence 



a)8(7-fg)-7g(« + ^) 



which is positive if we take for a, /8 the greatest two roots or 
the least two roots, or the two extreme roots, or the two mean 
roots ; viz. we thus have (p — j)* positive, and therefore p and 
q real. 

405. The rational function R is the sum of an oven func- 
tion and an odd function of y : the differential expression is 
thus divided into two parts ; that containing the odd function 
may be integrated by circular and logarithmic functions (as at 

once appears by making therein the substitution Vff in place of 
y), and there remains for consideration only the part depending 
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on the even function of y, or, what is the same thing, we may ^ 
take £ to be an even function of y, that is, a rational function ^ 
of a*. 

406. [It may be remarked that in the case where the 
function X has four real factors, say that the value is 

X={x — a){x — fi){x — 7) {x — 8), then writing y* = ^, or, 

X ~"/3 

what is the same thing, x = -^ — —^- , we have 

a:-7 = a-7-()8-7)/(-), a:- S = a-S- 08-5)y» (-), 

where denominator is =1 — y'; also rfj5 = 2(a— /8)y(Zy -7-(l— y*)', 
and we thence find 

dx _ 2dly 

Jx—a.x — /^.x — y.x — S ^a — 7 — (/8— 7)y*. a — S — (^ — 8)y*, 

where the radical on the right-hand is in the required form ; 

but in the case where the expression is --^ , we have thus in 

place of i? a function of y*, so that no part of the integral is 
directly reducible to circular or logarithmic functions, and the 
form of the result would appear to be more complicated than 
if we had begun by the linear substitution upon a;.] 

407. Restoring x in place of y, the conclusion is that the 
original differential expression may be replaced by one of the 
form 

Mdx 

WW 

where jS is a rational function of x*, and M and N are each 
of them a real function of the form A + Ba? *. 

* The above is the inyestigation given in Legendre's Chap. 11., and the resnlt 
is as stated : but Legendrc in his following Chap. lu. only aesnmes that the radical 

is reduced to the form ^/o+^^T^, and he considers (as his first case) that in 
which the equation a + /32' + 7a^^0 gives imaginary values of 2*, that is where 
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The function MN may have the several forms 

+ (1 ± »n«") (1 ± na;»), 

where m and n are positive ; but we may assume that the signs 
are not such as to make the function = — (1 + 7na?) (1 + not?) ; 
in fact X assumed to be positive for at least some real value of 
the original x, cannot be by a real substitution transformed into 
an essentially negative function. 



Rdx 
Reduction to the standard form 



Art. Nos. 408 to 412. 

408. Retaining for convenience MN to signify 

± (1 ± ma?) (1 ± naf), 

we have to show that —. — r- can by the substitution a^= ^^ 

'JMN ^ c + df 

be transformed into . , where iSf is a rational 

Vl-j/'.l-Af'/ 

function of y*, and 1^ is positive and < 1 : and since by the 

substitution in question R is changed into a rational function 

of y*, the theorem will it is clear hold good if only we have 

\dx dy 



where X is a constant. On account of the definite form 
of the expression on the right-hand side, it is rather more 

o+/9bB'+7St*ifl of the form X*+2XAix*ooBd+Ai'3c*, a case which he farther con- 
BlderB in Chap. n. The idea seems to be, that sinoe in the case in qnestion 

there are no odd powers of x, the transformation aE=^ — ^ of Chap. u. is nn- 

necessary; if, however, we do make this sabstitation, we obtain nnder the 
radical sign a new qoartic function withont odd powers: the snbstitation is 

foimd to be X =^J- ^^ (mentioned in Chap. xi.). and the radical is thereby 
reduced to the form m* (1 + p'y') (1 + 9*/)i which is the fbnrfch case of Chap. ni. 
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coDvenient, writing the relation between o^, y* in the fo 
ti*=s — — .- - to transform this into the form . ^ ^ on th 

left-hand side. The last-mentioned equation gives 

• (hc^ad)xdx 



1^ V6-dx" 



^b-da? 



1 vr=i? 



and we thence have 






(6c — flcQ xd-B 



Vt-diV-'a + cx'. 6 + a-(d + c)a:'.6 + A'a-(rf + >fc*c)ai'' 

Here in the denominator one of the four factors must reduce 

itself to a constant, and another of them to a multiple of a^, in 

\dx 
order that the second side may be of the required form -7^-=-. 



409. For instance, if 6 + a = 0, c? + A:*c = 0, that is, 5 = — a, 

A* = , then the relation between y*, a;' is y* = -y-j , and 

the differential formula, after some easy reductions, becomes 

/a dy __ dx 

V a a 

or writing for greater convenience a = 1, then we have 
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^ = 1 — 351 > leading to the differential formula 

1 dy^ dx 

where it^ = ; this implies c positive, d negative and in 

c 

absolute magnitude less than c ; and we have thus a formula 

applicable to the case MN^ (1 — ma?) (1 — no?) ; viz. assuming 

m > n, we may write c^^m, d = — n, and the relation then is 

1 — fns? 1 — v' 

/ = iJ^ i ^r, what is the same thing, a? = ^^^ 1 giving 

1 dy ^ dx 

where it^ = — . A more simple formula giving this same rela- 

ti0Ili8»' = 2^. 

m 

410. We thus obtain transformations applicable to the 
several forms of MN, viz. numbering the cases as in Legendre's 
Chap. XXL, but for the reason appearing in the foot-note p. 312, 
omitting his first case, we have 

y. MN=- (l + nw:»)(l-7WJ^, x<-, 



n 



i\ MN^ (1 + ww;*) (1 + nx*), m>n, 

5**. J£Ar= (1 — Trtof) (1 — 713^)^ m>n, x from to -^, or 

vm 

from -7= to 00 , 
vw 

6*. J£y= — (1 — wioj^ (1 — fii*), w>n, a? from -7= to -7=; 

vm vn 
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and writing for shortness 1^= 1 — ^ . 1 — ty, the formulse are 
^- *■ m + «' ^ n^^ ^'' >JMN V^ VZ ' 



or else of = 



dx k dy 



m + n--m^' sjMN ^m ^Y' 



oo M- ^ ._ 1 ^ _ ^ dy 



40. A;« = ^?^, a;»=.i,^., 
n ' ml + v^' 



da; _ 1 dy 



50 !•«=- :c»=»^ J^^ J^_^ 

go jfc» = ^~^ a;>=__JL_ j^ ^ JLj^ 

411. It is to be added that if in the expression -^ we have 

vF 

y > T , in which case writing F= (y*— 1) (A:'y*— 1) the radical 
is still real, then assuming y = t- , we have — = = — — : , where 

Z— (1 — -8^) (1 — A;*^'), and as y passes from t to oo , « passes 

from 1 to 0. Hence, replacing y or « by the original letter x, 
the conclusion is that in every case the diflFerential expression 

can by a real substitution -^ — j^-^ in 



place of X* be reduced to the form 

dx 



V(1-^)(1-A;V)' 
where the variable x extends between the limits and 1. 
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Further investigations. Art Nos. 412 to 417. 

412. Reverting to the investigation, Art. Nos. 400 — 407, 
but abandoning the condition that the transformation shall be 
real, it is clear that we can by such a transformation reduce the 
diiBferential expression to the form 

Bdx 



s/l'-a^.l-lfa?' 



where, however, 1^ is not of necessity real, or if real and positive 
not of necessity less than 1 : it is interesting to inquire further 
into this question, and to show how the modulus A; of this in 
general abnormal form is determined. The process in fact 

was by a substitution ^ - ^ in place of a, or say by a linear 

transformation performed upon x, to transform the quartic 
function X into a quartic function Y containing only the even 
powers of the variable; the solution of this problem depends 
on a cubic equation which is solved rationally when we know 
any decomposition of the function X, T into quadric factors ; 
and it was in order to have such rational solution of the cubic 
equation, and with a view to obtain real transformations that 
we commenced by assuming the function X to be decom- 
posed into factors of the form (5"+ 217a; + da?) (X + 2/luc + va?) or 
^ (aj — a) (a? — )9) {x — 7) (a; — 8). But analytically it is more 
elegant to deal with the undecomposed quartic function, as 
was done by me in a paper in the Camb. and Dub. Math. 
Journal, t. L (1846), pp. 70 — 73, and I here reproduce the 
investigation. 

413. Let the two quartic functions 

P =(fl, b, c, d, e){x, y)*, 

F=(a'.ft'.c',d',e')(x,yr, 

be linear transformations one of the other, say the second is 
derived from the first by the substitution 

a?, y = Xa;' + /iy, \^ + ik^\ 
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Then writing m = X/i, — \ja for the detenninant of substitution, 
we have 

xdy — ydx _ m (x'dy'" ydx) 
or writing « =* ^ , w' = — , , 

X X 

and therefore 

xdy — ydx du xdy —ydx ^ du 

where f7 = (a, b, c, d, e) (1, ti /, 

U' = (a', ft', c , d\ e') (1, uT, 

the differential equation becomes 

du du 

= m 



rv; > 



viz. we have this from the transformation u = r^ ^— , 



/ • 



The functions P, P ' are obtained the one from the other by 
the foregoing linear substitution ; viz. if /, J are the invariants 
of P, viz. 

/=ae-46rf+3c', 

J=^cLce — cuP — b*e + 2bcd — c', 

and by /', tT the corresponding invariants of P' ; then we have 
between the coefl&cients of the functions and the coefficients of 
transformation the relations 

/' = m*/, J' = mV, whence tts = ts • 

414. Supposing now 

ir' = a'(l+pu«)(l + ju'«), 
or 6' = 0, d' = 0, 6c' = a' (i? + g), e'-=apq, 
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we have F = ^^^a ' (i?* + g* + 14;>?), 

and thence (l>-^g)'(34pg-p'--g^' . ^7J^ 
andtnence (p« + j»+ 14py)» "" P ' 

or, as this may also be written, 



108py(y-g)* 27J' 

p» + (/ + 14/>(7)» " ^ r ' 



which determines the relation between p and q. Also 

m _ /p*4-g*+ 14pg y 
V^'-V 127 J ' 

fio that the differential equation is 



(' 



^u \ 12/ y ■vi+^". i+jw"" 

415. If in particular p s — 1, then writing alsd — ; in place 
of q, this is 

du _ f q* + 14g + \ \k du 

VZ7~V 12/ / •Vl-«M-5«'*' 

where j is determined by the equation 



108y (1 - qY _, 27 J* 
y'+14« + l)' /» 



(j' + 14j + 1)' 

Writing for shortness 

27J'_ 27 
/• ~ 4j»f ' 

the equation in j becomes 

(2*+ 14? + 1)»- 16% (2 - 1/ = 0, 
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or, as this may be written, 

(j + i + 14)»- 1 63/ (2» -?-♦)« = 0; 

4 
viz. writing g> — g"*= , this is £^ — M{6—l) = 0, which 

determines 6, and then 

7 + + iVeT3 



? = 



^-1 



416. Suppose 9 = a is one of the values of q, the equation 
becomes 

(g* + 14g + 1)» _ (tt« + 14 3 + 1)' 
j(j-l/ - «(«-!)* 

_ (/y + 14/y + 1)' 

~ /3*(/8'-l)* "«-^- 

Now if J = ( flTpj ' ^^®^ 

9+A4J + 1 ^^^^^3 , q I ^^^^^, , 

which satisfy the equation : hence also identically 



^{-(^)]{'-G4fJ}. 



or the values of q take the form 



Ri 1 (^.^\* (^±^\* /'iz^'V (^ + ^* V 

^' ^*' Vl + ^/' V1-/8/' Vl+/3i7' \1-I3i)- 
(Compare Abel, CEuvres, t. i. p. 310) ; viz. when by a linear 
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substitution performed on the variable u, we reduce the ex- 

du , f, 
pression —.-=. to the form 

du 



Vl-tt'M-}u'«' 

the squared modulus q of the resulting form is determined by 

P 

a sextic equation depending upon y^, the absolute invariant 

of the original quartic function U, and such that its several 
roots can be expressed in terms of any one of them in the 
manner just appearing. 

# 

417. Jacobi, in the Fund. Nova, pp. 6 — 17, treats the ques- 
tion of reduction in a somewhat different manner, giving it as an 
illustration of his general theory of transformation, explained 
antej Chap.'YiL He proposes to transform the expression 



into the form 



V±(y-a)(y-./8)(y-7)(y-8)' 

dx 



• • ... ^. (i-\-a!x-\-a a? 

by a substitution y = ^^^>^^^»^ • 

Writing for shortness U, V for the numerator and denomi- 
nator of this fraction respectively, it follows from the general 
theory that there will be such a transformation if only 

(17- oF) (17- /8F) (17- 77) (17- 8F) 

= J5r(l -ic^ (1 - A^oj^ (l+mxy(l+nx)\ 

K,fn,n being constants ; and he is thence led to assume 

r7-aF=^(l-a;)(l-Jkx), 

U-'ffV^B{l+x)(l + kx\ 

U-yV-=C{l+mx)\ 

U^SV=^D{l + nx)\ 

where A, B, C, B are constants, one of which may be assumed 

at pleasure. Having found C-^Ii equal to a fraction, he 

c. 21 
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assumes C and D equal to the numerator and denominator of 
this fraction respectively, viz. 

and he then further finds 

^= ^^f— {>/«-7./9-i-7a-S.;8-7}. 

^ ^^1^:^7/3- S + J'a-a./S- 7' 

Jf = i 0-7. /3-8 - ^a-8./9-7}', 
which completes the system of values. 

Moreover, m = — n = ^A;, and consequently the expression of 
y in terms of a; may be written 



y-7 ^ 7g~7»^-7 /i_+a\/&y 



The results, adapted to give real transformations, and for the dif- 
ferent limits of the integrals, are given in the tables I., n., m., IV., 
PD. 12 to 17. 



pp. 12 to 17. 



418. It is somewhat remarkable that Jacobi fails to re- 
mark, as commg under his form y = L . l# . ^>^^ > ^"® before- 

mentioned transformation v=-Ti =-> which in fact reduces 

the expression to the form 

\/y-a.y-^.y-7-y-S 



^a-7-03-7)a:Va-S-0S-8)a;'' 
which is = . ; and this is the more sineralar, 
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that the transformation at which he arrives may be separated 

into the two transformations - — \ = «*, that is v = \ r > which 

y — o ' ^ 1 — «' 

is a transformation of the form in question, and the further 

(1 + x'Jlc\ 
7= I, which is unnecessary, 
1— a?vjfc/ 

in so far as the quartic function of z is abready a function 

without odd powers, at once reducible to the standard form 

1 — £* . 1 — iV. At the conclusion of his investigation Jacobi 

remarks that the inverse substitution x =i ^ — rir-i leads 

•\-by-\-b y' 

aiao to very elegant results. I have not investigated the 

formula. 

It may be added that, applying the transformation 

_ a + ax-^a^a^ 

doc 
to a differential expression _= — of the standard 

form, so as to obtain a new expression of the like form with a 
different modulus, there are in all eighteen such transforma- 
tions, viz., six wherein the equation of transformation is of the 
form 

^"6 + 6'V 

four where it is of the form 

_ dx 

and eight where it is of the form 

a + dx + a V 
^ a—ax + a or 

See as to this Abel's letter to Legendre (1828), (Euvres, t ii. 
p. 256. 
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CHAPTER Xin. 



QUADBIC TRANSFORMATION OF THE ELLIPTIC INTEGRALS OF 
THE FIRST AND SECOND KIND: THE ARTTHMEnCO-GEO- 
METRICAL MEAN. 

419. Writing for greater convenience ^^ in place of 0^ and 

k^ in place of \ it has already been shown, ante No. 243» that if 

1 — Jb' 
ifej = y— IT and A?j sin ^^ = sin (2^ — ^J, then 

or what is the same thing, F[k, <f>) = ^(1 + k^ F{k^, if}^. 

But there is as regards this transformation a peculiar con- 
venience in adopting, instead of the standard form of radical 
VI — it^ sin* ^, a new form Va* cos* + 6" sin* ^ (where a is 
taken to be >&) ; and I write in the present Chapter 



Jva*cos*A + 6*sm*6 



+ &*sm*0 

^(a,ft,<^)=/d0Va*co8*<^ + 6*8in«i^, 
where the integrals are taken from zero. 

Obviously 
Va*cos*0 + 6*sin*0 = Va'-(a'-6*;8in*0, ^aVl-A'ain'^ 

if it^=l — 5 (whence also i' = -j; and the two functions are 
thus = a^F{ky 0) and aE{k, <f>) respectively. 



xin.] 



QUADBIC TRANSFOBMATION. 
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OeometriccU Investigation of the fommlce of Transformation. 

Art Nos. 420 to 423. 

420. I reproduce the original geometrical investigation of 
Landen's transformation in the new notation^ as follows : 

Taking in the figure P a point on the circle, the centre, 
Q any other point on the diameter AB, 

QA^a, QA^h LAQP^<t>,, IABP=4>, 
and therefore LAOP^ 2<^, 




we write 



a4=J(a + 6), ftj = Va6, Cj-J(«-^); 



we have then 

OA^OB 
^Psin^^j 
QP cos ^j 

and 



a^ sin 2^, 
c, + aj cos 2^; 

Qi*, =c/ + 2CjajC082^ + a,», 
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= !(«*+*') + i(«'-6*) COS a^, 

= a* co8*^ + 6*8m*^; 

. J a, sin 26 

that IS, Bin ^j = / > \ ^ 1 1 ■ t ^ > 

^ ^* V a* cos* ^ + 6* sin" ^ 

. c, + a, cos 2<fc 

cos A, = , ^ '- „ ; 

^' Va"cos*^+6«8in"^ 

and thence 

fl f^ . It • 1^ g,' (g cos* (^4- 6 sin* <^)* 
g.cos'A. + o'sm'A.= -i-^3 — jiZ t i* - *1 - 
1 T'l • 1 T'l g*cos^6 + 6 sm 6 



421. We hence find 



■ ,9^ ^x i(g-t)8in2<^ . 
^^^^*"*-^"Vg'cos'»4-ysin«»- 

cos(2^-^,)^ gjos^^jf ^^ 
^^ ^'' Vg^cos'^ + ft-^sin^' 

and then further 

cos (2^ - ^ J = — Vg^" cos* <f> + 6j" sin' ^. 

Considering the point P' consecutive to P, we have 
PQd<l>^ = PP' sin FPQ, = 2g,rf^ cos (2^ - ^J ; 
viz. substituting for PQ its value, we have 

2dij> Vg^* cos' <l> + b* sin' ^ = Vg'cos'^ + 6'sin'^ d^^ ; 

that is, 

2d^ ^ d^j 

Vg* cos' ^ + y sin'^ Vg/ cos' ^^ + 6^' sin*^j ' 
the required differential relation : and by integration 
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422. Moreover 

. , . _ 4a,* sin* (f> cos* ^ 
®^ ^*"a*cos*0 + 6-sin*^- 

Write for a moment 

X = a* cos* ^ + 6* sin* (f>, 
then X-a*=(6*-a*)8in*^, 

X- 6*= (a*- J*) cos* ^, 
(X-a*)(X-6*)=-4(a-J)*a,*sin*^cos*^; 
and therefore 

{X - a*) (X- J*) + X(a - 6)* sin*^, = 0, that is 
jj:«4.X[-(a* + J*)(sin*0, + cos*^J+(a-J)*sin»^J + a*6* = O, 

or^ ^hat is the same thing, 

(X- ( J (a' + V) cos* <l>, + ab sin* ^J)* 
=:i(a* + 6*)*cos*<^,+ (a* + J")a5cos*0,sin*^, + a*6*sin*^, 

- a*6* cos* ^j - 2aV cos* <^j sin* <^j - a'6* sin* ^^ 
= i (a*- *')' cos*^, + oJ (a- &)• cos*^, sin*^, 
= 4Cj* cos* ^j (a^* cos* ^^ + b* sin* J ; 
viz. restoring for X its value, we have 
a*co8*^ + J*sin*^ 
= J(a* + J*) cos* ^j + a6 sin* (f>^ + 20j cos 0^ Va^'cos* 0, + 6^* sin* ^^ 

= 2 (aj*cos* ^1+ V 3in*0J - 6^*+ 2Cj cos 0^ Va^* cos* 0^+ 6/ sin^^^^, 
which is another form of the integral equation. 

423. Write this in the form 
(a* cos*^ + 6*8in*^) ^ Va,» cos* ^, + A/ sin* <t>^ = 

2 W cos* ^, + 6,* sin* 0, ";;7=f=>j^:\. ■ .^ -^^.cos^i ; 
I V a, cos 0j + 6/ sm* ^^ ) 
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then combiniDg with 

2d(l> _ d4>, 

Va" cos" <^ + 6" sin" <^ Va^' cos* ^^ + i/ sin" i^/ 

we have 



d<l> Va* cos* <^ + 6' sin' ^ = 



ci*. ] Va,* cos* ^, + b* sin* ^, - / « illi>« - >.^ + ^i«>s^] ; 

I * ri 1 V aj cos' ^j + V ^"^^1 ' 

and thence by integration 

E (a, 6, ^) = ^ (a„ 5„ ^J - i V ^ («i. ^» 4>) + ^x sin ^,, 
and ante, No. 421, we have 

which are the required transformation equations corresponding 
to the relation 

. . _ ttj sin 2^ 

^^^ *' ""Va*cos*<^ + J^sin*<^* 

Reduction to Standard Form of Radical. 
Art. Nos. 424 to 425. 

424. The two angles correspond to each other as follows, 

* = 0, ^, = 0, 

* = tan"*-^, ^, = K 

viz. ^ passing from to ^tt, ^^ passes from to tt ; and for 
^ s= Itt the functions of ^^ are consequently the doubles of the 
complete functions ; we thus obtain 

E{a, 6) = 2^(a„ 6,) -6,'^ (a, J), 
F{a, 6)= J-Ca,, 6,), 

where E^a, b), &c., denote the complete functions. 



JLIU,] OF THE ELLIFnC INTEGRALS. 329 

425. Recollecting that i* = 1 j , whence A:' = - ; and 

assuming also k^ = 1 — -^ , we have 

1 — ik' 
that is i, = i— :-,-? as before, and the formula become 

» 

or, what is the same thing, 

where 

. . i(l+ifc')sin2<^ 
sm 0, = ^ ; ; 

^' Vl-A^sin"^ ' 

but it is convenient, in the first instance at any rate, to retain 
the formuhe in their original form. 

Continued Repetition of the Transfomuxtion. 
Arts. Nos. 426 to 429. 

426. In the same manner as a^, 6^, c^ were derived from 
a» &, we may from a^, \ derive a^, \i c^, and so on inde- 
finitely: viz. 
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it is easy to see that, as n increases, a^ and b^ will approach 
(and that very rapidly) one and the same determinate limit, 
which from the mode of obtaining it from the two original 
quantities (a, b), is said to be the " arithmetico-geometrical 
mean" of these quantities, and is represented by M(a, b) : and 
of course c. will rapidly approach the limiting value zero. 

But for a. = J, we have 
and in particular 

427. Considering first the complete function F (a, 6), 
we have 

F{a, b) ^F{a„ 6J ... = i* (a., hj = Jtt ^M{a, h). 

viz. the complete function is given as ^7r into the reciprocal 
of the arithmetico-geometrical mean of a, b. 

428. Considering next the incomplete function F (a, b, ^), 
the equations 

. . a, sin 26 . a, sin 26 ^ 

^' Va''cos"^ + 6^sin> ^* Va," sin'^^, + 6^» sin* i^/ 

show without diflSculty that as n increases, ^^ continually 
approaches a value, =2* into a determinate magnitude, say 
M (a, i, 0) : in fact n being large and therefore a^^, 5^^^, a^ 
approximately equal, we have very nearly sin ^^ = sin 2^^j , 
that is 0^ = 20^, : the limit in question M (a, b, ^) is of course 
to be calculated from a, 6, ^ by means of the equation itself 
<\>^ = 2* J/ (a, 6, ^) : and it is to be remarked that for ^ = ^tt, 
the value of <f>^ is = 2* . \ir, so that M (a, 6, ^tt) = Jtt. 

The equations F{a, h <i>) = \F{a^y\,<f>^ = ... then give 
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Or if we choose to combine this with 

F(a,b)^iir-¥M{a,b), 



then 



'Si 



429. Considering next the J^-fonnnlai this may be written 
[E(a, b, 4,) - a*F{a, h. j>)\ = [E{a„ \, ^.) - a*F{a,. h„ ^0] 

■^F{a„\, <l>,) (a* - i o' - i V) + «i sin *. . 

where in the second line the coefficient of F{a^,\,^^ is 
— J (o*— 6*), = — a^e^, or the equation is 

[E(a, h. 4>)-a'F{a, b, ^')] = [E(a„ 6.. ^J - a,'F{a„ b„ <t>;)] 

-o,CjF(o.,6„^.)+c.8in<^,. 
And hence observing that as n increases 

F(a,.b„4,J-a:F{a„h„4,:i 
continually approaches to zero, we obtain 
E(a, h, 4>)'^a^F(a, J, ^) = - {2a,c, + 4a,c, + 8a,c,...} J^(a, 6, <f>) 

Or substituting for J^ {a, I, if>) its value 

+ (Cj8in^j + c,sin^3 + c,sin^,+ ...), 
and in particular if ^ = 4^, then ^i = 7r, ^, = 27r, &c., 

M (a, J, ^tt) = ^ 
as before, and the equation becomes 

E(a, b) = {a* - 2a^c^ - 4a,c, - . . .} Jtt -5- Jf (a, J). 
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BeducUan to Standard Farm of BadkaX. 
Art No8. 430 to 431. 

430. Introducing the modulus h, viz. writing h s ak\ and 
ultimately a — 1, the formula for F (a, b) becomes 

viz. the complete function is given as = ^tt into the reciprocal 
of the arithmetico-geometrical mean of 1 and the comple- 
mentary modulus. 

Gauss has ^ven the formula 

Jf(l + a?, l-o;) ^■*"2«^"^2-.4«* ■*■'•• 
Writing this under the form 

MJ}TK 1 -*i) " ^ "*■ 2*''» ■*"2-. 4''^» ■*■ - 

we at once connect it with the formula last obtained : viz. the 
right-hand side is 

= ^2 1 1 



Or the equation is 

.¥(1+*,. l-iJ = (l + *J if(l, A:') = (l+*.)J''(l. X^) ; 
which is obviously true, since in general 



M{a,h) = eM(^^, I). 



The formula for F (a, h, <f>) gives in like manner 

^^^' *^ - M (1, ifc') • 

which is a formula for the numerical calculation of the function 
F{k.4>). 
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431. Proceeding next to the function E, we have 
^WW Y a« a« -J if(l, ifc') 

Hence forming the equations 

a l + A/ 

A;. a. 1 



^^ 

c. A:, a, 1 a, 1 



, &c. 



a, 1 + A,' a, 1 + A,' a 1 + A?^ 
the equation becomes 

+ &C., 

or observing that 

= — 7= , that IS 



l+K 2VJfc/ !+*?» 2VF/ 

1 ^ A?, 1 ^ *V*, 

1+&. 2V5^' " 1 + A,.1 + A?. 4V]fc/ 



1+*. 2Vifc;' " i+A?,.i+A..i+A?, sV/fc; ' 

&c. 
the last line may be written 

+ jfe { J V&1 sin ^, + i VAjA, sin ^, + ^ VA?,A?^, sin ^, + . . . } . 
In particular, if ^ = i^r, the equation becomes 

^,A= {1 - it'a +ifc, + i*.*. + ikfijc, )}iir-r if (1, *") ; 

or if we please, 

JP,J^= {1 -}A»(1 + i*:, + i&A + i*M+ •••)} K^- 



334 QUADBIC TRANSFOBMATION [XIII. 



Application to Integrals of the third kind. 

Art. No. 432. 

432. The transformation is applicable to elliptic integrals 
of the third kind, but the results are not of any particular 
interest. Writing down the equations 

2i^ d^ 



Va' cos" ^ + b* sin' <f> *Ja* cos* <^j + b* sin* ^^ ' 

o* cos* <f> + l^ sin* 

(0*008* <j> +6*sin*^) (cos*^ + sin* (f>) + 4n,aj*sin*^ cos'^ 



1 + n^ sin* 0j ' 

the expression on the left-hand of this last equation is 

_ A BX 

a cos* ^ + bX sin* (f> aXcos*(f> + 6 sin* (f> ' 

where 
a* cos* ^ + 6* sin* ^ + (a* + J* + 4njO,*) sin* ^ cos* <f> 

= (a cos* <f> + 6Xsin* ^) fa cos* ^ + ^ sin*^ j ; 
that is 

whence 

1\' 4 



(^ - z) = ^' {('^■* + "«* + ^n.a,')' - 6/} 



^*(l + n.)(c/ + «.<); 
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that is J: = r, {a* + c,* + 2nfl* + 2o, ^(1+ nj (c,» + fijO^*)}, 



X = F* f'*'* + "•' + ^"•°'* " ^"' ^(^ + ">) ("'' + "'""5J ' 



and then 



._ (aX-b)X p_ a-bX 
X*-l ' X*-l' 

and we have 

( (aX-b) X 1 {a-bX)X 1 ] 

I JC"-1 a cos'i^+dXsinV J:«-l aXco8>+6sin>j 



Va* cos' <f> + b* sin* ^ 



(1 + w, sin* (f>^) ^a* cos" ^^ + h* sin* <^j ' 
whence, integrating, the function 

f #. 

J (1 + rij sin' ^J *Ja^ cos* 0, + J," sin*<^j 

is expressed as the sum of the two elliptic integrals of the 
third kind having a common modulus but different parameters. 

Numerical instance for complete Functions E^, F^, and 
for an incomplete F, Art. No. 433. 

433. As a numerical instance take (as in Legendre's 
example, t. I. p. 91), 

I =- J2 

a=l, 6 = |>/2 + V3 = cos75* (whence fc = sin75**), tan^ = -;y= ; 

v3 
we have 

a h e k V 



(0) 
(1) 
(2) 
(3) 



1-000,0000 
0-629,4095 
0-669,0761 
0-567,4724 
0-567,4713 



0-258,8190 
0-508,7426 
0-565,8688 
0-567,4701 
0-567,4713 





0-965,9258 


0-258,8190 


47« 8' 81" 


-870,5905 


0-588,7908 


0-808,2856 


62*86' 8" 


•060,8834 


0-106,0200 


0-994,3636 


119« 55' 48" 


•001,6037 


0-002,8260 


0-999,9959 


2400 0' 0" 


•000,0011 


0-000,0020 


0-999,9999 


480* 0' 0" 
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first as to the complete functions we have 



p T 1 

^'2 -a. 


• 

= 2768,064. 


'f) = «.". 


= -233,2532 


+ 2a,c. 


■068,6686 


+ W» 


•003,6402 


+ 8o,c, 


•000,0051 




= -305,5671 



agreeing with Legendre's values jF;= 2768,0631, JE;= 1076,4051, 
and thence ^fl- jA = "305,5671. 

11 1 

Also, we have F(k,(f>)=^^ — .<f>^, or since o4^4=30* = ^, 

this is F(k,<t>) = iF^== 0-9226877: it is in fact easily verified 
that the assumed value of <f> is such as to give exactly 

The notion of the arithmetico-geometrical mean was esta- 
blished by Gauss in the memoir '' Determinatio Attractionis 
&c." Comm, Gott. Rec. t rv. (1818), but his later researches in 
relation to the subject were not published until after his death, 
Werke, t. iv. pp. 361 — 403 ; a table is given p. 403, of the values 
of the arithmetico-geometrical mean M (1, sin 0) and of its 
logarithm, tf = 0^ to 90^ at intervals of 30'. 
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CHAPTER XIV. 

dx du 

THE GENERAL DIFFERENTIAL EQUATION -r- = -^ . 

Integration of the differential equation. 
Art. Nos. 434 to 436. 

434. In the present Chapter, writing 

X=a + Ja: + ca?* + da? H- ex^, 
Y^a + by-^cj^ + dt/' + etf^ 
I consider the differential equation 

435. A direct process for finding the algebraical integral 
as follows was given by Lagrange. 

Assume ^ = n/X and therefore ^ = -</?; 

^x 
then 2 -^ = 6 + 2ca: + 3da^ + 4eaj', 

dr 

2^ = 5 + 2cy + 3rf/ + 4ey' ; 
and if /? = iB + y, q^so^Jfj then 

whence jj-f § = W + «P2'. 

c. 22 
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which is integrahle as it stands and gives 
or substituting for q, -^ and p their values 

which is the general integral, G being the constant of integra- 
tion. 

436. To further develope this result observe that we have 

that is 

2s/Xr= 

2a + J (a?+y) +c(aj^+y») - (7(a?-y)« + day (a? + y) +2e*y ; 

or say 

a+ i6 (a?+y) + ic (^+y*) - i(7(a?-y)» + itiry (j: + y) + ea^y«» : 
whence squaring and transposing 

{a + iJ (a? + y) +ic (x« +y») - i(7(a;-y)« + i(iry (a: + y) +ftc«y»}» 
- (a + 6a: + car' + da;' 4- eJ') {a + by-^C7f + dy" + ey*) = ; 

♦ Write «=Bin0, y=Bmf, (a, 6, c,d,e) = {l, 0, -!-*«, 0, *«), the equation 
becomes 

COB 0008 f A0A^=1 - J(l + A«)(BinV + BinV)- JC(8in 0-Bin f)'+i«ainV8inV; 
and to introduce ^i instead of C we must write 

COB fjL^fjL = 1 - J(l + *«) BinV - iC 8in«/t«, 
that is jC8inV= 1-4(1 + A*) BinV- COB fuV*. 

The equation thus is 
1 - i(l + *«)(8inV + sin*^) + ^' BinV ^^^^ - cos cob f A^A^ 

this is of course a form of the addition equation, and could be verified as such 
by substituting for cosyu, sin /x, A/x their values in terms of 0, ^ : but the form 
i» not a convenient one. 
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viz. this is 



+ a*.l 


-1 =0. 


+ ab.x+y 


-x-y -0, 


+ac.a?+}/* 


-a!»-y* =0. 


+ ad.xif(x+y) 


-sd'-j^ '=-{x-y)*{x+jf), 


■\-ae.%fj^ 


-x^-y" =-(aj-y)'(x+y)*, 


+ y.i(a'+y)* 


-ay = + i(«-y)*. 


+Jc.i(ar+y)(»* + y») 


-a^y-xy* = + J («-y)* (« + »)» 


+ M.iay(x+y)* 


-xt^-a^y =-\xy{x-yy, 


+ fe.aiy(a;+y) 


-xy*-a/'y =-xy{x-yy{x+y). 


+ cP.Ha^+/)* 


-^y* = + i(x-y)'(a:+y)'. 


+ od.iay(a+y)(a!*+y») 


1 -a?y»-fl!'y'= + i(x-y)*ay(«+y). 


+ ce.a!*j^(a:»+y») 


-fl;y-ai'y*=0, 


+ (P.lay(a;+y)* 


-a^y* '= + i(«-y)*ay, 


+ (fe.ay (a;+y) 


-xy-a>y* =0, 


+ «*.a^* 


-ary =0, =0; 


viz. the whole equation divides by (« -y)*. Omitting this fiactor 


it is 




ic^(«-y)* 




-C{a + ii(a! + y) + 


ic (a^ + y*) + hd^i/ {x +y) + eay). 


-od(«+y) 




-oeCx+y)* 




+ ii* 




+ i6c(<i!+y) 




-^xy 




-bexjf(x+y) 




+ i<fi^+!f)' 




+ ^dxy {x + y) 




+ id'^y* 


= 0, 




22 2 
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or what is the same thing, it is 

( - Ca +i6' ) 

+ (^ + y) ( -\Gb- ad + \hc ) 

+ (^+y') ( iC«-iCfe- ae +ic*) 

+ a?y(a?+y)( -\Gd - he -^-^cd) 

+ a?y ( - Ce +K) -0. 

This may be written 

(a + 2haj + go?) 

+ 2y(h+2ba;+fo') 

+ y'(g+2& + ca^=0, 
where the several coefficients have the values 

b = -2a€-iW+ic»-iC^"> 
c= d^'-AeC, 

f= cd-2fe-(7d, 

g = -4a6 + c' -2Cc-^C^, 

h= bc-2ad-Cb. 

The result shows that the complete integral of the diflTeren- 
tial equation is an equation u = 0, where u is a symmetric 
quadriquadric function of (x, y) ; that is, a symmetric function, 
quadric in regard to each variable separately. 

Further development of the theory. Art. Nos. 437 to 446. 

437. This may be verified almost instantaneously: starting 
from 

u— (a + 2ha? + ga?*), 

+ 2j^ (h + 2ba; + fi»»), 

+ y' (g + 2fx4-ca0 =0, 
we may write 

u = A+2By+Cy'^A' + 2B'x+Ca?^0, 

A, B, C being given quadric functions of x, and A', P, C 
the same quadric functions of y. 
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Then differentiating 

But 
du 



since It = gives ( (7y + £)* =5^ — ^ C, 

^ = 2{G'x + B') = ijB'-A'G', 

„ {C'x + B^*=B"-A'C', 

and the differential equation thus is 

dx , dtf _Q 



Jff-AC JB*-A'0' 

This will coincide with 

dx dy _^ 

if only the quadric functions A, B, G are determined so that 
ff-AC=0X (which of course implies B^-A'G'=- 67), We 
have in all six disposable quantities a, b, c, f, g, h, that is five 
ratios ; and the equation in question 

(h + 2ba: + f^)*-(a+2ha? + g«')(g + 2fa; + cajO=^X, 

establishes four relations between the five ratios, and thus 
leaves one indeterminate ratio serving as a constant of integra- 
tion : we in fact satisfy the equations by -means of the before- 
mentioned values of a, b, c, f, g, h, which contain the arbitrary 
constant G\ viz. we then have 

(h + 2ba: + fic»)* - (a + 2ha: + ga;*) (g + 2£c + ar*) 

= ^^?ori::i^)z 

As a partial verification, observe that the equation 
h* — ajr f ' — cer 



o 



a e 

is satisfied identically. 



or 6h' — af • = g (ea — oc), «= {eV — ad*) g, 
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438. Regard u as a function of (7; we have 



-2a +C*.(ar 

-6(a:+y) 

- day (a? + y) 
-2«a?y« 



u=r V +2(7 -2a +C*.(ar-y)* 

+ (2Jc-4a(f)(a? + y) 
+ (c'-4a6)(a*+I^ 
+ (-8ae-2M+2c^a?y 
+ (2cd-45e)a?y(«+y) 
+ cP a'y" 

say this is 

ii = X + 2/40 + i'C*; 
then we have 

/A*-Xv = 4a*... + 4e'a?y, =4ZF: 
viz. calculating /it*— Xi^, it will be found to have this value. 

439. Now starting with the equation u = 0, and treating 
it as before, except that we now regard (7 as a variable ; that isy 
forming, and then reducing, the equation 

we obtain 

jWYdx + JJ^dy + JXYdC = 0, 
or, what is the same thing, 

dx ^ dx dO ^ 

r^= + -7== + -m = ^9 



JX JY V® 

where CD = ad* + Ve--bcd + (7{- 4ae + M+ ((7-c)'}, 
a cubic function of C. 



440. 
then 



Write 
|c-2o>; 

(uP-\-b^e-bcd+{-iae + bd+ (^c + 2o))*} (|c - 2o>) 
- 8a)*+ (8ae - 2W+ f <0 « 

+ (- f ace + a<P+ 5'e - Jfod + ^(0« 
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But the invariants of a + bx-\-cix? + da? + ex* are 

/=j^ (1206-3^ + 0, 

«''= jh (72ace - 27ad* - 27J'e - 2c' + 9hcd) ; 
whence 

© = -8 (©»-/(» + 2e7), 

J(& = 2»V2 yo)« - /o) + 2/, =2ij2jn, suppose, 

or the differential equation is 

dx dy ^ dco _ ^ 

viz. writing for (7 its value | c — 2a), the corresponding integral 
equation is 

tt = X+2/A(|c- 2a)) + i;(§C-2a))*, 
= X + |c/A + |cV + 2tt) (- 2/A - |cj/) + 0)*. 4j/, = ; 

or substituting for X, /i, j; their values and reducing, this is 



J'-foc 
+ (§ic-4a<i)(aj + y) 
+ (ic'-4a6)(a?+3^ 
+ (- 8a« - 2i(? + V> c*) «y 
+ (Jed - 46c) xy(x+y) 



+ 2a) 



+ 4a +a)V4(aj-y)* 

+ 2b{x+y) 

+ fc(x» + jO 

+ fca^ 

+ 2da?y(a?+y) 

+ 4te afy* 



= 



whore the left-hand side is quadric in each of the variables 
X, y, od: as there is no arbitrary constant, this is only a parti- 
cular integral. 

441. We may by a linear substitution performed on the od 
bring the third radical Jil to a like form with the other two 
radicals. 
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Write for convenience 

a-^bx + ca? + da? k- ex* — e(x — a)(x~ ff){x — j){x'-S) ; 
then the substitution may be taken to be 

2«=ie{-/9y-7a-a/3+2S(«+/3 f 7)-3S*} ^. ^(«-8)C/3-g)(7-8) ^ 

which, as will appear, makes the radical Vll to depend on VZ, 
where Z=^ a + bz + a^ + dz* + ez\ Some preliminary formulae 
are required. 

442. Reverting to the formulae which contain C(= f c — 2©), 
assume 

then we have 

((7-(7,)(a-(7J(C-OJ = 0{(C'--c)»-4a«+6(il + a(i'+6»e-Jce/, 

viz. Cj, 0,, (7, are the roots of the equation CD = 0. 

Hence writing for C its value = |c— 2(», we have 
(|o-2a>-C7,)(§c-.2a>-C;)(§c-2a>-CJ 

= -8 (<»•-/(»+ 2e7) 
= — 8 (ci) — G)J (ci) — ©J (a> — ©3) suppose. 

We have a), = Jc-J(7,, =K2c-3(7J 

= Je{2i87+ 2aS-.fl^-i8S-.flPy- 78} ; 

or putting 

-4= 08-7)(a-S) = 0^8 + 78-^88-07, 

£=(ry-a)()8-S)=i87+oS-7S-i8(z, 
(7= (a -i8)(7- S) =7a+i8S-aS-7i8, 
we have ©j = Je (5 - (7) ; or forming the analogous equations 
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443. Now writing as above 

2«>-ie{-/9y-7«-ai8+28(«+i8-f7)-3y}+ '^'"^f_~g^^^'^"^^ 

then if « = a, ^8, 7 we have o) = ©j, «,, w, respectively : thus 
writing z=a we find 

+ 3^y -3Si8-387 + 3S'} 

= e{2a8 + 2i87-(a + S)08 + 7)}, =6©,, 

and so for the others. 

Hence 

2(«-«.) = -«09-S)(7-8)J^. 



2(a,-»J = -e(7-S)(a-S)J-|, 

2(a,-a,0 = -e(a-8)(/3-S)^; 
and therefore 

8 (ft) - ft),) (O) - »,) (O) - G) J, =8(G)'-Jai+2e7), 



4 9 



or say 

But from the expression for m 

2&» =- (a-8)(/3-S)(7-S)e '^ 



"7i> 



whence -.—i^i /-7i 

t^/2^/fl VZ 

or the equation 



e2a> dz 



dx dy^ ^ dm _ ^ 
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is by the substitution 

2o,= |e{-y8Y-Ya-ai8+28(«+/3+7)-3y}+ "('~^^^-^)('y-^) 

s — o 

tiansformed into 

and if in the equation between x^ y, co we write for a> the above 
value, we have the corresponding integral equation between 
x^ y^ z, (This will be presently given in the particular case 
a = 0, No. 44.5.) 

444. But we may in a different way make the transforma- 
tion from -7= to -7=, [7 = a + 6M + ctt* + (iu*+eu*. Take as 

Nil nU 

before /, <^ for the invariants, H for the Hessian, and for 
the cubi-covariant, 

5^ = A {(Sac - 3J*) tt'+ (24(wf - 4&c) M + (48ae + 6W - 4c^ t^ 

+ (24ie - 4cd) u* + (8ce - 2d^ u% 



<> = !?.{ 



+ 
+ 
+ 
+ 
+ 
+ 



- 8ay + 4a5c-i* )u' 

- 32aV - 4a W + 8a(? - 2iV) u 

- 40a&e + 20acd + 56*(i )tt* 
20a(?-205V )tt* 
40a(ie- 206c« + 5W )u» 
32a€" + 45de - 8c"e + 2ccP) tt' 

86e* - 4cde+(f )u'}; 



then identically JIP - /I7*JT + 4 JI» = - *», 

2ff 



whence assuming 



(O = 



U' 



we have 



1»J2^^U 



«•-/(» + 2e/ = - -jj^, or say Vn = j^i — . 
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From the expression of a> we find 

and hence -;= = — ^ 7= jd= — , 

^/a is/2.^^IU 

where the multiplier of -j= is a constant. We in fact have 
ZTZT- Z7'JT=tt(8a*<^-*«*c + y)+&c. 

Ai_ X • don ^. f-- du 

that 18 --= = 2tV2.-F::; 

and the equation -7=^ + — ,iL ,— = is thus converted into 

da? _rfy 2^ _ ^ 

It is to be noticed that the above transformation a> = -w 

leading to -7== 2t v^ -^ is really a transformation of the order 

4, degenerating into a multiplication by (Vi, =) 2. For it was 

da> 
shown above that -7^ is by a linear substitution transformable 

. . dz 

mtO -yr. 

445. Reverting to the relation between {x^ y, od), leading to a 
relation between z, y, z, suppose in order to simplify that a = ; 
that is, assume X^bx'\-ca^-\-da?+ex\ —ex(x—a){X'-fi){x—y), 
the value of 8 being thus zero. 

Then the integral of 

dx^ dy da> _ ^ 

71 Wy tV2Vn"" 
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becomes 

6* + 2ic(a?+y) + c'Caj' + y*) + (2c?- 2M)ay 

+ (2ci-4Je)a?y {x-hjf) + cTaY 

+ 2{-&(a? + y)-c(ic'+3^-Ja:y(a? + y)-2eay}(Jc-2«) 

+ (a?-y)".(§c-2«/ = 0, 

say this is 

X + 2/4 (§c - 2«) + y (Jc - 2(»)' = 0, 

and writing herein 

that is §c — 2«) = c + -, 

z 

the equation becomes 

X«* + 2/a(c2^+ bz) + j/(c« + *)•= ; 

or substituting for \ fJ^ v their values 

J' (a?'\-f + z*-2yz -2zx- 2ay) 

'^4ibcxtfz 

^2bdxtfz{x+y + z) 

— ihe xyz {yz + «a; + xy) 

+ (d*-.4cc) «:•/«•= 0; 

viz. this is a particular integral of 

dx dv dz 
Jill + — ^_ + -rzL « 

V2 VT VZ ' 

where X=ia; + caj* + db"+ea?*, &c. 

446. It would be easy to verify this by writing the integral 
equation successively in the forms 

w=r^ + 25^+Ca;' = u4'+2B'y + 0y = ^"+25"z4.CV; 
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we then have ff^AC, B'^'-AO\ E'*^A"C" proportional to 
YZ, ZX, XT respectively. 

Write b, c,d,e=^ 1, 0, — /, 2J; then X becomes x —Lxf^- 2e7a;*, 

which putting therein - instead of a? is —5 (x^-^Ix + 2J) ; writing 

X X 

similarly - , - for y, z^ and putting finally 
y « 

we have P 

-8/(a; + y + «) 

+ 2I{jjz-^zx-\-xy) 

+ j^z^+ z'a^-^' a^y*- 2xyz (x -{-y + z) = 0, 

as a particular integral of 

this can of course be directly verified in the same manner. 
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CHAPTER XV. 

ON THE DETERMINATION OF CERTAIN CURVES, THE ABC OF 
WHICH IS REPRESENTED BY AN ELLIPTIC INTEGRAL OF 
THE FIRST KIND. 

Outline of the Solution. Art Nos. 447 to 449. 

447. In Chapter m. it was seen that the lemniscate was 
a curve such that its arc represented an elliptic integral of the 
first kind : but the problem of finding such a curve is obviously 
an indeterminate one ; we have to find x, y functions of z, 
such that 

for this being so then, writing iS = sin ^, the arc of the curve, 
measured from the point for which « = 0, will be « = i^ (Jt, ^). 

Similarly if a, a are conjugate imaginaries, and x, y are 
functions of z, such that 

then the expression for the arc of the curve is 

^ r dz 

a form in the nature of an elliptic integral of the first kind, 
and which can in fact be made to depend on elliptic int^rals. 

448. A very general mode of satisfying the equatiop is 
to assume 

J . 'J iz — ay^iz + CLfdz 
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for then x, y being real functions of «, we have also 

and multiplying, we have the relation in question. 

The above expression of dx + idy as a multiple of dz is 
not in general integrable, but it is to be shown that if one 
of the indices m, n, say i», is a positive integer, and provided 
a single relation is satisfied between a, a (the form of this 
equation depending on m, n) then that the expression is inte- 
grable algebraically: viz. we obtain by means of it an alge- 
braical (imaginary) value of x-^-iy ; this of course ^ves a?, y 
equal to real algebraical functions of (x, y), and thus determines 
a curve, the arc of which is expressed by the formula 



8 



^ f dz 



449. The form of the relation between the (a, a) is a very 
remarkable one, viz. writing f = —. — - , then the relation is 



?^-(|)>(^-i)"=«' 



this is an equation of the order m in £; giving for (^ m 
values which (n being within certain limits) are all or some of 
them real and less than unity, and the corresponding values 
of a, a are then conjugate imaginary values, in accordance with 
the original supposition. 

Thus if m = 1, the equation is y^^ jy. ^ ((f— 1) = 0, that is 

ft 
(n + 1) 5'— n = or (;'= = ; which, n being positive, is positive 

W "T" 1 

and less than 1; if m = 2, it is ^=5 (jtA C(X—iy^O, viz. 

this is 

(n + 2) (n + !)?•- 2 (n+l)wr + n(n-l) = 0, 



or 



(«+2)r=«±v^. 
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If n is positive and less than 1, one value of (^; if n be greater 
than 1, each value of (^; is positive and less than 1. It is to 
be observed that if n is integral, and less than m, the equation 
as above obtained contains the factor (p*^, and throwing this 
out sinks to the degree n ; the equation may in fact be written 
indifferently in the forms 

the degree being m or n whichever is least. The values of ? 
are in this case all of them positive and less than 1. 

General Theorem of Integration, Art Nos. 450 to 457. 

450. The foregoing result depends on a general theorem 
of integration which is as follows : taking any positive in- 
teger, the integral 

has an algebraical value provided a single relation subsists 
between^, j, m, n : viz. writing 

(M/+[«]?y 

to denote 

where as usual [m]* represents the factorial 

m (f» — 1) ... (in — ^ + 1), 
the required relation is 

(M ?•+["] 2^* = 0. 

451. If in this theorem, m being a positive integer, we 
take ^ = m, and writing m = « — a, take ^ = a + ce, j = a — a, 
we have the integral 



f 



i\ 



k»»-i 



{z - o)"** (z + a)' 

having an algebraical value, provided there is satisSed between 
a, a, m, n the relation 

{ [mj (a + of + [n] (a - a)'}" = 0. 
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Or taking as before f = —a — - , we have f- 1 = 7 , 
° 4aa ' 4aa 

and the equation may be written 

which is the before-mentioned equation in (^: thus, m = 2, the 
equation is 

[2]*r+2[2y[n7r(C-l) + [nr(?-l)*=0, 
that is, 2f'+4nr(r-l) + (n*-n)(C-l)* = 0; 
or (n'-n)(r-2C+l) + 4n(f'-r) + 2r = 0, 

which is (n + 2)(n + l)J;»-2(n + l)TiC+n(n-l) = 0, 
as above. 

452. To prove the general theorem, write for shortness 
The integral then is 

which we assume to be 

say it is = UQ. 

This will be the case if 

or what is the same thing, 

viz, substituting for V its value, this is 
[{m + n - e + 1) {u + p + q)-n (u+p)] Q 

+ {« + ;,) (U + P + ,7) Q' = (5*t?^*, 
c. 23 
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/JO 
where Qf denotes -7-= . The question therefore is to expres^K 

that this differential equation has an integral 

g = W-* (4 + £u + W ... + Ku^-^). 

Substituting this value and equating coefficients, we have 
between the coefficients A, B, G ... K, a system of ^ + 1 
equations implying one relation between the quantities 
m, n,p,q: and this condition being satisfied, the coefficients 
A, B ...K will be completely determined, or we have for Q an 
equation of the form in question. 



453. For instance, if ^= 1, the equation is 



{mu + mp + m + nq] Q + {u^ •{- u (2p -^ q) + p* + pq] Q' = 



u + g 



t*-^* ' 



to be satisfied by Q = AuT^ : this gives 

{mp + (^ + n) J + wit* } Atf^ 

+ {p^ -^pq + (2/) + j) u + w'} . - mAu^'^= quT^-^u^, 
that is 

u^'^ { - m (p*+pq)A — q] 

vT^ { {mp + (m + n) 9} -4 — m (2p + j) ^ — 1 } 
u"^' { + mA - mA } = 0, 

viz. the equations are 

m(p''^pq)A + q = 0, 
{mp — nj) ^ + 1 = 0, 

whence eliminating A we have m{p^ + pq)^q {mp — nq^^O, 
that is mp^ + nq^ = 0, as the required relation in the case in 
hand. 

454. Similarly if ^ = 2, the differential equation is 



[m — Ip + m + n — Ij + m — lw]Q 
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satisfied by ^ = Au^ + Bu^^. This gives 



u^ * 


u 


r \ 


r ^ 

(m— lp+m-Hi-1 j) -4 




— m(2p+g)-4 


-2* 


-29 



u 



m— 1-4 



tt 



» 



-(m-l)(2p+j)5 
-1 



(m-l)B 



» 



-(r»-l)5 



=0, 



that is 



1 + [m — ly — n j] 5 



+ 1^ = 0, 



2j + (wi- 1) (p* +pj) 5+ (m+ Ip - w- 1{) ^ = 0, 

and the elimination of A, B gives the required condition, for 
the case ^ = 2 now in question. 

455. The series of equations uxe 
fel,0=" 



^=2,0= 



1, 7np-~Ytq 

1, Ta—lp-nq, 1 



2j, m— l(p'-fp?), m+l2>— w— ly 
9*, ^(p*+p?) 



^3,0: 



3j, m-2 (p'+^j), mp-n— Igr, 2 

3g*, m- 1 {p^-k-pq), m+2p-n-2q 



d=4,0= 



1, m-Sp-nj, 1 

4g,m— 3(p'+pj),m— Ip— n-l^, 2 



m-2(p*+pj),m+lp-n-2j, 3 



m-l(p'+l>y),wi+3p-n-33 

23—2 
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456. Expanding the several detenninants the eqaatioss 
are, for the case ^ = 1, 

Wp {p+q) , =(Mp*+[n]2^», = 

-l(j[m]jp-[n]5r) 

for the case 0=^2 

-^Mpip+q) i ([«»-l]p-W?)* 
+1 2*([mlp-[n]j)* 

for ihe case d=Z 

Wp'ip+qy =(Ml)*+Cn]20*, =0 

-3[Hy(p+j)V([»»-2]p-[»]j)' 
+3 WjP {p+q) 2*([m-l]p-[n] j)» 

m 

for the case 0^4i 

-4[m]y (/)+j)'j {[ni-5]p-[n]qy 

+6[m]y(;,+y)V([»»-2]i>-[n]2)* 
-4[w]';) (p+q) j» ([m-l]/)-[n]j)» 

+1 J*(Ml)-[n]j) 

and so on. The notations ([m] p — [n] g-)*, {\m\p — [n] j)* have 
a signification analogous to ([»»] 7)' + [»] 3*)', ([m] p* + [n] g*)*, &c. 
abready explained: for instance 

(Wl)-[n]3)'=[m]V-2[m]«[n]'pj + [n]V. 

467. To show how the reduction is effected, consider for 
instance the second determinant ; this contains terms multiplied 
by 1, 2j, j" respectively : 

the first is 



l.m-1 (i>'+i)2).m(p'+^j), =1. W"|)"(^ + g)'; 
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I 

the second is 

2j.-m(jp*+p2){(m-l)p-w})=-.2[m]>(;>+j)j([m-.l]|)-[n]5)*; 
the third is 



g*(m— Ijp — wj) {(m + ljp — n-lj) — (w — 1) {p*+pq)} 

= 2* {(w*- ^) JP*- 2mnjp2 + (n*- n)^*}, = g* ([m] p - [w] j)\ 

And similarly the third determinant is composed of terms 
in 1, 3q, 3j*, j*, which are the four terms in the first reduced 
expression of the determinant : and so in other cases. These 
first reduced expressions give without difficulty the final forms 

([m]i>'+[n]2«)S {[m]p'+[n]^\ &o. 

458. Writing tf = n, and « — a, a — a, a + a for u, p, q re- 
spectively, we have the originally mentioned theorem in regard 
to the integral 



/; 



■•+1 /-, _i_ ^\ii+i » 



and thence, as already mentioned, the expressions of w, y 
as functions of a parameter z such that the arc of the curve 
is given by the formula 

^ f dz 



8 



viz. as an integral in the nature of an elliptic integral of the 
first kind. 
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CHAPTER XVI. 

ON TWO DTTEORALS BEDUCIBLB TO ELLIPTIC INTEGRALS. 

459. An integral 1-7=, where P is a quintic function 

of X, is not in general reduciUe to elliptic integrals ; but Jaoobi 
has shown (OreUe, t Yin. (18S2) p. 416) thai if P has the par^ 
ticular form 

P = a? (1 -a;) (1 + /caj) (1 -f-Xoj) (1 -/cXa;), 

f CUD Csccujc 
then the integrals 1-7= , 1-7= , that is the two integrals 

f dx t ^dx 

J 'Jx.1—x.1+icx.1+\x.1—k\x' JVl— a?.l+#ca?.l+\a;.l— /c\aj ' 

are reducible to elliptic integrals : and that by means of the 

theory an elliptic integral of the first kind ( . - , , 

Jvl— A^sin*^ 

where A; is a complex imaginary quantity, say A; = sin (a 4- fit), 

can be reduced to the form 0'\-Hi, where G and H are real 

integrals of the above-mentioned kind. 

Investigation of the Formvlce. Art. Nos. 460 to 463. 

460. Considering the integral 

/-7 — /, r , =: j -p=^ for shortness, 

viz. X used to denote 

1— a?.l+/cx.l+Xa;.l — kKx ; 
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write 

y= 1 -V^ H, c'= 1 +Via (-5-), 
denom. = Vl + /c . 1 + \ ; 
and therefore 6* + ft" = 1, 



,« ( y + c Q sin (^ 

Assume V a? = /^ — 7«- . v .- . 7^^ — = 



Vl - J'^sin^i^' + Vl - c* sin> ' 

= ^ — -R In "^ ^^^ shortness, 
we have 
(1 + /ca;) (1 +X^) = (5+ C)*+(/c + \) (B+ C)*(i' + c7sinV 

+ /c\(6' + c7sin*^ (-r), 
(1 - a:) (1 - /c\x) = (5 + (7)* - (1 + ic\) (5+ O" (6' + cO* sin> 

+ /c\(6'+c7sinV (-h), 
denom. = (5 + (7)* ; 

which after all reductions become 



(l-^)(l-.^X^) = ^-^,.4(5+(7)»cos«^, =^^. 



461. Wo have in fact 

^-V r^ , /c'-iV 

/ 

c 

6* + c* « + \ 






6" + c"~l + «\' 



and thence 



1 "^ Vc' + b'J J 6" + c « ' - "(6' + df • 



K + 

4 



and (1 + «) (1 + X) = ^ 



(5' + c')* • 



360 ON TWO INTEOBiXS BEDUCIBLB [XTL 

Hence observing that 

K\ (V + c'Y BinV = (J/* - cy Bin*4>, = (5* - 07, 
we have 

(B+C)* + (k + X) {B + C)* {V + cO* sinV + «X (6' + c')* sin*^ 

= (5+ (7)* + 2 (y + c») (5+ C)* sin*^ + (5*- (7^*, 

= (5 + (7)* {(B+ (?)•+ 2 (6» + c^ 8in> + (JB- COT 

= 2 (5 + C)* {5* + 0» + (J* + O sinVl 
= 4(5+ C)*. 

Also 
{B + (7)* - (1 + k\) {B + C)» (6' + c')* 8in»<^ + /«X (5' + c')* sb*^ 
= (5 + C)* - 2 {V* + O (5 + C?)» sin»^ + (5» - C*)* 
= (5 + C7)* {(-B + C0» - 2 (6" + O sinV + (-B - C)*} 
= 2 (5 + C)* {B*+ C7»- (i' + O sin*^} 
» 4 (JB + (7)» cos*^, 
and we have thence the formulse in question. 

462. Moreover from the equation 



/— _ (y + c') sin ^ 
^'^ B+G ' 



we have 



^= (j?+g)« f-*-^+»"^»U+^J|^ 

_ (y + c') cos d<f> 
(£ + (7)50 ' 

and combining herewith the foregoing equations 

/ 2 

V 1 + ^ . 1 + Xa? = 



i? + (7' 
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whence also 

we have therefore 
dx 



v^Z 



= i(6' + c')ci^(5 + ^). 



463. Moreover 

_ (y+c')*sinV 
*~ {B + Cf ' 
and thence 

^ = i(y + cO'Bin-^5^^^ 

Or since 

B» - C* = - (6* - <0 sin»^, = (ft** - O ain'^, 

viz. we have the two equations 

where X^Ji^x.1 + kx. 1+X«.1 — #cXa:, 

B = Vl-ysin»^, 

C = ^/l-c■sin•^, 
and as above 

(y -f c') sin <^ 
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We thus see that the two integrals in question /-7=^ , 

JyxX 

I -. depend upon the two elliptic integrals of the first kind, 
J nX 

iVl-6*8in*0' ivi-(^8in«0' 
which is the theorem in question. 

Further Developments, Art. Nos. 464 to 468. 

464. We may express as a function of x ; viz. the last 
equation gives 

NX 

and thence ff + C*- (y + O'sin'^ ^ _ 

and (5'-Cr-2(5'+CO&^^^^i5!^+fe^:£5:^ = 0; 

or since as before -B* — C" = (i'" — c ') sin'<^, the whole equation 
divides by (&' + c')' sin'<^, and throwing out this factor it becomes 

(y-cr8in»^-2(5' + (7«)i + ^^^±^^^^ = 0. 

that is 

(6' - c')" «• sin*<^ - 2x {2 - (t« + c") sin»<^} + {V + c')* sin*<^ « 0, 

viz. sin»<^ {(6' + c'Y + 2 (6« + c") a: + (&' - cj a;»} = 4a?; 
that is 

sm"9 = /w . /va 



^ ( 1 -t- it) (1 + \) a; 
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hence we may write 

CO8"0=: 1 - a?. 1 — k\x (-3-), 

J? = (1 - ^/;^(B)« (-), 

C» = (1 + ViXrr)' (-), 

where denom. = 1 + #w: . 1 + Xa?. 

465. It may be remarked that writing 

1 + tfo; = {(5+ (?)• + ^ (6' + O* sin» 0} -i- (i?+ C7)« 

+ ^(&'+c')*sin> + 25(7}^(5+C)", 

and endeavouring to make the numerator a square, it will 
be the square of 

Vl + 6 sin <^ Vl + c sin + Vl — ft sin VI — csin<^, 
or else of 

Vl + 6 sin ^ Vl — c sin <^ + Vl — 6 sin <^ Vl + c sin ^ ; 
viz. in the first case we must have 

2-(6« + c^sin»0 + tf(i' + cysin*<^ = 2 + 2JcBin*0, 
that is 

-(6' + c^+^(6' + cr = 26c or tf«-^^]l, =^: 

and in the second case 

2 _ (6« + c^ sin* ^ + ^ (i' + c')' Bin* ^ = 2 - 26c sin* ^, 
that is 

- (6» + c») + d (6' + c')* = - 2Jc, or 0^^=^. =\. 
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Hence the two equations are 



l+icx={Vl+68in^Vl+C8m<^Vl-i8in^Vl-csin^}*-5- (5+(7)*, 

l+Xaj={Vl+68in0Vl-c8in<^Vl--68in^Vl+csin<^}^-5-(5+(7/, 

leading to the before-mentioned equation 

1 + ica;. 1 +>^ = 4 4- (-B+ (7)*, 

but there are no analogous values of 1 —a;, 1 — /co; to lead to 

1 -a?. 1 -icXa: = 4co8'<^-f- (J5+ (7)". 

466. Write now 

J = sin (a + ^8), c = sin (a — ^, 

and therefore 

6' = cos (a + /8), c' = cos (a — i8) ; 

we hence obtain 

^/— _ 2sinaco8/S _^ ^— _ 2co8aco8i8si n^ 

2cosacos)3 ^ ^ £ + (7 * 

2cosacosp 
^=>/l-8in"(a + 0)sin*<^, 
(7=N/l-sin»(a-/8)sin"<^, 

Z=(l-fl;) (l + ajtan*a) (l+ajtan*)8) (l-a?tan*atan*;8), 
and therefore 

;^ = C08«C08^(^ + -^).?^. 

Va; dta; _ cos'g cos*/S /I 1\ t, 
VX "sinasin/S \B'"c)'^' 

Writing this last equation in the form 

tan a tan /3 -^- = cos a cos^S ^-g- -^j d<f>, 
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we have 

2 cos o cos ^ ^ = -7= (1+x tan a tan ff), 

2 cos a cos ^ ^ = -p=^(l — a? tan otan /9). 

^ wxX 

If in these equations we write ^t for fi, X continues a real 
function, viz. we have 

Z=: (1 - x) (1 +«; tan'a) (1 + a; tan* /Si) (1- a? tan* a tan* ^Si) ; 
and the formulsB are 

/— 2 cos a cos iSi sin <& . . . ^ 
B+G ' giving nse to 

2 cos a cos /3i -S = -7=^ 0- + a tan a tan fit), 

^ /^ • cUb dx /- ^^ 

2 cos a cos p» -^ = -7== (1 — a? tan a tan pi), 

O *JxX 

where observe that B+ C, 

= ^/l — sin" (a + ^i)sin*0 + VI — sin' (pi— fit) sin*^ 

is real ; viz. these formulsB give the values of 

i Vi"^sin» (a -¥l3i) sin'^ ' ivi-sin'(a-/8t)sin"0' 

in terms of the integrals 

dx , f Va; etc 



/vix^"^/- 



Vx ■ 



We may change the form by writing tan ffi = t sin 7, 
whence 

cos^t = , sin/9» = 1 tan 7 : 

cos 7 ' 

we thus have 

/ic = tan*a, X =5 — sin* 7, 
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/-_2co8a sin^ 

X=(l-a?)(l + a;tan*a) (l-a?slii*7) (1 + a? tan* a sin" 7), 

2co8a dS da? ,- . . ^ . . 

. -^ = -p^- (1 + tsc tan a sin 7), 

C0S7 B V^^ ^^ 

2co8a dA dx ,^ , ^ . . 

. -^ = -7== (1 — ta; tan a sin 7), 

cos 7 C WxX 

and observing the equation 

^ (1 + /ca?) (1 + Xar) (cos'a + ajsin'a) 1— a?sin*7* 

we see that to real values of ^ there correspond values of x 
which are positive and less than 1, and that as x passes from 
to 1, sin'0 passes from to 1, or from to 90*, X being 
thus always real and positive. 

Writing sin0=y, the relation between <(>, x gives a re- 
lation between a?, y : viz. this is 



Vi = 



(5' + c')y 



Vl-6y + \f'l-c'y*' 
or what is the same thing 

._ {1 + k){1+\)x 
^ (l+icaj)(l + X^)' 

viz. this is a quartic curve ; and introducing e for homogeneity, 
or writing the equation in the form 

y*(2 + /ea?) (z + Tur) -(1 + /c) (1 +X) a»»=0, 
we see that 

x = 0, z = is a fleflecnode, the tangents being z-^-texs^O, 
z •{•\x = 0; 

y = 0, « = is a cusp, the tangent being y = ; 

oj = 0, y = is an ordinary point, the tangent being a? = ; 

hence the curve, as having a node and cusp, is bicursal. 
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467. The transformation of a given imaginary modulus 
into the form sin (a + fit) presents of course no difficulty : 
assuming that we have k = e +/*i then we have to find a, /9 
such that e+/i = sin(a + i8t), or writing sina = f, sin ^t=: 117, 
to find f, 17 from the equations 



these give 6'=r+r^', r^v'^Pv^ 

whence e* +/' = f* -f 17', and thence easily 

r = i{ l + e'+Z'-Vv}, 

where v = l + e*+/*-2e» + 2/« + 2ey*. 

If as above sin /3i = i tan 7, then tan 7 = 17, or the equations 
give f , = sin a, and 17, = tan 7. 

468. The integrals 17=, 1-7= are also reducible to 

elliptic integrals when the quintic function P has the form 

P = ic (1 - a:) (1 + Kx) (1 + Xa?) (1 + K + \ + tc\ x), 

as shown by Prof. M. Roberts in his " Tract on the Addition 
of Elliptic and Hyper-elliptic Integrals," Dublin, 1871, p. 63 ; 
and in the Note, p. 82, to the same work, a simple demon- 
stration is given of the theorem (due to Prof. Gordan) that the 
like integrals, wherein P denotes a sextic function the skew 
invariant of which vanishes, are reducible to elliptic integrals. 
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[XVL 



ADDITION. FUBTHER THEOBT OF THE LINEAR AND QUADRIG 

TBANSFOBMATIONS. 

The Linear Transformation. Art. Nos. 469 to 473. 

469. We consider the transformation of the differential 
expression 

dx 



where the new variable y is given by an equation of the form 

xy + 5a;+(7y + 2) = 0. 

The coefficients B, C, D might be expressed in terms of any 
three pairs of corresponding values of the variables x, y, say 
the values a, ^, 7 of x, and the corresponding values a', ff, 7 
of y : but it is better to consider in a symmetrical manner four 
pairs of corresponding values, viz. the values a, /9, 7, S of x and 
the corresponding values a\ ff, y, S' of y. We have thus four 
equations from which B, C, D may be eliminated, and we 
obtain the relation 

oa', a, a, 1 =0, 

77'. 7> 7 > 1 
58-, S, «', 1 

which in fact expresses that the two sets of values (a, /9, 7, S) 
and (a, /S', 7', 8') correspond homographically to each other. 



470. Writing for convenience 
a, *, c, /, flr, A =^-7, 7-a, a 
a, b\ c\f, g\ U==0- 7 , 7 - a , a 



A a-S, /9 
)8', a'-S', /S' 



8, 7-8, 
S', 7'-S', 
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80 that identically 

af+bg-¥ch^O, a/'+iy + cT = 0; 

then, as is well known, the relation in question may be ex- 
pressed in the several forms 

of : bg : ch=^ df : Hg* : c'A' ; 

or, what is the same thing, there exists a quantity N such 
that 

af bg ch 

471. The relation between {x, y) may now be expressed 
in the several forms, 

yj- a' _ p x-a f/-0 _ ^ x- ^ y-7 _ « a?-7 

and writing for (x, y) their corresponding values, the values of 
P, Q, R are found to be 

p^Vh^cy^ Q_c£_ah, n^^Jil. 
^ bK" eg'' ^^ cfaK' ag'^bf 

and we thence obtain 
f^PN^^PQR, g'QN^^g'^RP, VRN^^K'PQ, '/PQR =-^ N\ 

472. Differentiating any one of the equations in (a;, y), 
for instance the first of them, we find 

f'dy fPdx 
and then forming the equation 



^y — a • y - /8' • y - 7' _ ^PQR'^x- a^x—^.x—y 

or if we please 

Vy — g'-y- j8\y— 7'.y~y ijP QR Jx ^a.x — fi.x^y.x — S 

c. 24 
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and attending to the relation /'P^=/'*QB, we obtain 
Ndy dx 



which is the required formula : (a, fi, % S) and any three, say 
(*'» ffi y)> of the other set of quantities are arbitrary, and the 
values of B\ N in terms of these are given as above. 

« 

473. It is proper to remark that in this and similar 
formukB the sign of the multiplier JV may be assumed at 

pleasure : only, this being so, the radicals V-3C and V y of the 
formulae are not in general both positive ; we have between the 

radicals a relation of the form jFVX= ± G'/Y^F, O rational 
functions) wherein the sign ± has a determinate signification ; 
in fact the last-mentioned relation combined with the differ- 
ential equation gives ±NOdy==Fdx, which equation sub- 
stituting therein for ^ its value, obtained by differentiation as 

a rational function of {x, y), is a rational equation equivalent, 
when the sign is taken properly, to the given rational equation 
between the variables (x, y). The sign ± of the equation 
F'JX^± O^ Y might have been assumed at pleasure, and 
the sign of N would then have been determinate ; but this is 
less convenient. 

Transformation of a form into itself Art. No. 474. 

474. The homographic relation is satisfied by writing 
therein 

a', ^, 7 , S' = («, A % S), 09, a, 5, 7), (7, S, c, /3), or (S, 7, /S, a) : 
these values in fact give 

a', h\ c\ /', g\ h\ = 

a> 6, c, ./, g, A, 

f -g* — c, a, -6, —h, 

— /, — *• A, —a, —g, c, 

-a, g, -A, -/ b, -c, 

respectively, so that in each case 

a'f : b'g' : ch' = af i hg : ch. 
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We have thus four solutions of the equation 

dy dx 

Vy — a.y^fi.y — ^.y—h Va? — a. a? — /8. a? — 7.x — 8 

viz. these are 

y— a a? — a 



y 



-S"" x-B' 



y — /8_ 13— Saj — a 

y — 7 7 — ao? — S* 

y-/8"" "a-/8a?-S' 

y — S_ /8 — 8.7 — 80? — a 
y— a 7 — a. a — /So?- 8' 

the first of them being the self-evident solution y = a?. 

In particular there are four solutions of 

dy __ dx . 

that is 

dy __ dx ^ 

1 1 

viz. these are y = a7, y^ — x, y = r-, ^^^y^"" r^» respectively. 

Application to the standard form. Art. Nos. 475 to 477. 

475. Considering now the equation 

Ndy dx 

,^ kM 
or, wnting N= -^ , say 

M dy dx 



£4-2 
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if in the general form we assume 

a, A 7» 8 = 1, -1, jj., -j^, 

tlien we have in any one of the twenty-four orders 

1 1 

«', ^, l\ S' = 1, -- 1, - , - - ; 

and since, for any one of these orders, \ will he determined hy 
a quadric equation, it would at first sight appear that there 
might he in all twenty-four pairs of solutions, belonging to 
forty-eight different values of \ M, But the solutions corre- 
sponding to two orders in which r- , — 7 we interchanged, are 

equivalent ; and moreover y = ^ (^) being a solution belonging 
to determinate values of X, M, then we have, belonging to the 
same values of X, M, the four solutions y=<l> (x), y = ^ (— a), 

y ssf^ [j-'j and y « ^ f — f-j : we have thus only three pidrs of 

solutions, or say six solutions, belonging each to a different set 
of values of X, M ; and which correspond to the three orders 

1-1 i -i 

1 ^ -1 -' 
1 1-1-1 

' X' X' ^' 
476. Forming for each of these the equation which de- 
termines X, say in the form — - = t^ , we have successively 
the three equations 

/1+XY_/1+A\» (1+^)* f\+^\* 4X _n+k\* 
\l-\)~\l-k)' 4X "U-A/ ' (r+X}»"U-A/ ' 

giving for X the values 

' *' U + Vjfe/ ' \i-Vk)' Vi + ,vl>' ' Vi-.vy" 
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that is for if, the 



The corresponding values of N are derived from the equa- 
tion N* = -^ , viz. we thus obtain for -j- j 
of k 

values 

1-fX t (1 -h X) 2i\/\ 
1+&' 1 + ifc ' 1+fc' 

viz. substituting for X its values, these are 



i,L 



2i 



2» 



2» 



2t 



A' (l+Vifc)*' (1-V/fc)" (1 + tVA:/' (l-tVifc)'" 



477. The six transfonnations 

Mdy 



dx 



vl-yM-\y Vl-o'.l-fcV 



'then are 



y= 



\ = 



i/ = 



1 

a;' 



1 



l+Jk 
i + Jk 

l+u/k 

i - ijl 

i-jjic 

1 + ijk 



— xjk 
+ xjk' 

+ xjk 



— xJk 

— txjk 
+ ixjk 

+ ixjk 



— ixjk 



U + Jk) ' 

/1+Jk\' 
\1-Jk)' 

( l - ij k\* 
\1 + iJk) ' 
/I + ijk\' 
U-» 



1. 

1 
k' 

_2t _ 
2t 

(1-Jky' 

2t 

(1 + ij%y ' 

2t 

jkJ ' \i-iy/ky' 



where it is to be remarked that the last four transformations 
are included under the form 

1+al-a.r ../l-aV u-—*— 

where a is a fourth root of L'. These are in fact Abel's results 
rcferrwl to No. •ilO. 
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The Quadric Tranrformation for the standard form. 

Art Noa 478 to 482. 
478. Reckoning the number of linear transformations as 
six, that of the quadric transformations is reckoned as eighteen ; 
viz. these are Abel's eighteen transformations referred to No. 
418. Taking as before the differential relation to be 

Mdy dx 

Vl-y-.l-xy" Vr^. l-it»a:»* 
we have. Four transformations 



(1 4-^) 3? 2s/k 

{l^Jc)x 2m/J 

1-Jfc^' 1-i' 

2^kx 1_+ k 

2t VX ra? 1-k 

1-A.c» ' 27vX' 27Vl' 

479. Six transformations 



1 + Am;' 1-k 



-l+fcc" 1 + k' 

-l+fc c* 1 + fc 

l-(l + /fc')^ l- Jb' 

1 _ (1 _ A;') a;» ' 1 + A" 

l-(l-k')a-' 1 + k' 



1 
1+k' 


1 

1-k' 


1 

2V/k' 


1 



M= 


r '\ 

• 

t 


1+k' 


• 

t 


1-k' 


1 


l+k" 


1 



l-(l + k')a^' 1-k" 1-k 

— {k' + ik)+ika^ kf — ik , .,, 

ik' - ik) + ik 0!" in^' k + tk, 

( k'-ik) + ika^ k' + ik 
-ik'+ik) + ik?' 



k'-ik' /c+tfe. 
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480. And lastly, Eight transformations 

" wi +k+y/m) ' *°^ ^ - (vr+ife+v2^ir * 

Do. with — y/Jc for <JA?, 






» -t^fc 



»» II • V 'v >f 



Do. with — - ^k for ^ and - k, Ji - A: for k, Jl + A% 
- 1 + «• .rr. 

481. The last formulse, writing for shortness, /3 an eighth 
root of IGA;*, and a = ^1 + ^;8*, are included under the form 

_ tt + /3 1 + aBx + l^a^ ^_/tt-/8\* i/___2»_ 
and the verification may be effected as follows : we have 

1- y:=l-al3x+i$'a?-^^{l-¥afijii+i^a^ (-5-), 

=-i^(i+«)(i+J/s*«) (+). 
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a T p 

= „^(l-*)(l-ii8*«) W, 

where 

denom. = 1 — a fix + i^ic". 

Hence 
where A;" is written instead of its value ^fi^: and moreover 

in which two formulae the denominator is equal to the square 
of its above-mentioned value; we hence find the required 
formula, 

Mdy dx 

V 1 - y" . 1 -^' " vT -^Ti^^a? ' 

2% 
where M has its proper value = ; ^-i • 

482. It is, as regards all the formulae, convenient to remark 
that the value of M may be verified by taking x small ; thus, if 
when X is small the equation for y becomes y = fix, then ob- 
viously if ■= 3 ; if the equation becomes y =* ± 1 + )8a^, then we 

have Jf = — ^Y-^~— - : and so in other cases. 
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Combined Transformations: Irrational Transformations, 

Art. Nos. 483 to 487- 

483. By combiDing two linear transformations, we obtain a 
transformation which is linear, and as such is a transformation 
belonging to the system ; viz. it is either one of the six trans- 
formations, or it is at once reducible to one of these. Similarly, 
by combining a quadric transformation with a linear one, we 
obtain a transformation which is quadric, and as such is equiva- 
lent to one of the system. For instance, changing the letters, 
if with the quadric transformation 

_(l+ifc)a? 
^~ 1 + ibc'' 

. . 1 H-^ dx ^ 2V^ 

«'"'"« Vl-z'.l-W °Vl-.M-A;V' ''"r+-*' 

we combine the linear transformation 

^ 1 + Vifc l-gV ifc 

^"i-Vifc i+xVifc 

2i' 



T > 






*^'''°8 Vl-y".l-yy Vl-x'.l-A^a:' 
we have .; a quadric function such that 

2i{l+k) rfy 

and this must be one of the series of quadric transformations. 
We in fact find 

* I+j^Vy l-V7l+yV7' 



t 9 
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and thence 

_ ( 1 -h A:) a ? ^ 1+7 jjiW* 
^' "" l + fcc* ' 1-7 l+7y " 

or, what is the same thing, 

1 ^ l+Ty' 
\z - 1 + 7^ ' 



dz 



ffivinjr . — = — , where \ = ^— - i 

^ ^ Vl-^.l-XV Vl-yM-7y' 1+7 

which (with « in place of — —j is one of the series of qnadric 
transformations. 



484. If we combine two quadric transformations we obtain 
in general an irrational transformation : viz. neither of the two 
variables is a rational function of the other of them, but the 
two are connected by an equation : for instance, if the two 
transformations are 

z = 



l + kai" 
1 



dz 



2^k dx ^ 1 + A; J 

«""» Vl-^.l^XV ^Vl-o^'.l-ibV- ^=2^'*"^ 






dy 



. . 1 — ^ "^ dx _ 1 + jb 

^^'^^ Vi-/.l-7-y«~Vl-a?\l^AV' '^"l-i' 

then we have here y' + -?* = 1 ; -, + ^ = 1, giving -j = '^ - "" , 

7 A» X 7^ 

that is X'^-*^; or X=~^ if 7', = Vl - 7-, is' the comple- 
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mentary modulus to 7 ; also — — = .- = — # > and the relation 
is 

7 rfy 



v/ 



7 



or, what is the same thing, changing the letters, the trans- 
formation arrived at is a:* -t- y*= 1, giving 

" k' ^ dx ik 

iFi 9 A — rj , 



which is at once verified, since from the assumed relation 
ac* + y* = 1 we have 

485. Observe that the equations which define the two 
new variables y, z in terms of x are in general of the form 

A C 

y = B' ' = 1)' 

where Ay B, C, D are quadric functions of r. Writing these 
equations in the form 

y : z : 1==AD : BC : BD, 

then regarding (y, z) as the co-ordinates of a point of a plane 
curve, these expressions of y, z in terms of the arbitrary para- 
meter X show that the curve in question is a unicursal curve, 
and, being of the order four, it is a trinodal quartic ; viz. the 
equation ^ (y, «) = 0, obtained as above by combining any two 
quadric transformations, being a solution of the equation 

Mdz dy 



\'l-/:i- XV Vl-yM-7y 
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we have the theorem that this equation <l>(jf,e)^0 represents 
a curve which is in general a trinodal quartic. It has been 
seen how in one case the curve is a circle. 

486. It appears to be a conclusion of AbeFs, that if for 
any given values of (\, M) the equation 

Mdy ^ dx 

admits of an irrational solution, then there is always an integer 
number n such that the equation 

Mdif _ ndx 

admits of a solution y = rational function of x. So that, in 
fact, the general problem of transformation reduces itself to 
the problem of rational transformation. For instance, as just 
seen, the equation 

-F'^^ dx 



v^ 






has the irrational solution ^ = Vl — x* ; the equation 



y 






has a solution y = rational function of x. To verify this, ob- 
serve that the first equation is satisfied by y = en u, a? = sn u 

(which are such that y = VI — a?*) • hence the second equation 
is satisfied by the values y = en 2u, a; "= sn u ; we have en 2u a 
rational function of sn u, ante No. 100, and writing therein x 
for sn u we obtain 

as a rational solution of the second equation : the solution can 
of course be at once verified. 
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487. It appears from the formulae given No. 94, inter- 
changing therein {z, x) and also k, k\ that the equation 

— idz dx 



has the irrational solution z = , — ; hence the equation 

— idz 2dx 



has a solution z = rational function of x ; viz. the first equation 
being satisfied by a; = sn w, « = -j — , the second equation is 

satisfied by a: = sn u, « = , ^ ; or dn 2tt being a rational func- 
tion of snu, see No. 100, replacing sn u by x, we find 

l-^a?" 

^ ■" 1 - 2Fa:'> A*x' 

as a rational solution of the second equation. 
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Abel, linear and qaadric transforma- 
tions 820, 823, 878, 874: irrational 
transformation, 880. 

Addition, see Function, (2)... (9). 

Arc of curve ; 

reprosenting integrals E{k, ^),F(ir,^) 
(ellipse, hyperbola, lemniscate) 85; 
determination of curyes the arc of 
which represents elliptio integral of 
first kind, 850 (Chap. xv.). 

Ajithmetico-geometrioal mean, 880. 

Baehr*s formulae for multiplication of 
sn, en, dn, 79. 

Circular functions, illustration by re- 
ference to, 10. 

Definitions and Notations, 1 (Chap. i.). 
elliptic integrals F {k, <p), E (it, 0), 

n {n, 1% 0), 3. 
amplitude, modulus, complementary 

modulus, parameter, 8. 
complete functions F^it, Ejk, 4« 
elliptic functions am, sin am, cosam, 

A am, or sn, on, dn, 8. 
K, K\ 12. 

EUf ZUf n (II, a), 15. 
etf, Ha, 16. 
Differential equation ; 
addition-equation, 5, 21 (Chap. ii.). 
satisfied by F (it, 0), E (it, 0), or by 

F^k, EJc, 47, 50. 
satisfied by multiplier, 218. 
of third order, satisfied by modulus 

in transformation of nth order, 

220 



Differential equation, contintud. 
Partial, satisfied by 8, JEf, &c^ and 
the numerators and denominators 
in multiplication and transforma- 
tion of sn, en, dn, 224 (Chap. dl). 
special equation, 248. 

equation dx -t- Jx=: dy -=- >/F, 837 
(Chap. XIV.) 
Dimidiation, 72, see Funotion (7). 
Duplication, 71, see Funotion (7). 
by two quadratic transfoxmationfl, 
181. 
Doubly infinite products, see factorial. 

Euler, partition formula^ 288. 

Factorial formula, 92, 97. 
doubly infinite product forms^ 101, 
298. 
Function ; 

(1) — .=. reduction to standard form 1, 

309 (Chap. XII.). 

(2) addition -equation — + ~ = 0, 

21 (Chap. II.). 

(3) F{k, 0), march of function, 41. 
properties as function of k, 46. 
addition, 103. 

quadrio transformation, &e.^ 825. 
imaginary modulus sin(a+/3>), 
365. 

(4) E (k, <p). See also (8) infra, 
march of funotion, 41. 
properties as function of k, 46. 
addition, 104. 

quadric transformation, &C., 825. 
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Function, continued, 
(6) n(n, k, <f>). See also (9) infra, 
addition, 104. 

outline of further theory, 108. 
reduction of parameter to form 

8n(a + /3t), lU. 
addition of parameters, and reduc- 
tion to standard form, 118. 
interchange of amplitude and 
parameter, 134. 

(6) gdu, Bgu, cgu. 

addition and other properties, 56. 

(7) sn tt, CUM, dn u, 61 (Chap. iv.). 
addition and subtraction formuhe, 

61. 
periods 4Jr, 4iir, 66. 
imaginary transformation, 68. 
functions of ti + (0, 1, 2, 3) K 

+ (0, 1,2,3) iJST', 69. 
duplication, 71. 
dimidiation, 72. 
triplication, 77. 
multiplication, 78. 
factorial formulfe, 92. 
new form of same, 97. 
anticipation of doubly infinite 

product forms, 101. 
connexion with Gu, Hu, 155, 156. 
quadric transformations, 183. 
n-thic transformation, 249 (Ch. x.). 

(8) Ku, Zu. 

connexion with E {k, ^), 107. 
addition, 107. 
connexion with Ou, 118. 
further theory, 146. 

(9) n(u, a), 142(Chap. VL). 
connexion with IT (n, 2:, ^), 107. 
connexion with Ou, 113. 

values of II (u + o, a) for 
a = iiK\iK,iK+iiK\ 144. 

11 (u, a) expressed in terms of Gii, 
161. 

addition of amplitudes, 157. 

interchange of amplitude and 
parameter, 159. 

addition of parameters, 157. 
(10)eu,HM, 142 (Ch. TI.), 224 (Ch.n.). 

properties of Gu, 150, 152. 



Function, continued. 

(10) continued, 

counc'xion with sn, en, dn, Zu and 

n (tt, a), 155. 
If u introduced, 156. 
multiplication, 160. 
partial differential equations, 227. 
G, H expressed as g-functions, 289. 
development in g-series, 295. 
double factorial expressions, 298. 
transformation, 804. 

(11) numerators and denominator in 

multiplication and transforma- 
tion of sn, cn,dn, 224 (Chap. ix.). 

connexion with Gii, Hu, 161. 

partial differential equations, 283. 

yerification for cubic transforma- 
tion, 243. 

connexion with functions G, H, 
307. 

(12) 9-fuuctions, 280 (Chap. xi.). 
deriyation of the g-formuls, 280. 
G, H expressed as ^-functions,289. 

(13) The general equation -,_. = ^ . 

837 (Chap. xnr.). 
Lagrange's integration, 837. 
further theory, 340. 

Gauss, the arithmetioo • geometrical 

mean, 329, 336. 
Glaisher, proof of Legendre's relation 

between complete functions Pyk, 

Ac, 49. 

tables of theta functions, 156. 
Gordan, integral reducible to elliptic 

functions, 367. 
Gudermann, 44, 56. 
Gudermannian, 56 ; see Function (6). 

Imaginary, reduction of giyen, to form 
Bn(a + /3i), 114. 

Imaginary transformation, Jaoobi'8,68. 

Integrals inyolving root of a quintic 
function and reducible to elliptic in- 
tegrals, 358 (Chap. xvi.). 
involving root of a sextic function, 
367. 

Integration, general theorem of, 352. 
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JaeobI, 16, 18, 19, 28, 38, M, 151, 176» 
218, 221, 222, 225, 821. 

Kummer, formnls in hypergeometrie 
series, 55. 

Landen*8 theorem, 30, 325. 

Lagrange, integration of differential 
equation dx-r- Jx = dy -s- JY, 837. 

Legendre, proof of addition-equation 
by spherical triangle, 27; his rela- 
tion between complete functions, E^, 
^/, JP), Fi \ formula relating to 
third kind of elliptic integral, 118, 
121, 184; reduction of differential 
expression to standard form, 812. 

Liouville, formula for arc of corre, 40. 

Multiplication ; 

of sn, en, dn, 78, 86. 

tables, 80. 

from two transformations, 199, 278. 
Multiplier ; 

in cubic, ^. transformations, 201. 

Jacobi's relation nJf* = rrr- - , 216. 

differential equation satisfied by, 218. 

relation between if, K, A, £, G, 222. 
Modular equation or relations ; 

linear transformation, 820. 

quadric transformation, 45, 178. 

odd-prime transformation, 46, 198, 
273, 276. 

cubic transformation, 186, 193, 204. 

quintio transformation, 190, 198. 

septic transformation, 192. 
Modular equation : 

properties of, 198; differential equa** 



tion of third order satisfied by the 
transformed modnlns, 220 ; Terifica- 
tion for quadric transformation, 221. 

Notation (-^) explained, 5. 
Numerical instance for complete func- 
tions J?i, Fji,and for incomplete F, 335. 

Bichelot, representation of given imaj^- 
nary quantity in form sn (a + /K), 118. 

Roberts, M., integral reducible to el- 
liptic functions, 367. 

Serret, formula for arc of cnrTe, 40. 

Tables of the theta functions, 156. 
Transformation ; 
general outline, 162 (Chap. tu.). 
linear transformation of integral, 

810, 817, 868. 
quadric, 177 (Chap, vm.), 821, 374. 
cubic, 186, 198, 204, 214, 243. 
quintic, 189, 195. 
septic, 192. 
two transformations leading to mnl* 

tiplication, 199. 
odd or odd-piime, by the n-diTision 

of the complete functions, 249 

(Chap. X.). 
multiplication formuls obtained 

from two transformations, 278. 
of functions H, G, 304. 
Landen's theorem, 30, 325. 
combined, and irrational, 377. 
Triplication, 77 : see Function (7). 

Walton, proof of addition-equation, 21. 



THE END. 
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loth Edition. 8vo. ft*. 



»— The Unt Two Books ezykinid to BoflBBtn. Bj C P. 

Maaon. B.A. Snd Edition. FcapSvo. Sf.-6d. 

The Enundatioiis and Figures to Easlidfs Elements. By Rev. J. 

Braase. D.D. Srd Edition. Fcap. 8to. If. On Oarda, in OMa, 6m. M. 
Without the Figurea, M. 

Exercises on Enelld and tn Kodem Geometry. By J. McDowell, B.A.. 

Crown 8to. B*. M. 

Qoometiical Conic Sections. By W.H.Besant^M.A. 5hidEdit 4g.ed. 
The Oeometry of ConioB. By C. Taylor, M. A. SndEdit. Sva 4«.M. 
Sohitions of Geometrical Problems, proposed at St John's Collese 

ft>om ISSO to 1846. By T. Oaakin, JLA. 8fo. 12«. 



TRIGONOMETRY. 

The Bhrewsbvry Trigonometry. By J. C. P. Aldons. Grown Bvo. fU. 
Elementary Trigonometry. By T. P. Hudson, MA. St. 6rf. 
Elements of Plane and Spherical Trigonometry. By J. Hind, M.A. 

6th Edition. ISmo. 04: 

An Elementary Treatise on Mensuration. By B. T. Moore, M.A. fit. 



ANALYTICAL GEOMETRY 
AND DIFFERENTIAL CALCULUS. 

An Introduction to Analytical Plane Geometry. By W. P. Tombiill, 

M.A. 8vo. 128. 

Treatise on Plane Co-ordinate Geometry. By M. O'Brien, M.A. Svo. 

m 

Problems on the Principles of Plane Co-ordinate Geometry. By W. 

Walton, M.A. 8vo. 16«. 

Trilinear Co-ordinates, and Modem Analytical Geometry of Two Di- 

meuaions. By W. A. Whitworth, M.A. 8to. 16t. 
Choice and Chance. By W. A. Whitworth. 2nd Edit. Or. 8yo. 6«. 

An Elementary Treatise on Solid Geometry. By W. S. Aldia, M.A. 
2nd Edition, reTiaed. 8vo. 8i. 

Geometrical Illnstrations of the Difforential Galcnlns. By M. B. Pell. 

8to. tf. 6d, 

Elementary Treatise on the Differential Calcnlns. By M. O'Brien, 

M.A. 8to. 10«. 6d. 

Notes OB BoQlettes and Glissettes. By W. H. Besant, M.A. Sto. 
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MECHANICS & NATURAL PHILOSOPHY. 

Elementary StaUcs. By H. Goodwin, D.D. Fcap.Sro. 2nd Edit. 8t. 
Treatise on Statics. By S. Earnshaw, M.A. 4th Edit. 8to. lOt. (UL 
A Treatise on Slementary Dynamics. By W. Garnett,B.A. Cr.Sro. 6f. 
Elementary Dynamics. By H. Goodwin, D.D. Fcap. 8yo. 3nd Edit. 

Problems in Statics and Dynamics. By W. Walton, MX 8to. 10t.6if. 
ProUems in Theoretical Mechanira. By W. Walton. 9nd Edit. 

revised and enlarged. Demy 8yo. 10«. 

An Elementary Treatise on Mechanics. By Prof. Potter. 4th Edit. 

revised. Ss. 6d. 

Elementary Hydrostatics. By Pirof. Potter. 7«. M. 

By W. H. Besant, M.A. Fcap. 8vo. 7th Edition. 4f. 

A Treatise on Hydromechanics. By W. H. Besant, M.A. 8to. Ktw 

Edition in thepn$M. 

A Treatise on the Dynamics of a Particle. Pr^parifig, 

Solntions of Examples on the Dynamics of a Bigid Body. By W. N. 

OriffiQ, M.A. 8vo. 8f. (kf. 
Of Motion. An Elemontary Treatise. By J. B. Lonn, M.A. ta,9d. 
Geometrical Optics. By W. S. Aldis, M.A. Feap. Svo. ds. 64/. 
A Chapter on Fresnel's Theory of DonUe Befiractioii. By W. S. 

An Elementary Treatise on Optics. By Prof. Potter- Part I. 9rd Edif. 
98. M. Put II. 1S«. 6d, 

Physical Optics ; or the Nature and Properties of Light. By Prof. 
Potter, A.M. 6t, M. Fart II. 7*. M. 

Heat, An Elementary Treatise on. By W. Gamett, B.A. Crown 
8vo. 2$. M. 

Flgores UlnstratiTe of Geometrical Optics. From Sehelbach. By 

W. B. Hopkins. FoUo. Plates. 10*. 6d, 

The First Three Sections of Newton's Prindpia, with an Appendix ; 
snd the Ninth and Eleventh Sections. By J. H. Evans, M.A. 6th Edit 
Edited by P. T. Main, M.A. 4s. 

An Introdactlon to Plane Astronomy. By P. T. Main, M A. Foap. 

8vo. Cloth. Am. 

Practical and Spherical Astronomy. By B. Main, M.A. 8vo. lit. 

Elementary Chapters on Astronomy, from the '^Astronomie Phy- 
sique " of Biot. By H. Goodwin, D.D, 8vo. 8«. 94. 

A Compendium of Facts and Formols in Pnre Mathematics and Natural 

Philosophy. By G. R Smslley. Fcap Sto. $$. td. 

Elementary Gonrse of MathemaUcs. By H. Goodwin, D.B. 6th Edit. 
8vo. let. 

Prohlems and Examples, adapted to the "Elementaiy Course of 
Mathematics. ** SrdSdltioii. 8to. fit. 

Solutions of Goodwin's Collection of Prohlems and Eumjfiu. By 
W. W. Hatt, M. A. Srd BdMen, revised and enlaiged. 8va 9$, 
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UtmiiiUiy iTawpton in Pure Mathemttlci. By J. Ttylor. Sra 

MMhinioal Incttd. By the late W. Whewell, D.D. Mh Edition. 5t. 
Bfacbiniot of Comtrnetion. AViUi Duroerons Examples. By S. Fen- 

wiok, P.R.A.& 8to. I2i. 

Talde of Anti.Logailtbnis. By H. E. FHipowski. SrdRdit. 8fo.l6« 
MatlMmatlcal and other Writinge of R. L. SnU, MX avo. 18t. 
Molei on the Fxin<^^ of Pure and Applied CaloolatiQii. By Ber. 

J. OhslliB, M^. Demy 8to. ISt. 

The Mathematieal Principle of Phyriea. By Bee. J. ChaUi% M^. 

Dtmy 8to. &«. 

HISTORY, TOPOGRAPHY, fto. 

Borne and the Campagna. By B. Bnm, M.A. With Eigfaty-flf« fine 
RngimTtngB and Twenty- lix Mapt and Plana. 4to. 9L St. 

The Hiitory of the Kings of Borne. By Dr. T. H. Dyer. 8¥o. Idt. 

A Plea for Uwj, By T. H. Dyer. Svo. It. 

Boma Begalia. By T. H. Dyer. 8vo. 2$, (M. 

The Hiitory of Pompeii ; its Buildings and Antiquities, By T. H. 
Dyer. Srd BdHkm, brotiKbt jdown to 1874. PMt Sra 7f. Otf. 

Andent Athens : its History, Topography, and Bemalns. By T. H. 
Dyer. Bupcr-nyal 8fD. OVoth. H.6§. 

The Decline of the Soman Bepahlic. By G. Long. 5 toIs. 8to. 

14«. «aoh. 
A History of England during the Early and Middle Agea. By C. H. 
« Paanon, M.A. Snd Edit., rtviaed and eolanmd. 8to. ToL I. ICc. 

Vol. II. U». 

Historical Maps of England. By C. H. Pearson. Folio. 2nd Edit, 
revised. SU. 0d. 

A Practical Synopsis of English Histoiy. By A. Bowes. 4th Edit. 

8vo. ii. 

Stodent's Text-Book of English and General Histoiy. By D. Beale. 

Grown 8n>. St. 6d. 

lives of the Queens of England. By A. Strickland. 6 toIs. poat Bvo. 

fit. each. Abridged edition. 1 vol. Of. Ad. 

Outlines of Indian History. By A. W. Hitghee. SmaU poat 8vo. 
St. erf 

The Elements of Oeneral History. By Prof. Tytler. New EditioD, 

bmught down to 1874. SmaU pout 8yo. 8t. 0d. 

Atlases. 

An Atlas of Ckssical Geography. 24 Maps. By W. Hughes and 
Q.Long, If. A. New Edition. Imperial 8to. 18t.6ci. 

A Orammar-School Atlas of Classical Oeognqthy. Ten Mapa selected 
from the aboTe. . New Edition. Imperial 8fo. fit. 

BIrst Classical Maps. By the Rev. J. Tate, M.A. 8xd Edition. 

Imperial &? o. 7t. 6d. 

Standard Uhrary Attaa of Chunioal Geogiai^y. Imp. 870. 7$. 64. 
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PHILOLOGY. 

New Dictionary of the EngUsb Langoage. Gombining Explanation 
with Btymo1<Mnr, and copiously illustrated bv Quotations flrom the' best 
Aathorities. By Dr. Ricoardson. New Bdinon, with a SuppleBieBt. 2 
vols. 4to. 42. 14f . 6d. ; half russia, 5L 1&». M. ; masia. 61. lb. Supple- 
ment separately. 4to. 12«. 

An 8vo. Bdition/ without the Quotations, 15f. ; half nisiia, SOt. ; russia, 
S4<. 

A Dictionary of the EngUah Language. By Dr. Webster. B^-edited 
by N. Porter and C. A. Goodrich. With Dr. Mahn's Btymol(MFj, 1 toI. 
21«. With Appendices and 70 additional pages of Ilhistraaona, bU. 6d. 

** Ths van praotioal Ikoubb DionoHAaT ■xtavt.**-— Qiiarfcrty Ktviiw, 
The Elements of the EngUah Uusgaage. By E. Adams, Ph. D. 

14th Edition. Post 8vo. it. 6d. 

Philological Essays. By T. H. Key, M.A., F.B.S. 6to. 10s. 6J. 
Language, its Origin and Dewlopment By T. H. Key, M.A., F.B.S. 

Sre. 14f. 

Yarronianns. A Critical and Historical Introdnction to the Ethno- 
graphy of Andect Italy and to the PhUolocioal Study of tka Latin 
Language. By J. W. Donaldson, D.D. 8xd Edition. 8to. 10t. 

Synonyms and Antonyms of the English Language. By Archdeaeon 
Smith. 2nd Edition. Post 8to. 6*. 

Synonyms Discriminated. By Archdeacon Smith. Demy 8vo. I64. 
A Syriao Grammar. By G. Phillips, D.D. 3rd Edit., enlarged. 

Svo. 7$. 6d. 

A Grammar of the Arabic Language. By Bev. W. J. Bearaont, M.A, 
Itmo. 7«. 



DIVINITY, MORAL PHILOSOPHY, &e. 

NoYum Testamentom Gnocnm, Textus Stephanici, 15&9. Cnrante 
F. H. £|orivener, A.M., LL.D. 16ino. 4«. <ki. 

By the tame Author. 

Codex BessB Cantabrlglensls. 4to. *26t, 

A Foil Collation of the Codex Sinaiticas with the Received Text of 
the New Testament, with Critioal Intnxhietlon. tnd Edition, rariasd. 
Fcap. 8to. 5i. 

A Plain Introdnction to the Criticism of the New Testament With 
Forty Faosimilea from Ancient Manuscripts. New Edition. §▼«. liU. 

Six Lectures on the Text of the New Testament For English Readers. 
Crown Svo. 6«. 



The New Testament for English Readers. By the kte H. Alford. 
D.D. Vol. I. Part I. 8rd BdH. 12«. Vol. I. Pari II. ted Bdit lOi. M. 
Vol. II. Part I. 2nd Edit. Kte. Vol. II. Part II. 9nd Bdlt 16e. 
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TKm Oreek TesUment By the late H. Alford, D.D. VdL L Otfa 
Edit II. St. Vol. II. 6th Edit. 11.40. Vol. HI. 6th BdU. 18*. Vol. IV. 
Put I. 4th Edit 18<. Vol. IV. Part II. 4tii Edit. 14«. VoL IV., U. ISf. 

Ooopuiiim to the Greek Teitaoient By A. C. Barrett, MJL 3rd 

Edition. Vbap. 8to. fit. 

Hlnta for Improrement in the Authorised Version of the New 
TMtuoeat. By thelateJ. 8oholefiold,lf.A. 4thBdic. Jotip.UYo, 4«. 

Uher ApologettcQS. The Apology of TertalUan, with English 
]roCc% by H. A. Woodham, LL.IX S&dBditiaa. 8vo. Sa.Od. 

The Book of PinbBs. A New Translation', with Itftrodnotions, Ac. 
^ B«T. J. J. Stewart Ferown^ DJ). 8to. Vol. I. Srd Bditioiu 18«. 
Vol. n. 8rd Edit. 1*. ^^ 

■ ■ Abridged for Schools. Crown 8vo. lOt. 6d, 

The ThUrtj-Dine Artldes of the Church of Bn^and. By the Ten. 
▲rohdeaooa Wdchman. New Edition. Fcap. 8to. St. Intoieaved, U. 

Fearaon on the Creed. Careftdly printed from an early edition. 
With AnalyiU and Indaa by E. Walford, M.A. Fort 8to. 6«. 

An BiitMieal and Ezplaaatory Treatise on the Book of Conmon 

Frarer. By B«t. W. O. Humphry, &D. fth Bditian, anlaigad. BBoaU 
pottSvo. 4«.^8d. 

The New Table of Lessons Explained. By Beir. W» Q, Hnmphry, 
B.D. Voi^. It. Od. 

A Commentary on the Ooiptls for the Sundays and other Holy Days 

of th« Christian Tear. 1^ Rev. W. Denton, A.M. New Edition. Svwa. 
8to. 64«. Sold aeparately. 

Commentary on the Epistles for the Snndays and other Holy Days 
ofthe Christian Tear. 3 vols. SOs. Sold separately. 

Commentary on the Acts. Vol. I. 8vo. 18«. Vol, II, in preparatim. 
Jewel's Apology for the Ghnrafa of Eni^and, with a Memoir. 33mo. St. 

Notes on the Catechism. By Bev. A. Barry, D.D. 2nd Edit. 
Ftmp. St. 

Catechetical ffints and He^ By BeT. E. S, Boyoe, M.A. 8rd 

Edition, reviiied. Foap. St. 6d. 

Examination Papers on Beligions Instruction. By Bev. £• J. Boyoe^ 

Sewed, li. 6tf. 

The Wioton Church Catoehlst Questions and Answers on the 
Teaching of the Church Catechism. By the late Rev. J. 8. B. MffnwH, 
LL.D. Srd Edition. Cloth. 8s. ; or in fova Farta, eawed. 

The Chnrch Teacher's Mannal of ChristUn Instractton. By Bev. 

ILF.SMiler. 8rd Edition. St.Cd. 

Brief Words on School Life. By Ber. J. Kempthome. Foap. 3t. dd. 

Short Explanation of the Epistles and Ooapels of the Christian Tearj 
with QneetJons. BoyalSSmo. St. 8d. ; calf, 4t. 6d. 

Butler^ Analogy of Religion ; with Introduction and Index by Ber. 
Dr. Bteere. New Edition. Fcap. 8t. 6d. 
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Butler's Three SermoiiB on Hainan Natnre, and Dissertation on 
Virtue. By W. Whewell, D.D. 4th Editkm. Fcap 8vo. 2$. 6d. 

Lectures on the History of Moral Philosophy in England. By W. 
Whewdl, D.D. Crown Sto. Bt, 

Elements Of Morality, inclading Polity. By W. Whewell, D J>. New 

Edition, in 8vo. Ite. 

Astronomy and General Physios (Bridgewater Treatise). New Edi« 

lion. 5». 

Kent's Commentary on International Law. By J. T. Abdy, LKD. 

8vo. 16«. 

A Manual of the Boman Civil Law. By G. Leapingwell, LL.D. 8to. 
lit. 



FOREIGN CLASSICS. 

J series far use in Schools, with Engliih Notes, tframmatieal and 
explanatory, atid renderings of difficult idiomatic expreetUms, 

Feap. Bvo. 

SchiUer's Wallenstein. By Dr. A. Bnchheim. 2nd Edit. 6«. M, 
Or the Leger and Piocolomini, Ss, 6d. Wallenitain's Tod, 3s. ad. 



Maid of Orleans. By Dr. W. Wagner. Ss, dd. 
Maria Stuart By V. Easlner. In the press. 



Goethe's Hermann and Dorothea. By E. Bell, M.A., and £. Wolfel. 

Si.dd. 

German Ballads, firom Uhland, Goethe, and Schiller. By G. L. 

Bielefeld. Zs.td. 
Gharies XII., par Voltaire. By L. Direy. 3rd Edit 3s. dd, 
Aventures de Telemaque, par F^n^on. By C. J. Delille. 2nd Edit. 

Select Fahles of La Fontaine. By F. E. A.Gaso. New Edition. St. 
Picdola, hy X. B. Saintine. By Dr. Dahnc. 4th Edit 3f. fid. 



FRENCH CLASS-BOOKS. 

Twenty Lessons in French. With Vocabulary, giving the Pronon- 
cUHon. By W. Brehnw. Pott 8vo. 4f. 

French Grammar for Public Schools. By Ber. A. C. Clapin, M.A. 
Foap. 8T0. SndEdlt. 9s. 6<L Bepumttly, Put I. Ir.; Ptti IL 1«. ML 

Le Noureau'Tr^sor; or, French Student's Companion. By M, E. S. 

l«th Edition. FcRp.8T0. 9t. 9d 
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F. £. A. Oa8c*8 Frxhob Coubsk. 

Flnt French Book. Feap. 8vo. New Edition. It. 6rf. 

Socond French Book. New Edition. Feap. 8to. 2f. 6if. 

Kflf to First and Second French Books. Feap. 8vo. 3«. 6if. 

French Fables fqr Beginners, in Prose, with Index. New Edition, 
limo. 8«. 

Select FaUes of La Fontaine. New Edition. Fcap. 8to. 3«. 
Histoires Amoaantes et InitnictiTes. With Notes. New Edition. 

Fcap. 8to. 2». ed. 

Fractioal Guide to Modem French GonYersation. Fcap. 8to. 2$. dd. 

French Poetry for the Toung. With Notes. Fcap. 8vo. 2«. 

Materials for French Prose Gomposition ; or. Selections from the best 
Bngllah PitMa Writers. New Edition. Fc»p. 8to. 4*. 6d. Key, 6t. 

Prosatenrs Gontemporaint. With Notes. Bvo. New Edition, reyised. 

4f. 

Le Petit Compagnon; a French Talk-Book for Little Children. 

16ino. 2f . M. 

An Improved Modem Pocket Dictionary of the French and English 
Language^ 20tb Thousand, with addiUona. 16mo. doth. it. 

Modem Fnnch and English Diotionaiy. Demy 8to. In two Vcds. 

Vol. I. F. and E. 15f.; Vol. II. B. and P. lOt. 



GoMBERT*s French Drima. 

Being a Selection of the best Tragedies and Ck>medie8 of Molt^re, 
Haoine, CoroeiUflL and Voltaire. With Aisamenta and NotM by A. 
Oombert. New Edition, revised by F. B. A. Oa«c« Fcap. 8tq. 1#. each ; 
sewed, M. 

CknrnniTB. 
MouERB :— Le llisauthrope. L'Avare. Le Bouigeois Gentilhomme. Le 
T^uinfb. Lo Malade Imsffinaire. Lea FemmeB Bavantea. Lea Foorberlea 
de Bcapin. Los Preoieuses Ridicules. L'Ecole das Femmos. L'Eoole dea 
Maris. Le M^dedn.malgr^ Lni. 

BAcnne :— -FhMre. Esther. Athalie. 
P. CoBKEiLLS :-^Le Qd. Horace. Cinna. 
VoLTAiai .'—Zaire. 

Ott<n in pr^MmUieM. 



GERMAN CLASS-BOOKS. 

Materials for German Prose Gomposition. By Dr. Bachheim. 4th 
Edition, reviaed. Fcap. 4s. W. 

A German Grammar for Public SohooU. By the Rev. A. C. Clapin 
and F. Uolllluller. Foap. 2t. 6(f . . 

Kotiebaes Der Geflmgene. With Notes, by Pr. W. Stromberg. U. 
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ENGLISH CLASS-BOOKS. 

The Elements of the English Langnage. By £. Adams, Ph.D. I4th 

Edition. Post Sro. 4«. W. 

The Bndiments of English Grammar and Analyiia. By E. Adams, 

Ph.D. New Edition. Fcap. 8to. 2«. 

By Rev. C. P. Mason, B.A. London. 
First Notions of Grammar for Yonng Learners. Fcap. 8to. Cloth. Bd. 
First Steps in EngUsh Grammar, for Junior Classes. Demy l8mo. 

New Edition. Is, 

Ontlines of English Grammar for the use of Junior Classes. Cloth. 

English Grammar, including the Principles of Chrammatical Ana- 
lysis. 20th Edition. Poet 8vo. 8«. M. 

The Analysis of Sentences applied to Latin. Poflt 8vo. 1«. Gtfl 
Analytical Latin Exercises: Accidence and Simple Sentences, &c. 

Port 8vo. 3i. W. 

Edited for Middlc'ChM Examinations. 
With Notes on the Analysis and Parsing, and Explanatory Bemarks. 

Milton's Paradise Lost, Book T. With Life. 3rd Edit Poet 8to. 2m. 

Book IT. With Life. 2nd Edit. Post 8vo. 2t, 

Book III. With Life. Post 8vo. 2*. 

Goldsmith's Deserted Village. With Life. Post 8to. It. 6</. 
Cowper's Task, Book IL With Life. Post 8vo. 2f. 
Thomsons Spring. With Life. Post 8vo. 2s. 

Winter. With Life. Post 8vo. 2s. 



Practical 'Hints on Teaching. By Ber. J. Menet, M.A. 4th Edit 
Crown 8to. Cloth, 2*. 9d. ; paper, 2». 

Test Lessons in Dictation. Paper cover. Is. 6d. 

Questions for Examinations in English Literature. By Rot. W. W. 

8keat. 2t.fiti. 

Drawing Copies. By P. H. Delamotte. Oblong 8vo. 12s. Sold also 
in parts at Is. each. 

Poetry for the School-room. New Edition. Fcap. 8vo. It. M. 
Select Parahles firom Nature, for Use in Scboobs. By Mrs. A. Gatty. 

Fcap 8vo. Cloth. Is. 
School Record for Young Ladies' Schools. 64. 
Geographical Text-Book; a Practical Geogn^hy. By M. £. S. 

13mo. 2s. 

The Blank Maps dune up separately. 4to. ts. oolouxvd. 

A First Book of Geography. By Rev. C. A. Johns, B.A., F.L-S 

Ac. lUiistratod. 12nio. 2s. td. 

Loudon's (Mrs.) Entertaining Natiuralist. N«>w Edition. Bamed by 

W. 8. Dallas, F.L.S. 6*. 

Handbook Of Botany. New Edition. graaUy enlargad by 



D. Wooster. Fcap. 2s. W. 



16 EdueaHonal Worki. 



The Botanist's Fooket-Book. With a copious Index. By W. R. 
Hsjwwd. OnwnBfo, OkfQilSmp, U, m^ 

Iiperlmental Chemistry, founded on the Work of Dr. Stdekhardt. 

By 0. W. Heaton. Port 8vo. St* 
Oamhrldgeshire Geology. By T. G. Bonney, F.G.S. At. 6fo. 3«. 
Double Entry ElnddiAed. By B.W. Foster. 7th Edit. 4t0w Bs.6d, 
A lew Manual of Book^eping. By P. Grellin, Aeeoontant Crown 

8to. U, (W. 

Pktare BchocH-Books. In simple LsBguge, with nnmeroins Illas- 
tmtioQS. Boyal Iftmo. 

School Primer. M— School Header. By J* Tilleard. 1«.— Poetry Book 
fbr Schools. U.— The Life of Joeoph. 1«.— The Scripture Parables. By rhe 
Bar. J. E. Chtfke. U —The Scripture MIraclee. By the Beiv. J. B. Clarke. 
1«.— The New Testament Hiatory. By the Rev. J. O. Wood. M.A. 1«.— The 
Old Testament HJotory. By the Ber. J. O. Wood, M.A. Ij.— The Btoiy of 
Bmiymn'a POgrim'a PrcMraa. If.— The life of ChrlitopheBiOoliimbas. By 
Sara^ Orompton. U.— The life of Martin Luther. By Sarah G^rampUm. U. 

By the ults Hoiuoe Graht. 
Arithmetic for Toong Children. !«. 6d, 

' Second Stage. ISmo. 3«. 
Bzerdses for the Improvement of the Senses. 18mo. It, 
Oeography for Yoong Children. ISmo. 2s. 
Books for Totmg Headers. In Eiglit Parts. limp doth, Sd, each ; 

or extra bhiding, Is. each. 

Part L oontaina aimjj^ atoriaa told in mono^llablea of not more than four 
lettera, which are ai the same time auffide^jtv intnreiUng to iiiwtiie the 
attention of a chikL Part II. exerdaea the pupil by a aunilar method in 
alightly longer ea^y words: and the remaining parts consist of stories 
graduated in diffloulty, untU the learner is taught to read with ordfhaxy 

BELUS READING-BOOKS. 

FOR SCHOOLS AND PAROCHIAL LIBRARIES. 

The popularity which the Seriea of Heading-books, known as " Books fbr 
Toung llMders,''^has attained ia a sufflo&ent proof that teaebera and pupils 
alike approve of the use of intesssting stories, with a simple plot tn place of the 
dry combination of lettera and syllaolea, making no impresaioa on the mind, 
of which elementary reading>book8 generally consist. 

The publiahera have therefore thought it advisable to extend the applicatioQ 
of thSspriaoiple to books adapted for mora advanced readers. 

JVmo Ready, 

Masterman Heady. By Captain Marryat It. 6<f, 

Parables from Nature (selected). By Mrs. Gatty. BVsap. 8to. Is. 

Priends in For and Festhers. By Gwynfi^n. It. 

Bobtaison Cmsoe. Is. 6d. 

Andersen's Danish Tales. By E. Bell, MjI. Is. 

In preparation : — 

Our Vmtge. By MisR Mitford (selections). 
Grimm's Oeiman Tales. (Selections.) 



London : Printed by JoHV Stbaitoiwats; Oastle St I^ioest«r 8q. 
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